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Abstract. In this paper, we consider the problem of motion of an axisymmetric solid around a 
fixed point in a resistive medium, described by nonlinear dynamic Euler equations. An analytical 
solution to the problem when the moments of external resistance forces are proportional to the 
corresponding projections of the angular velocity of the body is obtained by partial discretization 
of nonlinear differential equations based on the theory of generalized functions. Curves of angular 
velocity change are constructed and graphs of comparison of these curves with previously known 
exact solutions are given. 
Keywords: dynamic Euler’s equation, spherical motion, non-linear differential equations, method 
of partial discretization, the angular velocity. 

1. Introduction 

The problem of motion of a solid body with a fixed point is one of the remarkable problems 
of classical mechanics. The peculiarity of this problem is that, despite the important results 
obtained by the largest mathematicians over the past two centuries, there is still no complete 
solution [1-4]. Mathematically, these problems are reduced to the study of a system of nonlinear 
differential equations and differential equations with variable coefficients, obtaining analytical 
solutions to which is extremely difficult and is possible in a relatively small number of cases. 
Therefore, the construction of analytical solutions for a wide class of such problems is very 
relevant.  

In this paper, an analytical solution of the problem is obtained by a new method called the 
partial discretization method. The method is based on generalized functions [5]. Using the partial 
discretization method, it is easy to obtain an analytical solution of nonlinear differential equations 
or differential equations with variable coefficients. One of these equations is the dynamic Euler 
equations, which describes the movement of a solid body around a fixed point in a resisting 
medium. 

Using the method of partial discretization of nonlinear differential equations based on the 
theory of generalized functions, an analytical solution to the problem of the movement of a solid 
body around a fixed point in a resisting medium is obtained, which is described by the nonlinear 
dynamic equations of L. Euler. 

2. Materials and methods 

Consider the nonlinear dynamic equations of L. Euler [6], which describe the movement of a 
solid body around a fixed point in a resisting medium: 

https://crossmark.crossref.org/dialog/?doi=10.21595/vp.2020.21453&domain=pdf&date_stamp=2020-06-29


SOLVING THE PROBLEM OF MOVING A SOLID BODY AROUND A FIXED POINT IN A RESISTING MEDIUM.  
G. U. MAMATOVA, B. HAMZINA, A. О. KABDOLDINA, А. K. SUGIRBEKOVA, R. A. BERKUTBAEVA 

 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479, KAUNAS, LITHUANIA 197 

⎩⎪⎨
⎪⎧𝐴𝑑𝑝𝑑𝑡 + 𝐶 − 𝐵 𝑞𝑟 = 𝑀 ,𝐵 𝑑𝑞𝑑𝑡 + 𝐴 − 𝐶 𝑟𝑝 = 𝑀 ,𝐶 𝑑𝑟𝑑𝑡 + 𝐵 − 𝐴 𝑝𝑞 = 𝑀 , (1)

where 𝐴, 𝐵, 𝐶 – moments of inertia of the body relative to the axes 𝑥, 𝑦, 𝑧 associated with the 
body; 𝑝, 𝑞, 𝑟 – projections of the angular velocity vector of a body on these axes; 𝑀 , 𝑀 , 𝑀  – 
moments of external resistance forces relative to the axes 𝑥, 𝑦, 𝑧. 

The system of differential Eq. (1) is considered together with the initial conditions: 𝑡 = 0:    𝑝 0 = 𝑝 ,    𝑞 0 = 𝑞 ,    𝑟 0 = 𝑟 ,      𝑝 0 = 𝑝 ,    𝑞 0 = 𝑞 ,    𝑟 0 = 𝑟 . (2)

Without limiting the generality of the problem, we will assume that: 𝑝 0 = 0,      𝑞 0 = 0,      𝑟 0 = 0. (3)

Let the moments of external forces are created only by forces of some resistance and are 
linearly proportional to the corresponding projections of the angular velocity of the body: 𝑀 = −𝜆 𝑝,    𝑀 = −𝜆 𝑞,    𝑀 = −𝜆 𝑟, (4)

where 𝜆 , 𝜆 , 𝜆  – custom parameters that depend on the environment properties. We turn to the 
case of a symmetric solid when 𝐴 = 𝐵. Then the system of nonlinear differential Eq. (1) taking 
into account the initial conditions Eqs. (2), (3) will take the form: 𝑝 + 𝜇𝑟𝑞 + 𝑘 𝑝 = 0,𝑞 − 𝜇𝑟𝑝 + 𝑘 𝑞 = 0,𝑟 = 𝑟 𝑒 ,  (5)

where: 𝐶 − 𝐴𝐴 = 𝜇,    𝜆𝐴 = 𝑘 ,    𝜆𝐴 = 𝑘 ,    𝜆𝐶 = 𝑘 . (6)

From system Eq. (5) to determine the projection 𝑝 𝑡  of the angular velocity of a body, we 
have the following differential equation with variable coefficients: 𝑝 + 𝑘 + 𝑘 + 𝑘 𝑝 + 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘  𝑝 = 0.  (7)

To solve the problem Eq. (7) – Eq. (2), Eq. (3), applying the method of partial discretization 
of nonlinear differential equations [7], we obtain: 

𝑝 + 𝑘 + 𝑘 + 𝑘 𝑝 = −12 𝑡 + 𝑡 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 𝑝 𝑡 𝛿 𝑡 − 𝑡      − 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 𝑝 𝑡 𝛿 𝑡 − 𝑡  ,  (8)

where 𝛿 𝑡  – delta function of Dirac. 
The General solution of Eq. (8) has the expression: 
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𝑝 𝑡 = 𝐶 − 𝐶𝑘 + 𝑘 + 𝑘 𝑒 + 12 𝑘 + 𝑘 + 𝑘 𝑡 + 𝑡        × 𝑒 − 1 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 𝑝 𝑡 𝐻 𝑡 − 𝑡  − 𝑒 − 1 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 𝑝 𝑡 𝐻 𝑡 − 𝑡 , (9)

where 𝐻 𝑡  – the function of Heaviside; 𝐶  and 𝐶  – arbitrary constant of integration. 
Using the initial conditions Eqs. (2) and (3), we have: 

𝑝 𝑡 = 𝑝 + 12 𝑘 + 𝑘 + 𝑘 𝑡 + 𝑡 𝑒 − 1        ∙ 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 × 𝑝 𝑡 𝐻 𝑡 − 𝑡 − 𝑒 − 1   ∙ 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 𝑝 𝑡 𝐻 𝑡 − 𝑡 . (10)

According to Eq. (10), expressions of the function 𝑝 𝑡  at points 𝑡  𝑖 = 1,𝑛  are written as 
follows: 𝑝 𝑡 = 𝑝  , 𝑝 𝑡 = 𝑝 + 12 𝑘 + 𝑘 + 𝑘 𝑡 + 𝑡 𝑒 − 1  
      ∙ 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 𝑝 𝑡 + 12 𝑘 + 𝑘 + 𝑘 𝑡 − 𝑡        ∙ 𝑒 − 1 𝜇 𝑟 𝑒 + 𝑘 𝑘 + 𝑘 𝑝 𝑡 . 

(11)

Fig. 1 show graphs of problem solving for various parameter values. In some cases, the 
solutions are compared with previously obtained literary solutions, which show a complete 
coincidence of the integral curves. 

3. Results and discussion 

The General solution of Eq. (7), expressed in terms of Bessel functions, is obtained by  
V. N. Koshlyakov [6, p. 72] as: 𝑝 𝑡 = exp −12 𝑘 + 𝑘 + 𝑘 𝑡 𝐶 𝐽 𝜇𝑟𝑘 𝑒 + 𝐶 𝐽 𝜇𝑟𝑘 𝑒 , (12)

where  𝜈 = − + . 
Figs. 1, 2 shows graphs comparing curves for the case 𝜆 = 𝜆  with the solution obtained by 

corresponding member of the USSR Academy of Sciences V. N. Koshlyakov in Bessel functions. 
Solid lines show curves drawn in accordance with the solution Eq. (10), and dotted lines Eq. (12). 
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Fig. 1. Graph velocity projection 𝑝 𝑡  change curves for parameter values:  𝐴 = 10 kg⋅m2, 𝐶 = 20 kg⋅m2, 𝑝 = 10 sec-1, 𝑟 = 1 sec-1, 𝜆 = 𝜆 = 0,2.  

- - - - - - the solution obtained By V. N. Koshlyakov, __________ the solution received by the author 

 
Fig. 2. Graph velocity projection 𝑝 𝑡  change curves for parameter values: 𝐴 = 10 kg⋅m2, 𝐶 = 20 kg⋅m2, 𝑝 = 10 sec-1, 𝑟 = 1 sec-1, 𝜆 = 𝜆 = 0,2.  

- - - - - - the solution obtained By V. N. Koshlyakov, __________ the solution received by the author 

4. Conclusions 

Analysis of the results showed that a significant resistance of the medium (Fig. 2) encourages 
the gyroscope to smooth unidirectional movement with slow attenuation, while relatively small 
resistances (Fig. 1) do not interfere with the oscillatory process, causing alternating movements 
of the object under consideration. The results of this work are a great contribution to the theory of 
gyroscopes and gyroscopic systems and can be used in the development of new stabilizing 
elements of various inertial navigation systems on ships, aircraft, missiles, satellites and  
spacecraft [8]. 
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