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Abstract. The arrangement optimization algorithm of blades can reduce the vibration localization 
of mistuned bladed disk in a compressor of aero-engine, however, it will destroy the dynamic 
balance of bladed disk. A new arrangement optimization method of isolation zone on bladed disk 
system considering unbalance moment is proposed, on the basis the reduced order modeling 
technology. This method is based on the finite element model and can be implemented as fast and 
accurate vibration reduction optimization without destroying the mass balance of the bladed disk 
system, the method considers both mass and stiffness mistuning. Firstly, the discrete particle 
swarm optimization algorithm is used to sort the mass-mistuned blades according to unbalanced 
moment, then, the arranged bladed disk is divided into 6 isolation zones, then, in each isolation 
zone, the stiffness mistuned bladed disk is arranged optimally by the stiffness mistuning 
optimization algorithm. Under the premise of satisfying the dynamic balance of bladed disk, this 
algorithm optimizes the arrangement of blades with mass mistuning and stiffness mistuning, and 
achieves the purpose of vibration reduction optimization of mistuned bladed disk. The results 
show that, the maximum amplitude of the bladed disk system is reduced by 23.9 %. The vibration 
localization degree of the optimized blade are reduced by 46.3 %. 
Keywords: mistuned bladed disk, discrete particle swarm, arrangement optimization, vibration 
reduction, isolation zone. 

1. Introduction 

Mistuning is a common phenomenon in the bladed disk system of aero-engine compressor, 
mistuning is also the inconsistency of the blade mass, stiffness and frequency due to material, 
manufacture and wear. Mistuning increases the vibration amplitude of a few blades, and 
aggravates the vibration of the bladed disk system, resulting in severe vibration localization. It is 
found that by adjusting the installation position of blades it is possible to reduce the vibration 
amplitude of the mistuned bladed disk system [1, 2]. 

Because of mistuning, the cyclic symmetry of the bladed disk system is destroyed and the 
circular symmetry structure cannot be analyzed. If the finite element model is adopted for the 
blisk, it will be difficult to calculate accurately the tuning parameters. Due to the advantages of 
the finite element reduced order modeling technique, it is widely applied in solving large scale 
dynamic calculation problems. The finite element reduced order modeling technique is based on 
the substructure component mode synthesis method, which can greatly reduce the degree of 
freedom of the dynamic model on the premise of satisfying the requirements of the engineering 
accuracy. The substructure component mode synthesis method can be divided into three 
categories: the fixed interface method [3-5], free interface method [6-8] and mixed method [9-11].  

For the studies of the vibration reduction optimization algorithm for the mistuned bladed disk 
system, some experts and scholars proposed a lot of improved algorithms in recent years. Fu [12] 
proposed an algorithm for blade sorting based on that for rotor blades for turbo-machinery. By 
adopting this algorithm, the smaller resultant moments can be obtained by interchanging the left 
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and right positions of some blades and the upper and lower positions. In view of the unbalance 
problem caused by the mass mistuning of the bladed disk, the genetic algorithm is used to study 
the optimization of the mass-mistuned blade and to compare it with the exhaustion method. The 
results show that the genetic algorithm and the simulated annealing method have the advantages 
of short time and fast convergence speed [13]. Genetic algorithm is used to sort and optimize the 
unbalance between blades caused by mass and inertia [14]. Tang [15] divided 24 blades into 6 
quadrants. The genetic algorithm is used to make the optimal target for the minimum difference 
of the total blade mass and the maximum frequency difference between adjacent blade. Jia [16] 
used a genetic algorithm to consider the initial unbalances and blade mass moments, and to verify 
the correctness of the method by analyzing the blade installation of a compressor. 

Choi [17-19] aimed at solving the problem of blade weight balance, adopted an intentional 
mistuned bladed disk to reduce the sensitivity of random mistuning, limit the number of different 
blades and use a heuristic algorithm to study the order of blades. Thompson and Becus [20] studied 
the optimal sorting problem of the mistuned blade, and restricted the blade to the mistuning of the 
torsion stiffness in a small range, and used the simulated annealing algorithm to solve the blade 
position. Bisegna [21] studied the optimization problem of the innovative passive vibration 
damping system that requires sophisticated models [22-24] and consists of blades installed on 
equidistant flexible rings. The blades are equipped with piezoelectric devices to convert the 
vibration energy into electrical energy, and the electrical energy is dissipated through an electrical 
shunt which contains resistance elements. Hohl [25] proposed a method to reduce the degree of 
localization of mistuned disks. This method can allow finding the pattern of blade arrangement 
which is insensitive to energy localization. Monte Carlo simulation is carried out by the reduced 
order model, and the influence law of the variance of the mistuned blades is discussed. This rule 
can restrain the localization of energy. Yuan [26, 27] adopted the intelligent optimization 
algorithm to optimize the blade installation sequence according to the vibration localization 
problem of the bladed disk system. Li and Deng [28-30] suppress the vibration localization of the 
mistuned bladed disk structure based on the piezoelectric network and the lumped parameter 
model of the cycle period. The effect of mistuning of mechanical and electrical systems on the 
forced response of the disks was studied. The effect of the piezoelectric network was evaluated by 
adopted MMAC (the modified modal assurance criterion). Deng [31] took the minimum walking 
distance of passengers, the minimum variance of free time for each door, the minimum number of 
flights on the apron and the most reasonable utilization rate of the door as the optimization 
objective, and proposed an effective multi-objective door allocation optimization model. Then, 
based on the advantages of α stable distribution and dynamic fractional calculus, he studied an 
improved adaptive particle swarm optimization (DOADAPO) algorithm. In order to balance the 
convergence speed and solution diversity, and Deng [32] improved the optimization performance 
in solving the large-scale optimization problem, by proposing an improved ant colony 
optimization (ICMPACO) algorithm based on the multi-population strategy, co-evolution 
mechanism, pheromone updating strategy, and pheromone diffusion mechanism. 

Based on the above-mentioned studies on the vibration reduction optimization for a mistuned 
bladed disk, most scholars adopt a lumped parameter model; however, the lumped parameter 
model and finite element model have some deviations in the calculation results. Some scholars 
did not consider the condition of mistuning for both the mass and stiffness comprehensively. The 
dynamic results of the finite element model of the bladed disk system are more convincing, on the 
basis of this model, under the premise of keeping the minimum unbalance moment of bladed disk 
system, considering the mass and stiffness mismatch, it is significant to use an intelligent 
optimization algorithm to study the vibration reduction optimization of mistuned bladed disk 
system. 

In the summary based on the reduced order model Method described in Ref. [33], this study 
mainly focuses on the vibration reduction optimization for blades affected by mistuning which are 
not involved in Ref. [33]. Moreover, besides the pre-stressed condition shown in Ref. [33], the 
coriolis force also influences the bladed disk system dynamic model. Besides the mistuning of 
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blades stiffness as in Ref. [33], an intelligent optimization algorithm is adopted to optimize the 
arrangement of mistuned blades in terms of both mass and stiffness. Firstly, the particle swarm 
optimization algorithm is adopted to optimize the mass mistuned blades, and the best optimized 
arrangement scheme is divided into six isolation zones, secondly, the arrangement optimization 
of the location of stiffness mistuned blades in each isolation zone. Finally, the optimal arrangement 
of the mistuned bladed disk system is obtained under the condition that the unbalance moment of 
the bladed disk system and the vibration localization degree are minimal. 

2. Dynamic reduced order models 

An aeroengine compressor bladed disk system consists of 38 blades and disks connected by 
mortise and tenon structure. If the finite element model of blisk structure is adopted, the number 
of elements will be huge, and the nonlinear contact state of mortise and tenon will be considered, 
that will lead to calculation problems. For large complex rotor systems, the cyclic symmetry 
structure is often used; however, the mistuning destroys the cyclic symmetry of the bladed disk 
structure, so the cyclic symmetry analysis method cannot be used. 

The reduced order modeling technique provides a method to solve the dynamic problems of 
mistuned bladed disk system. The reduced order models for a bladed disk of an aero-engine 
compressor were established by adopting the reduced order modeling technique according to the 
installation angle of the blade; the blade and the corresponding disk are taken as a substructure 
model, and the whole bladed disk system is divided into 38 substructure models. The cutting 
surface of the disk in each substructure is taken as the interface, the nodes on the interface are 
selected to define the master degree of freedom, and the nodes on the non-interface are taken as 
the slave degrees of freedom. 

The bladed disk dynamic reduced order models considering the coriolis force was adopted. 
The blisk and substructure model of the bladed disk is shown in Fig. 1. 

  
Fig. 1. Blisk and substructure model of bladed disk 

The aero-engine’ compressor blades under the centrifugal force, the natural frequency and 
dynamic response of the structure will be affected, considering the influence of the rotor system’s 
centrifugal stiffening effect on the dynamic characteristics, and the equation can be expressed as: ሾ𝑀ሿ௜൛𝑋ሷ ൟ௜ + ሾ𝐶 + 𝐺ሿ௜൛𝑋ሶ ൟ௜ + ሾ𝐾 + 𝐾ୡ + 𝐾ௌሿ௜ሼ𝑋ሽ௜ = ሼ𝐹ሽ௜ , (𝑖 = 1,2,⋯ ,𝑛), (1)

where, 𝑀, 𝐶, 𝐺, 𝐾, 𝐾௖, 𝐾ௌ, 𝐹, 𝑋 and 𝑛 are mass matrix, damping matrix, Coriolis force matrix, 
the stiffness matrix of the structure, centrifugal stiffening effect matrix of rotating blades, rotation 
softening matrix, force acting on the substructure model, displacement vector, and number of 
blades correspondingly. The material properties of the bladed disk are listed in Table 1. 

The general forced vibration equation of the 𝑖-th substructure finite element reduced order 
models can be expressed as: 

X

Y

Z
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ሾ𝑀ሿ௜൛𝑋ሷ ൟ௜ + ሾ𝐶′ሿ௜൛𝑋ሶ ൟ௜ + ሾ𝐾′ሿ௜ሼ𝑋ሽ௜ = ሼ𝐹ሽ௜ , (𝑖 = 1,2,⋯ ,𝑛), (2)

where 𝐶′ = 𝐶 + 𝐺, 𝐶 is damping matrix, and 𝐺 is Coriolis force matrix. 
Where: 𝐶 = 𝛼𝑀 + 𝛽𝐾, (3)

⎩⎪⎨
⎪⎧𝛼 = 4𝜋𝑓௡ଵ𝑓௡ଶ(𝑓௡ଵ𝜉ଶ − 𝑓௡ଶ𝜉ଵ)𝑓௡ଵଶ − 𝑓௡ଶଶ ,𝛽 = 𝑓௡ଶ𝜉ଶ − 𝑓௡ଵ𝜉ଵ𝜋(𝑓௡ଶଶ − 𝑓௡ଵଶ ) ,  (4)

where 𝑓௡ଵ and 𝑓௡ଶ are the first-order and second-order natural frequencies, respectively, 𝜉ଵ and 𝜉ଶ 
are the corresponding modal damping ratios. 

Table 1. Material properties of bladed disk 
Blade material property Property value Disk material property Property value 

Mass density 4400 kg⋅m−3 Mass density 4700 kg⋅m−3 
Modulus of elasticity 113 GPa Modulus of elasticity 150 GPa 

Poisson’s ratio 0.3 Poisson’s ratio 0.3 

The Coriolis force matrix is generated as: 

𝐺 = 2෍න𝑁்Ω𝑁𝑑𝑉௏
௡
ଵ , (5)

where 𝑁 is the shape function matrix; 𝑛 is the total number of elements; Ω is the rotational matrix: 

Ω = ቎ 0 −Ω௭ Ω௬Ω௭ 0 −Ω௫−Ω௬ Ω௫ 0 ቏, (6)𝐾ᇱ = 𝐾 + 𝐾ୡ + 𝐾ௌ, (7)

where 𝐾 is the stiffness matrix of the structure, 𝐾௖ is the centrifugal stiffening effect matrix of the 
rotating blades, and 𝐾ௌ is the rotation-softening matrix.  

The displacement vector 𝑋 is composed of the degree of freedom 𝑋௠ at the boundary and the 
internal freedom 𝑋௦ of the non-interface, that is: ሾ𝑀ሿ௜ = ൤𝑀௠௠ 𝑀௠௦𝑀௦௠ 𝑀௦௦ ൨ ,      ሾ𝐶′ሿ௜ = ൤𝐶′௠௠ 𝐶′௠௦𝐶′௦௠ 𝐶′௦௦ ൨ ,       ሾ𝐾′ሿ௜ = ൤𝐾′௠௠ 𝐾′௠௦𝐾′௦௠ 𝐾′௦௦ ൨, ሼ𝑋ሽ௜ = ൜𝑋௠𝑋௦ ൠ ,       𝐹௜ = ቄ𝑓௠0 ቅ. 

The Eq. (2) can be expressed as: 

൤𝑀௠௠ 𝑀௠௦𝑀௦௠ 𝑀௦௦ ൨௜ ቊ𝑋ሷ௠𝑋ሷ௦ ቋ௜ + ൤𝐶′௠௠ 𝐶′௠௦𝐶′௦௠ 𝐶′௦௦ ൨௜ ቊ𝑋ሶ௠𝑋ሶ௦ ቋ + ൤𝐾′௠௠ 𝐾′௠௦𝐾′௦௠ 𝐾′௦௦ ൨௜ ൜𝑋௠𝑋௦ ൠ௜ = ቄ𝑓௠0 ቅ௜ , (8)

where, 𝑓௠ is the interface force. Let the substructure of the interface to be fixed, even if 𝑋௠ = 0, 
it is possible toobtain as follows: 
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ሾ𝑀௦௦ሿ௜൛𝑋ሷ௦ൟ௜ + ሾ𝐶′௦௦ሿ௜൛𝑋ሶ௦ൟ௜ + ሾ𝐾′௦௦ሿ௜ሼ𝑋௦ሽ௜ = 0. (9)

From this, the normalized mode [𝜙ே] is solved, that is [𝜙ே] = [𝜙௟ ,𝜙௛], where, [𝜙௟] – low 
order modal, [𝜙௛] – high order modal. 

This modal set satisfies the following conditions: [𝜙ே]்[𝑀௦௦][𝜙ே] = 𝐸, (10)[𝜙ே]்[𝐾′௦௦][𝜙ே] = [Λ] = ൤Λ௟ Λ௛൨, (11)

where, [Λ௟] = diag(𝜆ଵଶ, 𝜆ଶଶ,⋯ , 𝜆௟ଶ), [Λ௛] = diag(𝜆௟ାଵଶ , 𝜆௟ାଶଶ ,⋯ , 𝜆௛ଶ), 𝐸 is a identity matrix.  
When the higher order mode sets are omitted, and the lower order mode set 𝜙௟ is selected to 

form the master modal set 𝜙௠ of the substructures, that is: [𝜙௠] = [𝜙௟]. (12)

If the fixed interface method is used, 𝜙௃ can be expressed as follows: ൣ𝜙௃൧ = −[𝐾ᇱ௦௦]ିଵ௜[𝐾ᇱ௦௠]௜[𝐸] = −[𝐾ᇱ௦௦]ିଵ௜[𝐾ᇱ௦௠]௜ . 
Definition [𝜙௖] is the constrained modal set: [𝜙௖] = ൤𝐸𝜙௃൨ = ൤ 𝐸−𝐾′௦௦ିଵ𝐾′௦௠൨. (13)

The Ritz base vector of the 𝑖 substructure: [𝜙] = [𝜙௠,𝜙௖] = ൤0 𝐸𝜙௟ 𝜙௃൨. (14)

Coordinate transformation is: [𝑋] = [𝜙][𝑝] = ൤0 𝐸𝜙௟ 𝜙௃൨ ቂ𝑝௠𝑝௦ ቃ. (15)

Through the Eq. (15), it can achieve the transformation of the equation of motion from physical 
coordinates to modal coordinates: [𝑀ഥ]௜൛𝑋ሷ ൟ௜ + [𝐶̅]௜൛𝑋ሶ ൟ௜ + [𝐾ഥ]௜ሼ𝑋ሽ௜ = ሼ𝐹തሽ௜, (16)

where: [𝑀ഥ]௜ = [𝜙]்[𝑀]௜[𝜙] = ൤𝑀ഥ௠௠ 𝑀ഥ௠௦𝑀ഥ௦௠ 𝐸 ൨௜ ,      [𝐶̅]௜ = [𝜙]்[𝐶′]௜[𝜙], [𝐾ഥ]௜ = [𝜙]்[𝐾′]௜[𝜙] = ൤𝐾ഥ௠௠ 00 𝐾ഥ௦௦൨௜ ,       [𝐹ത]௜ = [𝜙]்[𝐹]௜ = ൤0 𝜙௟𝐸 𝜙௃൨ ቂ𝑓௠0 ቃ௜ = ቂ𝑓௠0 ቃ௜ . 
The coordinate transformation of Eq. (15) ,which uses only low-order mode and ignores the 

high-order mode, that is used to adapt the mode truncation, so the node degree of freedom is 
greatly reduced, will be made for obtaining the 𝑖 substructure formula deduced from the Eq. (15): 
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⎣⎢⎢
⎡𝑀ഥଵ 0𝑀ഥଶ ⋱0 𝑀ഥ௜⎦⎥⎥

⎤ ൞𝑝ሷଵ𝑝ሷଶ⋮𝑝ሷ௜ ൢ + ⎣⎢⎢
⎡𝐶̅ଵ 0𝐶̅ଶ ⋱0 𝐶̅௜ ⎦⎥⎥

⎤ ൞𝑝ሶଵ𝑝ሶଶ⋮𝑝ሶ௜ ൢ+ ⎣⎢⎢
⎡𝐾ഥଵ 0𝐾ഥଶ ⋱0 𝐾ഥ௜⎦⎥⎥

⎤ ൞𝑝ଵ𝑝ଶ⋮𝑝௜ ൢ = ⎩⎨
⎧𝐹തଵ𝐹തଶ⋮𝐹ത௜ ⎭⎬

⎫
(𝑖 = 1,2,⋯ ,𝑛). , (17)

If the rigid connection interface is considered, through the force balance and displacement 
coordination condition, it is possible to obtain as follows: ሼ𝑋௠ଵሽ = ሼ𝑋௠ଶሽ = ⋯ = ሼ𝑋௠௜ሽ, (𝑖 = 1,2,⋯ ,𝑛), (18)ሼ𝑓௠ଵሽ + ሼ𝑓௠ଶሽ + ⋯+ ሼ𝑓௠௜ሽ = 0, (𝑖 = 1,2,⋯ ,𝑛). (19)

The non-independent coordinate can be transformed into the equation of motion of the 
generalized coordinate ሼ𝑞ሽ in the following form: 

ሼ𝑝ሽ =
⎩⎪⎪
⎨⎪
⎪⎧𝑝௠ଵ𝑝௦ଵ𝑝௠ଶ𝑝௦ଶ⋮⋮𝑝௠௜𝑝௦௜ ⎭⎪⎪

⎬⎪
⎪⎫ =

⎣⎢⎢
⎢⎢⎢
⎢⎡𝐸 0 0 ⋯ 0 00 𝐸 0 ⋯ 0 0𝐸 0 0 ⋯ 0 00 0 𝐸 ⋯ 0 0𝐸 0 0 ⋯ 0 0⋮ ⋮ ⋮ ⋱ 0 0𝐸 0 0 0 0 00 0 0 0 0 𝐸⎦⎥⎥

⎥⎥⎥
⎥⎤
⎩⎪⎨
⎪⎧𝑞௠𝑞௦ଵ𝑞௦ଶ⋮𝑞௦௜ ⎭⎪⎬

⎪⎫. (20)

That is: ሼ𝑝ሽ = [𝛽]ሼ𝑞ሽ. (21)

The Eq. (21) is transformed into the equation of motion of the generalized coordinate by using 
this form ሼ𝑞ሽ: ൣ𝑀෩൧௜ሼ𝑞ሷ ሽ௜ + ൣ𝐶ሚ൧௜ሼ𝑞ሶ ሽ௜ + ൣ𝐾෩൧௜ሼ𝑞ሽ௜ = ሼ𝐹෨ሽ௜ , (𝑖 = 1,2,⋯ ,38), (22)

where: ൣ𝑀෩൧௜ = [𝛽]்[𝑀ഥ]௜[𝛽],      ൣ𝐾෩൧௜ = [𝛽]்[𝐾ഥ]௜[𝛽], ൣ𝐶ሚ൧௜ = [𝛽]்[𝐶̅]௜[𝛽],      [𝐹෨]௜ = [𝛽]்[𝐹ത]௜ . 
The Eq. (22) can be adopted to solve the natural frequency of the system and the vibration 

mode under the generalized coordinates ሼ𝑞ሽ . The vibration mode under the generalized 
coordinates can be returned to the physical coordinates by the coordinate transformation from 
Eq. (21) and form transformation from Eq. (15), thus the vibration mode of the physical system 
coordinates can be obtained.  

In practic, because the higher-order modals of the main interface modal [𝜙] are omitted, and 
only some low order modals are taken, thus the size of analysis and calculation are greatly reduced. 
By selecting different modal truncation numbers, the dynamic frequencies of the bladed disk 
system are obtained as shown in Fig. 2(a). When the number of mode truncation is 5 and 10, the 
result of natural frequency calculation in higher order mode has a larger error than that of the 
complete model. The influence of different modal truncation numbers on the natural frequencies 
within 1-5 orders are compared and analyzed, the results are shown in Fig. 2(b). The results show 
that the natural frequencies of low order modes are in good agreement when the mode truncation 
number is greater than 10. 
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The blades of the aeroengine compressor disk system are inevitably affected by the Coriolis 
force during operation. The Coriolis force effect on the vibration characteristics of the bladed disk 
shall be further studied on the basis of the PCMSM. Fig. 2 depicts the effect of the Coriolis force 
on the dynamic frequency. 

a) 45-order b) 5-order 
Fig. 2. Comparison of complete model method with dynamic reduced order models method  

in terms of different mode truncation numbers 

 
Fig. 3. Effect of coriolis force on dynamic frequency 

From Fig. 3, it can be seen that the dynamic frequency for a bladed disk without considering 
the Coriolis force effect is larger than with it, and it can be seen that the Coriolis force effect can 
reduce the dynamic frequency of the disk system.  

3. Vibration reduction optimization of mistuned bladed disk 

3.1. Vibration reduction optimization of mass mistuned bladed disk 

The mass of blades is slightly different due to material and machining errors, that is, mass 
mistuning. The mass mistuning will lead to the unbalance effect of bladed disk system when 
rotated at a high speed, and then the vibration response amplitude of bladed disk system will be 
affected. If the blades are sorted according to the mass moment before the sorting of the mistuned 
blade stiffness is considered, it can effectively reduce the unbalance effect of bladed disk system. 

The unbalanced moment of the 𝑖th blade due to the centrifugal force is shown in Eq. (23): 𝑀௜ = 𝑚௜ × 𝜔ଶ × 𝑟௜ , (23)
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where 𝑚௜ is the mass of the 𝑖th blade; 𝜔 is the rotation angular velocity of the bladed disk system; 𝑟௜ is the 𝑖th blade’ disk radius of mass centre. 
The total unbalance moment of the bladed disk system is: 

𝑀 = ෍𝑀௜௡
௜ୀଵ = ෍𝑚௜ × 𝜔ଶ × 𝑟௜௡

௜ୀଵ . (24)

For the rotating bladed disk system, the total unbalance moment shall be minimized. Particle 
swarm optimization (PSO) is an iterative optimization algorithm, where the potential solution is 
first adopted as a particle, and then it initializes a group of random particles. The fitness value of 
the particle is determined by the optimized function.  

When the minimum value of the total unbalance moment is adopted as the evaluating indicator, 
the fitness function is constructed as follows: L = min(𝑀) + 𝑟௞𝑃(𝑀), (25)

where 𝑀 = (∑ 𝑚௜ × 𝜔ଶ × 𝑟௜௡௜ୀଵ )  is the total unbalance moment, 𝑟௞  is the coefficient of the 
penalty function, 𝑃(𝑀) is the penalty function. According to the characteristics of the constraints, 
the constraints are transformed into a penalty function and added to the objective function, thus 
the constraint optimization problem is transformed to the unconstrained optimization problem. 

The minimum unbalance moment of the bladed disk system is selected as the optimization 
objective function, the discrete particle swarm optimization algorithm is adopted to optimize the 
installation position of the blades, and a finite element model is used to calculate and verify the 
position of the mistuned blade position before and after the optimization. Table 2 is the blades 
arrangement after optimization.  

Table 2. Blades arrangement after optimization 
Blade 

position 
Blade 

number 
Blade 

position 
Blade 

number 
Blade 

position 
Blade 

number 
Blade 

position 
Blade 

number 
1 6 11 8 21 21 31 31 
2 2 12 12 22 22 32 32 
3 3 13 13 23 26 33 35 
4 4 14 14 24 24 34 34 
5 5 15 15 25 25 35 33 
6 1 16 18 26 23 36 36 
7 7 17 17 27 27 37 37 
8 11 18 16 28 30 38 38 
9 9 19 19 29 29 – – 
10 10 20 20 30 28 – – 

According to the data obtained from the experiment, the optimization algorithm is adopted to 
optimize the blade mass, and the maximum amplitude of each blade before and after optimization 
is calculated, as shown in Fig. 4. 

It can be seen from Fig. 4 that the maximum amplitude of the mass mistuned blade decreases 
greatly after optimization, and the optimization effect is obvious. The maximum non-dimensional 
amplitude of the blade before optimization is 3.15, and the maximum amplitude occurs in blade 1. 
The maximum amplitude after optimization is 2.45, which occurs in blade 8. Through a 
comparative analysis, it can be seen that after the optimization, the maximum amplitude of the 
bladed disk system is reduced by 22.2 %. 

The localization degree of the mistuned bladed disk system is usually evaluated by localizing 
the factor [1, 34, 35] as the evaluating indicator. This paper adopted the localization factor of Yuan 
from [1], as shown in Eq. (26), the factor takes into account the mean amplitude and variance of 
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the maximum amplitude for each blade as the evaluating indicator: 𝐿 = mean(𝑋) × var(𝑋), (26)

where 𝑋 is the maximum amplitude vector of each blade, mean(𝑋) is the maximum amplitude 
average for each blade, and var(𝑋) is the maximum amplitude variance for each blade. 

 
a) Before optimization 

 
b) After optimization 

Fig. 4. Comparison of maximum amplitude of blades before and after optimization 

In order to verify the effectiveness of the algorithm for vibration localization control of 
mistuned bladed disk system, in this paper, the formula of localization factor of Wang from [35] 
and the vibration localization factor are applied to test the algorithm, as shown in Eq. (27): 

𝐿 = ඩ|𝑥|௠௔௫ଶ − 1𝑛 − 1∑ 𝑥௜ଶ௡௜ୀଵ,௜ஷ௝1𝑛 − 1∑ 𝑥௜ଶ௡௜ୀଵ,௜ஷ௝ , (27)

where 𝑛 is the number of blades, 𝑗  is the maximum amplitude blade number, |𝑥|௠௔௫ଶ  is the 
maximum amplitude of blades. 

According to Eq. (26) and Eq. (27), the vibration localization factors of the bladed disk system 
before and after optimization are calculated respectively, as shown in Table 3. 

Table 3. Vibration localization factor of blades before and after optimization 
Localization factor calculation 

method 
Before 

optimization 
After 

optimization 
Optimization range / 

% 
Yuan’s localization factor 1.0292×10-8 7.7001×10-9 25.0 
Wang’s localization factor 3.8233×10-5 2.6474×10-5 30.8 

From the comparative analysis of Table 2, it is found that the vibration localization factor of 
the optimized blade was greatly reduced by using two local factor calculation formulas as 25 % 
and 30.8 % respectively, and the degree of vibration localization of the bladed disk system was 
also reduced. 

3.2. Vibration reduction optimization for simultaneous mistuning of blade mass and stiffness 

In actual engineering, the blades of the bladed disk system are often under the effect of the 
mass mistuning and the stiffness mistuning. Most scholars have determined the form of blade 
stiffness mistuning for the simulation of mistuned blades, when the unbalance of a blade mass 
would lead to the unbalance of the whole bladed disk system. It an innovation as compared with 
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previous engineering method to deal with blade mistuning only in the form of blade stiffness 
mistuning. 

If an intelligent optimization algorithm is used to eliminate the unbalance of the blade system 
according to the mass moment of the blade, and then arrange the blade position according to the 
stiffness mistuning, however, the unbalance of the blade system will be disturbed, resulting in a 
new unbalance. In order to avoid this, the mass moment balance of mistuned blades is ensured by 
isolation zone. The so-called isolation zone is used to divide the whole bladed disk system into 
several zones, in order to ensure that the total torque of all blades in each zone and the combined 
torque of blades in other zones is as small as possible. 

According to the model of bladed disk system adopted in this paper, the whole bladed disk 
system is divided into 6 zones. The 38 blades were allocated into six zones according to the form 
of 7, 6, 6, 7, 6, 6. Among them, the 1st-7th blades were placed into the first zone, the 8th -13th 
blades were into the second zone, the 14th -19th blades were into the third zone, the 20th -26th 
blades were into the fourth zone, the 27th-32th blades were into the fifth zone, the 33th-38th blades 
were into the sixth zone. The partition is shown in Fig. 5. 

 
Fig. 5. Isolation zone division 

Considering the mass mistuning and stiffness mistuning of a blade, firstly, the particle swarm 
optimization (PSO) algorithm is used to optimize the arrangement of mass mistuned blades; the 
optimal arrangement scheme consists of six isolation zones. Then, the arrangement of 
stiffness-mistuned blades is optimized in each isolation zone based on the arrangement 
optimization algorithm of stiffness-mistuning according to reference [36]. The algorithm adopted 
the localization factor of Yuan as shown in Eq. (21) as an objective function. The algorithm is 
based on the finite element reduction model of mistuned bladed disk, in each iteration, only the 
substructure data files of blades which positions are exchanged are updated, greatly reduce the 
optimization time. 

Finally, the optimal arrangement of mistuned bladed disk system is satisfied under the 
condition of minimum equilibrium torque and minimum vibration localization degree.  

The flow chart of blade system optimization arrangement algorithm with both mass and 
stiffness mistuning is shown in Fig. 6. 

3.3. Result analysis before and after optimization 

The optimization algorithm is used to optimize the vibration response of mistuned bladed disk 
system, and the arrangement position of a mistuned blade before and after optimization is 
calculated and verified in a model made as per the finite element method. Table 4 is the blades 
arrangement after optimization of both the mass mistuning and the stiffness mistuning with the 
isolation zone. 
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Fig. 6. Flow chart of optimization arrangement algorithm for blade mass and stiffness mistuning 

Table 4. Blades arrangement after optimization of both mass mistuning  
and stiffness mistuning with isolation zone 

Blade 
position 

Blade 
number 

Blade 
position 

Blade 
number 

Blade 
position 

Blade 
number 

Blade 
position 

Blade 
number 

1 8 11 11 21 12 31 31 
2 2 12 21 22 22 32 32 
3 3 13 13 23 23 33 33 
4 4 14 27 24 24 34 34 
5 5 15 15 25 25 35 35 
6 6 16 16 26 26 36 29 
7 7 17 17 27 14 37 37 
8 2 18 18 28 28 38 38 
9 9 19 19 29 36 – – 
10 10 20 1 30 30 – – 

The maximum amplitude of each blade before and after optimization is calculated by using the 
proposed optimization algorithm, as shown in Fig. 7. 

As it can be seen from Fig. 7 and Fig. 8, the maximum amplitude of the mistuned blade 
decreases greatly after optimization, and the optimization effect is obvious. Before optimization, 
the maximum dimensionless amplitude of the blade is 3.237, the maximum amplitude occurs in 
the blade No. 1, and the maximum amplitude after optimization is 2.483, which occurs in the blade 
No. 35. Through a comparative analysis, it can be seen that after optimization, the maximum 
amplitude of the bladed disk system is reduced by 23.9 %. 

According to Eq. (26), the vibration localization factor of the bladed disk system before and 
after optimization is calculated, as shown in Table 5. 
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a) Before optimization 

 
b) After optimization 

Fig. 7. Amplitude frequency characteristics of bladed disk system before and after optimization 

 
a) Before optimization 

 
b) After optimization 

Fig. 8. Maximum amplitude contrast of blades before and after optimization 

Table 5. Localization factor of blades vibration before and after optimization 
Before optimization After optimization Optimization range / % 

1.2871×10-8 6.9146×10-9 46.3 

By comparing the results of Table 5, it is found that the vibration localization factors of the 
optimized blade are reduced by 46.3 %, and the vibration localization degree of the bladed disk 
system is reduced.  

4. Conclusions 

In this paper, a new vibration reduction optimization method of mistuned bladed disk system, 
and, based on the reduced order modeling technique is proposed and the following conclusions 
can be made from the simulation results: 

1) The unbalance moment of bladed disk is taken into account when the vibration reduction 
optimization is applied for the mistuned bladed disk system, which method consists in avoiding 
the new imbalance caused by the arrangement of blades. 

2) Through a comparative analysis, it can be seen that the Coriolis force effect can reduce the 
dynamic frequency of the disk system.  

3) The results show that the arrangement optimization method can effectively reduce the 
degree of vibration localization for a mistuned bladed disk system, and the effect is remarkable. 
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