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Abstract. In this article, an analytical solution of the problem of bending a round plate with an
initial curvature is obtained. A round plate with an initial curvature as a structural element is
widely used, the calculation of which leads to many questions related to the design of round
Foundation plates, turbine disks, flexible shaft connections and other. The nonlinear theory of
round flexible plates provides the key to explaining the process of loss of stability, which often
leads to complete destruction of the structure. Therefore, there is a high need for analytical
methods for solving problems of calculating the stress-strain state of round flexible plates, taking
into account the initial curvature. These problems are mathematically reduced to differential
equations with variable coefficients, the exact solution of which, as a rule, does not exist.
Therefore, the construction of analytical solutions to these problems is very relevant.

Keywords: the bending of the plate, stress-strain state, nonlinear differential equations, partial
discretization method, class of generalized functions.

1. Introduction

The problem of bending elastic round plates of initial curvature is one of the actual problems
of the technical theory of elasticity. A round plate with an initial curvature as a structural element
is widely used, which is calculated by many questions related to the design of round Foundation
plates, turbine disks, flexible shaft connections, hydraulic machine blades, disk springs, etc. [1],
The development of modern practice requires researchers and designers to create methods for
solving a large number of strength problems related to the variability of thickness, elastic modulus,
Poisson's ratio, and the presence of initial curvature in aggregates. There is a high need for
analytical and approximate analytical methods for solving problems of calculating the stress-strain
state of inhomogeneous plates, taking into account the initial curvature. Existing studies of
symmetrical bending of round plates with initial curvature are of a particular nature. Asymmetric
bending of round plates of variable thickness has been studied even less; here, in addition to
solutions for hyperbolic profile plates, there are practically no solutions for any other profiles of
practical significance. These problems are mathematically reduced to differential equations with
variable coefficients, the exact solution of which, as a rule, does not exist. Therefore, the
construction of analytical solutions to these problems is very relevant [2]. This work substantially
fulfills the specified gap. Using the method of partial discretization of differential equations, based
on the theory of generalized functions, an analytical solution to the problem of bending elastic
round plates with account for the initial curvature is obtained.
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2. Materials and methods

Let’s consider a round plate that is fixed along the contour in a certain way. We will assume
that the plate is ring-shaped with external and internal radii 73, 7, and thickness h.
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Fig. 1. Basic designations when considering a round plate

In this case, the deflections are symmetrical with respect to the axis z and the deflection, as
well as all other values that characterize the stressed and deformed state, will be functions only r.
When constructing solutions to the solving equations, we use the partial discretization method,
which allows us to construct an analytical solution to the problem of bending a round flexible plate
with an initial deflection, fixed along the contour and subjected to a uniformly distributed
transverse load of intensity q. In this case, the deflection, as well as all other values that
characterize the stressed and deformed state, will be functions of only 7.

The basic system of differential equations of the theory of a flexible round plate with initial
deflection has the following form [3]:
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where ¢ is the load function equal to ¢ = % for qrdr, @ is the voltage function entered by the
formulas:
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and E is the elastic modulus, w is the deflection, oy, g, are radial and tangential stresses.

Using the method of partial discretization of differential equation [3], we write the second
equation of the system Eq. (1) as:
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The general solution of Eq. (2) will be:
n
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Consider a plate with a hole that is pivotally supported along the contour, then the boundary
conditions are Eq. [4]:
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Due to the fact that the 7, is not subject to a smallness constraint, we will assume an arbitrary
constant C, equal to zero. By virtue of condition Eq. (3), the solution of problem Eq. (2, 3) will
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Substitute the resulting expression in the first equation of the system Eq. (1) and we will
perform further discretization of the multiplier dw/dr in the right part of this equation. Then the
first equation of the system Eq. (1) will take the form:
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After the corresponding transformations, taking into account the properties of generalized
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functions and conditions Eq. (4), we get:
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In this case g = const, the analytical expression of the rotation angle at points 73, for has the
expression:
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Integrating Eq. (8) and taking into account condition Eq. (5), we write the solution of the first
differential equation of the system Eq. (1) as:
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Fig. 2 shows graphs of deflection changes for a flexible round plate with different initial
deflections.

3. Results and discussion

To obtain a solution of the system of resolving differential equations of the problem under
consideration, A.S.Volmir sets the deflection form and then uses the method of
Bubnov-Galerkin. A system of equations is often solved by a small parameter method, when the
multiplier before the nonlinear terms is small. If there is no such restriction on this multiplier, then
getting a solution is problematic. Therefore, we can use the method of partial discretization of
differential equations, the accuracy of the resulting solution for which has been repeatedly checked
when solving problems related to obtaining plate bends.

The Fig. 2 shows the bending curve of the flexible plate for w;, = fin (1 — 7% /12)? individual
initial values of the deflection boom f;,,.
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Fig. 2. Deflection change curves for: f;;, = 0,2h; f;;, = 0,5h; f;, = 0,8h;
h =0,02m; ¢ =10*N/m%* E =2-10"" N/m? u = 0,3.

4. Conclusions

The existing method of finding solutions to the nonlinear differential equations of
Bubnov-Galerkin [5], although it is very useful, but in the General formulation of the problem and
the tendency of the number of linear combinations of a given linear independent system to infinity,
cannot guarantee even a weak convergence of the approximate solution to the exact one. In this
regard, the application of the partial discretization method to the system of nonlinear equations
under consideration is very appropriate.

References

[1] Reddy J. N. Theory and Analysis of Elastic Plates and Shells. CRC Press, Taylor and Francis, 2007.

[2] Szilard R. Theories and Applications of Plate Analysis: Classical, Numerical and Engineering
Methods. John Wiley & Sons, 2004.

[3] Volmir A. S. Flexible Plates and Shells. Moscow, State Technical Publishing House, 1956.

[4] Tyurekhodgaev, A. N., Mamatova G. U., Kalzhanova G. K. Bending of Inhomogeneous and
Nonlinear Plates and Shells. LAP LAMBERT Academic Publishing is a trademark of: OmniScriptum
GmbH & Co, Germany, 2015.

[S] Smolina 1. Y., Puteeva L. E., Shilnikov S. M. Calculation of Plate Bending by the Method of
Bubnov-Galerkin. Tomsk: Publishing House of Tomsk State University of Architecture and Building
Engineering, 2009.

ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479, KAUNAS, LITHUANIA 69





