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Abstract. In order to research the influence of the control delay time on the vibration isolation
system, the dynamic characteristic analysis of a two-degree-of-freedom vibration system, based
on high-static-low-dynamic-stiffness vibration isolator (HSLDS-VI) with time-delayed feedback
control is presented. The two-degree-of-freedom nonlinear vibration isolation dynamical system
model comprising the delay time parameter is also derived. Then, the effects of feedback gain
coefficient and delay parameter on the dynamic characteristics are analyzed with multiple scales
method. The results demonstrate that the amplitude can be suppressed by the time-delay variation
for a fixed feedback gain. The system can exhibit periodic motion or chaotic vibration when the
feedback gain coefficient and time-delay parameter are adjusted, which is beneficial to the
application of high-static-low-dynamic-stiffness vibration isolator.

Keywords: high-static-low-dynamic-stiffness, nonlinear vibration isolation system, time-delayed
feedback, multiple scales method.

1. Introduction

How to suppress low-frequency vibration effectively has always been a concerned issue in the
field of vibration control. In general, to increase the vibration isolation range, the system stiffness
should be reduced at the same time, but this will reduce its loading capacity. To overcome this
contraction, many scholars have proposed an isolator with high-static-low-dynamic-stiffness. The
high-static-low-dynamic-stiffness vibration isolator (HSLDS-VI) is comprised of a positive and a
negative stiffness structure. The former part is used to carry the main load, and the latter part is
used to offset the stiffness of the positive mechanism, so that the system stiffness could equal to
zero at the equilibrium position. Kovacic and Carrella et al. [1, 2] designed an HSLDS-VI by
connecting two oblique springs as negative stiffness, and its amplitude-frequency and
transmission characteristics were further studied in detail. Xu and Zhou et al. [3, 4] designed an
HSLDS-VI by using the electromagnetic negative stiffness spring and conducted the theoretical
and experimental analysis. Meng et al. [5] put forward to design HSLDS-VI with equal thickness
and variable thickness butterfly spring, and the parameters influence on the transmission rate was
studied as well. Huang [6] used the Euler buckling beam with negative stiffness to analyze the
static and dynamic characteristics, the experimental results showed that the HSLDS-VI had a
wider vibration isolation band than the linear isolator.

Meanwhile, the time-delay parameter has a direct influence on mechanical vibration feedback
control. Hu et al. [7] studied the primary resonance and 1/3 harmonic resonance of the Duffing
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system with delayed state feedback method and applied at multiple scales methods to study the
required gain and delay parameter values for effective vibration control. Olgac [8] proposed a
time-delay resonator in a coupled linear forced vibration system to eliminate the vibration and
obtained the theoretical basis and experimental results in time-delay vibration reduction. Maccari
[9] studied the delayed feedback control method for suppressing large-valued response and
quasi-periodic motion in Van der Pol oscillators and implemented this method to the control of
the main resonance of a cantilever beam. Besides, Hosek [10] used a centrifugal pendulum
time-delay resonator to control the torsional system, the vibration was removed by adjusting the
feedback gain and time-delay online. Chatterjee [11] studied the acceleration delay feedback
control method in a nonlinear mechanical vibration system. It was found that the delay
acceleration feedback also affected the system's damping characteristics. Cheng [12] studied the
HSLDS-VI dynamic analysis with the time-delayed feedback, results showed the appropriate
feedback parameters could improve the vibration isolation performance.

At present, the influence of the controlling delay time on two-degree-of-freedom system with
a high-static-low-dynamic-stiffness isolator is expected to be studied in detail. This paper
establishes a mathematical model of multi-degree-of-freedom high-static-low-dynamic stiffness
vibration system with time-delayed feedback control, and the dynamic characteristics are also
researched under different delays and feedback gain parameters.

2. Static analysis of HSLDS-VI

The HSLDS-VI schematic is shown in Fig. 1. Two oblique springs as negative stiffness and a
vertical spring as positive stiffness are connected at point O. The positive and negative stiffness
are k,, k; respectively, and the parameters a and h, are defined as the system geometry, the
coordinate x defines the displacement from the position O.

‘X

ho

Fig. 1. the HSLDS-VI schematic

The expression between force f and displacement x is given by:

Ja?+h
Jaz+ (hg —x)?

Introducing the non-dimensional parameters:

f=k,x+ 2k ( — 1) (hg — x). @)

ho ky

, a=—
\/a2+h(2) k,

. f o x _
f_kv,/a2+h§’ JaZ+ 12

Eq. (1) can be rewritten as:
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f=%+2ath—[(2*-2r2+1)"V2-1] )

Differentiating Eq. (2), the non-dimensional stiffness K can be given:

R=1+2a|1+ -1 3
T T G 2hr + )
Let £ = h and K = 0, the conditions with the system zero stiffness can be obtained:

hQZS = (4)

The non-dimensional force and stiffness for three conditions when the parameter @ = 1 are
shown in Fig. 2. It can be seen that the system stiffness at the static equilibrium position is zero
when the parameter h = hgzs, but the stiffness is always positive in the other range. If the
parameter h < hgzs, the system will exhibit positive-stiffness continuously. Otherwise, if the
parameter h > hgys, the system stiffness will be negative at the static equilibrium position.
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Fig. 3. Comparison between the approximate and exact expressions
of non-dimensional force and stiffness (@ = 1, h = hqzs)

When the displacement is small, Eq. (2) can be expanded by using a Taylor series at the static
equilibrium position ¥ = h and let y = X — h, we can get:
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fqzs ~ h+ 69 + BY3, ®)

2a a

Mo B = PR The non-dimensional stiffness can be obtained by

where, § =1+ 2a —
differentiating Eq. (6):

K~ 6 +3py2% (6)

The comparison between approximate and exact expressions of non-dimensional force and
stiffness is illustrated in Fig. 3. The error between the two curves increases with the increase of
displacement. When the amplitude of displacement at the static equilibrium position is small, the
error can be taken into account. So the approximate expression can be used to imitate the exact
expression.

3. Analysis by multiple scales method

The two-degree-of-freedom system with time-delayed feedback is illustrated in Fig. 4. It
includes an HSLDS-VI between the upper mass M; and middle mass M,, the linear stiffness
spring K, between the middle mass and foundation. where, Z; and Z, are the vibration
displacement, C; and C, are the system damping, the excitation force amplitude is F, and its
excitation frequency is ). In addition, the actuator is installed between the upper and middle mass,
so the control force can be expressed as P = K, Z;.

FcosQT

k
Pl
Actuator
Voltage Amplifier

3 0

Fig. 4. Two-degree-of-freedom nonlinear vibration system with time-delayed feedback control

—> N

(S

—»N

Thus, the system equations can be obtained according to Newton’s law of motion:

Mlzl + Cl(Zl - Zz) + fQZS = FCOS(QT) + Mlg - P,

. L ) 7)
MZZZ - Cl(Zl _Zz) _fQZS + szz + KzZz = Mzg + P.

Substitute Eq. (5) into Eq. (7), and introduce the non-dimensional parameters:

M, 0 (5k,

—

4 C R C,

= 1 =T AV 622—'
’ , M, M,0
a2+h2 a2+h2 ( 10) ( 2 0)
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Ky B

) F K, -
Gky 'Ta

fO = - IEZ = o7 !
5k
(5k,, /az + h02> (Oky)
= M
vz = ,akz, Ul = 1, )2 = é‘g
(5k,, /az + hoz)

The system non-dimensional equation can be get:

k=

8+ E(2 — 2) + vE (21 — 22) + 7(z1 — 2,)° = fycos(wt) — kzy,,

. Ao . L s . AR ()
Zy = &1 (21 — 23) — (21 — 25) — 07 (21 — 2,)° + &2, + V52, = § + fkzy,.

To analyze the main resonance by the multiple scales method, it is assumed that:
ﬁ = &u, él = EEI' 32 = 862’ fO = ng' )2 = 5)2' ié = Ek' ]7 =¢&y. (9)

Where, 0 < ¢ < 1. The forms of two-scale approximate expansion in Eq. (9) are assumed as:

z,(t,€) = 21(To, Ty) + €211 (T, Ty) + 0 (), (10)
2,(t, €) = 250(Ty, Ty) + €21 (Ty, T1) + 0(€2), (11)
21.(t, €) = 210:(To, Ty) + €211,(To, Ty) + O (). (12)

Where, T,, = €™t, (n = 0,1). Using the following differential equations:

d

&:D0+SD1+0(82), (13)
2

= DZ + 2eDyD; + 0(?), (14)

where, D, = 0/0T,,, (k = 0, 1). Substituting Egs. (9)-(14) into Eq. (8), and equating the
coefficients of same power ¢. If the power ¢ is zero, we can get:

D§zy(to, t1) + Vi (Zlo(to, t1) — Zz0(to, f1)) =0, (15)
(D§ + v3)z,0(to, 1) = 0. (16)

If the power ¢ is one, we also can get:

D§z41(to, t1) + vi (211 (to, t1) — 221 (to, t1)) = —2Dg D121 (to, t1)

—&1Do(z10(to, t1) — Z20(to, t1)) — KZ1or (o, t1) — szo(to» t1) (17)
+3y250(to, t1) 250 (Lo, t1) — 3¥ 250 (to, t1) 210 (to, t1) + ¥230 (Lo, 1) + focos(wt),
D§zy1(to, t1) + V5251 (to, t1) = —220(to, t1) (Do (2D + &) + 1) + pzy0(to, t1) + 1. (18)

The general solution of Eq. (15) and Eq. (16) can be set as:

210(to, t1) = B(ty)e™1'o + C(t)e2 + cc, (19)
Zy0(to, t1) = A(ty)e™2f + cc, (20)

where, A(t;) and B(t,) are undetermined functions, cc denotes the complex conjugate term.
2
C(tl) = vf—v%

complex form:

V1

A(ty). The external excitation and time delay can be expressed as the following
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1 .
focos(wt) = Efoe“"t" + cc, (21)
Z100 (b0, ty) = By (t,)e1 (0™ 4 € (¢,)e2(to™D + cc. (22)

Assuming T and ¢ are very small, B;(t;) and C;(¢t;) can be expanded by using Taylor series:

Bo(tr) = B(ty) — £1B'(6) + 521267 (1) + ©3)

Ce(ty) = C(ty) — §7C'(t) + %52T2C”(t1) + o 24)

Substitute Eqs. (19)-(24) into Eq. (17) and Eq. (18), we can obtain:

D241 (to, t1) + Vi (211 (tos 1) — 221 (t0, t1)) = 6YA(t;)B(t1)C(t;)e'P1+2v2)to
+3)/A(t1)32(tl)ei(2”1+”2)t0 — 3yA2(tl)B(tl)ei(u1+2v2)to + 3)/A(t1)C2(t1)e3iv2t°
—3yA2(t;)C ()32t — 3yB(t;)C(t1)e @172 4 D& (A(ty) — C(t;))e'v2to
+y(A3(t,) — C3(ty))e3v2to — 3yB(t,)C2(t,)e1+2vato — kB(t,)eiv1(to=D) (25)
—yB3(ty)e3¥1to — 2D, D, C(t;)e™v2'o — Dy(&; + 2D;)B(ty)e"1to — kC(t;)e'2(to=D

1. ‘
+Efoem0t1+w1t0 + cc,

D7y, (to, t1) + V3251 (to, t1) — x = —Doé,A(t1)e™v2'0 — 2Dy D A(t;)e v2to

| | ; 26
—uA(t)ev2t + uB(t,)e1to + uc(t,)e'vzto + cc. (26)

Considering the dynamic behavior when the primary resonance and the 1:1 internal resonance
occur simultaneously. The deviation values are represented by the introduction of harmonic
parameters o, and g;. The g, and o; denotes the external and internal resonance deviation value
respectively:

w = v, + €0y, (27)
1]2 = Ul + 80-1. (28)

The solvability conditions for Eq. (23) and (24) can be obtained:

kB(t;)e 1" + kC(t,)eo1t1=27 — 3y A2(t,)A(t,)e°!1 + 6yA(t,)B(t)A(t,)
—3yB?(t)A(t)e ™" + 6yA(t1)C(t)A(t)e ™t — 6yB(t)C(t)A(t)
—=3yC?(t;)A(ty)e' 1t + 3y A%(t,)B(t,)e?' 71" — 6yA(t;)B(t;)B(ty)e' 1"
+3yB%(t1)B(t;) — 6YA(t1)C(t1)B(t1)e? 71" + 6yB(t;)C(t;)B(t)e' 1!
+3yC?(t,)B(t;)e* 11 + 3y A% (t1)C(t;)e' ™" — 6yA(t,)B(t:1)C(t1) (29)
+3yB%(t;,)C(ty)e 71" — 6yA(t,)C(t1)C(t;)e ™" + 6yB(t1)C(t;)C(t,)
+3yC%(t,)C(t)e' 1 — iv,& A(t))e' 1" + (v, B(t;)

. . 1 .
+iv,& C(t)ertr + 2iv, B'(t;) + 2iv,C'(t;)e' 1t — Efoe”’ot1 =0,
HA(t;) — pB(t)e 1" — uC(ty) + iv,6A(t) + 2iv,A'(t;) = 0. (30)

The general solution of Eq. (29) and Eq. (30) can be written as the followings:

1 .
Aty) = 5 alty)e™ ), 31)

1 .
B(t,) = Eb(tl)elgz“ﬂ. (32)
Substituting Eq. (31)-(32) into Eq. (29) and Eq. (30), and separating the real part from the
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imaginary part. We can obtain:

ubsin(¢,) + av, &,

a'(ty) =-— 20, (33)
, , _ pavi + ub(vi — v3) cos(¢,)
$3(t) — @' (81) = 2av,(—vZ + v2) + 01 — 0o, (34)
b'(t,) = 8o, (0% —v2) [—3ya®vgsin(¢,) — 3yab®vi (vi — v3)?sin(¢,)
+4fo(wf — v3)’sin(¢y) + b(wf — v3)(v3 (4ksin(v;7) — 3ya®sin(2¢,) — 4v,¢1) (35)
+4v¢ (ksin(v,T) — v,&;) + 8vivZ(—ksin(v,7) + v,£,))
+4a(—v{ + v3)(=§,v3c05(hy) — kvisin(v,T — ¢,)
+1,8,€05(2) + viv3 (usin(pz) + ksin(v,T — ¢3) + v, (§; + &2)cos(¢2)))],
$1(t1) = g — 8bv, (v — v2)} [9yab®vi (vi — v§)?cos(¢,) — 4fo(vi — v3)*cos(¢1)
+3ya?vicos(¢,) + b(vi — v2)(4vi(u + kcos(v7)) — 4vivi(u + 2kcos(v,7)) (36)

+(3ya?(2 + cos(2¢,)) + 4kcos(v,7))v2) + 3yb3(v? — v2)3
+kvicos(voT + ¢y) + 4a(Vi — v5) (§1v3sin(,) + v,&,sin(¢,)
—v{vg (—pcos(p;) + kcos(v,T + ¢y) + v, (& + &)sin(¢2)))],

Where, ¢1 = O-Otl - 92, ¢2 = O-Itl + 91 - 92.
4. Equilibrium solution and stability analysis

The system steady-state motion corresponds to the equilibrium solution of the equation
a'(t)) =b'(t) = p1(t;) = Pp5(t)) = 0. To further analyze the stability of the equilibrium
solution, a perturbation analysis is performed on the Egs. (33)-(36). The characteristic equation
for the equilibrium solution can be obtained:

A4 + p1/13 + pz/’{z + p3/1 + p4 = 0, (37)

where, 1; represents the eigenvalues of the Jacobian matrix, p,, p,, p; and p, are the coefficient
of the characteristic equation. Using Roth-Hurwitz criterion to judge the stability of the equation,
and the necessary and sufficient conditions of the system stability are obtained:

p1>0, p1p;—p3 >0, ps>0, p3(p1p2 —p3) — pips > 0. (38)

A sufficient and necessary condition for the stability of the equilibrium solution in Eq. (8) is
the case that the real parts of all the characteristic roots in Eq. (35) are negative. If one of them is
positive, then the equilibrium solution of Eq. (8) is not stable. If the real part of the characteristic
root changes from the negative to the positive number, the system may have to saddle node
bifurcation, which will lead to the emergence of jumping phenomenon. In addition, if the real part
of a pair of complex eigenvalues changes from the negative to the positive number, Hopf
bifurcation may occur in the system, which will result in complex periodic motions.

5. Simulation analysis

When the parameters v; =1, v, =12, u=0.5,§=02,& =02,y =0.5, f, =1, the
amplitude with time-delayed curves are shown in Fig. 5. When the feedback gain is constant, the
system vibration amplitude fluctuates with the time delay. It can be observed that the vibration
amplitude can be reduced by adjusting the delay time. When the feedback gain coefficient is small,
the system steady-state solution is a stable solution. Even if the system takes a large delay, the
system remains stable at the equilibrium solution. When the feedback gain increases to 0.2, the
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system will have unstable solutions in some areas as the delay changes. This means that complex
motions such as quasi-periodic motion and chaotic motion will appear in some regions. At the
same time, it can be seen from Fig. 6(a) that the system vibration amplitude decreases as the
feedback gain increases when 7 € [3, 8]. As the feedback gain is further increased, the system will
have multiple stable solutions when some delay values are taken (for example T = 9). This implies
that the system will exhibit complex movements.

a) b)
Fig. 5. Amplitude and time-delayed curves with different feedback gains
06 F
! 04
1 02
Z i J1 |‘|| z, o0 B u yq ﬂ PI "‘lj LI
-1 -02
_J -04
. . . . . . . -06
0 50 100 150 200 250 300 0 50 100 150 200 230 300
t t
a)k=01,7=3 b)k=02,1t=27
3

(]

0 50 1-:;-3 1 il-ﬂl J-I;CI 2 il-ﬂl 3-3;-3 ] 50 100 150 200 250 300
t t

c)k=03,7=9 dHk=04,71=9
Fig. 6. Time response curves with several values of feedback gain and delay

To illustrate the reliability of the above results, numerical verification of the results in Fig. 5
is conducted. The system time response curves are shown in Fig. 6, and the phase diagrams are
shown in Fig. 7. The initial condition is set as z; (0) = z,(0) = 0.0001, z,(0) = z,(0) = 0.0001.
The response characteristic curves are shown in Fig. 6(a) and Fig.7(a) when the feedback gain is
0.1 and the delay is 3, and the system exhibits a stable periodic motion. It can be seen from
Fig. 6(b) and Fig. 7(b) that the system is chaotic at this time when the feedback gain is 0.2 and the
delay is 2.7. As is shown in Figs. 6(c)-(d) and Figs. 7(c)-(d) when the feedback gain is 0.3, 0.4
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and the delay is 9, the system shows multiple periodic motions. The numerical results are
compared with Fig. 5 and it is found that the numerical simulation results are consistent with the
analytical results, which indicates that the conclusions obtained in this paper are reliable.

3

)k=03,t=9 dk=041=9
Fig. 7. Phase diagrams with several values of feedback gain and delay

Haipeng Zhang carried out the static analysis of HSLDS-VI. Lihua Yang carried out the
modeling and analysis of the vibration isolation system with time delayed feedback control. Pan
Su conducted research on the model analysis by multiple scales method. Shuyong Liu mainly
explored the equilibrium solution and stability analysis. Bo Zhao analyzed numerical simulation
results and prepared the research report.

6. Conclusions

In this paper, the mathematical model of the two-degree-of-freedom nonlinear vibration
system based on a high-static-low-dynamic-stiffness isolator with time-delayed feedback is
established. When the equations contain a delay term, the system exhibits more complex dynamic
characteristics due to the influence of non-linear factors. The influence of time-delayed feedback
on the system vibration amplitude is investigated by using multiple scales method, and the
amplitude and time-delayed curves are also obtained for the two-degrees-of- freedom vibration
system. It is observed that with the increase in time delay, the system has different responses.
Through numerical analysis, it is found that the analytical solution is in good agreement with the
numerical results. When the feedback gain coefficient is small, the system will be in a stable
periodic motion. For a fixed feedback gain coefficient, the system vibration can be controlled by
adjusting the time delay. With the increase of the feedback gain coefficient, the system will exhibit
complex multiple-periodic and chaotic motion in certain time-delay regions.
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