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Abstract. As road and bridge construction industry becomes more prosperous, the vehicle’s speed 
and load capacity increase significantly. This paper aims at the problem of vehicle-bridge coupling 
vibration of highway bridges. In this paper, based on the basic theory of vehicle-bridge coupled 
vibration, the differential equation of vehicle-bridge coupled system is obtained. The mode 
decomposition method is adopted to transform the system differential equation into a matrix form. 
The second-order development function based on the built-in function was written by the principle 
of Runge-Kutta method, and the second-order time-varying differential equation group was 
solved. Taking the simply supported beam as an example, this paper studies the dynamic 
characteristics of bridge and vehicle under different speed and mass. 
Keywords: vehicle-bridge coupling vibration, acceleration, nonlinear vibration. 

1. Introduction 

With the increasing prosperity of bridge construction in recent years, the remarkable 
improvement of driving speed and load capacity, the bridge structure's weight is gradually  
reduced, the stiffness is more flexible, and the span is larger. The influence of the geometric 
nonlinearity of bridge structure on vehicle-bridge coupling vibration is rarely considered in many 
vehicle-bridge coupling vibration studies. 

Zeng [1] established the vehicle bridge coupling system’s equilibrium equation using the 
vehicle model with 21 degrees of freedom. Chen [2] established a new vehicle bridge coupling 
model, and the resonance curve of the bridge under vehicle bridge coupling vibration was obtained. 
Shen [3] used the ODE function based on Runge Kutta’s method to compile the redevelopment 
function, which can easily solve the differential equation of vehicle bridge coupling system and 
obtain the numerical solution with high accuracy. Xiao [4] established the vehicle bridge coupling 
model under the quarter vehicle model and realized the bridges' vehicle bridge coupling 
calculation. Nguyen [5] proposed a frequency domain calculation method to solve the vibration 
equations of the heavy vehicle, which indicating that resonant frequency of the bridge system is 
not affected by the vehicle speed, while it is clearly influenced by the weight of the vehicle and 
the stiffness of the bridge system. Li [6] deduced the vibration equilibrium equation of the variable 
cross-section continuous beam bridge considering the geometric nonlinearity of the bridge, and 
calculated the vibration response with the Runge Kutta method. 

Based on the principle of Runge Kutta’s method, the quadratic development function is 
compiled in this paper. The influence of geometric nonlinearity of the bridge can be more realistic 
to analyze the dynamic response of the structure. It is of great theoretical and practical significance 
in the design and construction of the bridge structure. 

https://crossmark.crossref.org/dialog/?doi=10.21595/vp.2021.21859&domain=pdf&date_stamp=2021-03-25
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2. Establishment of system equation considering the geometric nonlinearity of the bridge 

It is very important to consider the bridge’s geometric nonlinearity in analyzing vehicle-bridge 
coupling vibration, especially for bridges with small stiffness and large spans. Considering the 
bridge's geometric nonlinearity, the bridge's dynamic response can be analyzed more truly, which 
has important theoretical and practical significance for the structural design and construction. 

 
Fig. 1. Simply supported beam subjected to a sprung mass model 

The systems can be simplified as Fig. 1. Where the 𝑀ଵ, 𝑀ଶ represents for the mass of body 
and tire respectively, the 𝑘ଵ, 𝑐ଵ represent for the Stiffness and damping respectively, and the 𝑍ሺ𝑡ሻ 
means the time history of external load. The speed 𝑣 and time 𝑡 are used to represent the position 
of the body on the bridge at a certain time. 

The system’s differential equation’s main derivation process considering the bridge's 
geometric nonlinearity is introduced below. 

Firstly, the dynamic equilibrium equation of the supported beam can be described as: 

𝐸𝐼 𝜕ସ𝑤ሺ𝑥, 𝑡ሻ𝜕𝑥ସ + 𝜌𝐴 𝜕ଶ𝑤ሺ𝑥, 𝑡ሻ𝜕𝑡ଶ − 3𝐸𝐴2 𝜕ଶ𝑤ሺ𝑥, 𝑡ሻ𝜕𝑥ଶ ቆ𝜕𝑤ሺ𝑥, 𝑡ሻ𝜕𝑥 ቇଶ + 𝑐 𝜕𝑤ሺ𝑥, 𝑡ሻ𝜕𝑡  
   = 𝛿ሺ𝑥 − 𝑣𝑡ሻ ൥ሺ𝑀ଵ + 𝑀ଶሻ𝑔 −𝑀ଵ 𝑑ଶ𝑤ሺ𝑥, 𝑡ሻ𝑑𝑡ଶ + 𝑘ଵሾ𝑍ሺ𝑡ሻ − 𝑤ሺ𝑥, 𝑡ሻሿ + 𝑐ଵ ቈ𝑍ሶሺ𝑡ሻ − 𝑑𝑤ሺ𝑥, 𝑡ሻ𝑑𝑡 ቉൩. (1)

According to the equilibrant above 𝑀ଶ , the dynamic equilibrium equation can be directly 
derived: 

𝑀ଶ𝑍ሷሺ𝑡ሻ + 𝑘ଵሾ𝑍ሺ𝑡ሻ − 𝑤(𝑥, 𝑡)|௫ୀ௩௧ሿ + 𝑐ଵ ቈ𝑍(𝑡) − 𝜕𝑤(𝑥, 𝑡)𝜕𝑡 ฬ௫ୀ௩௧ሶ ቉ = 0. (2)

The external load acting on the beam can be expressed as Eq. (3): 

𝑃(𝑥, 𝑡) = 𝛿(𝑥 − 𝑣𝑡) ቈ(𝑀ଵ + 𝑀ଶ)𝑔 −𝑀ଵ 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ + 𝑘ଵሾ𝑍(𝑡) −𝑤(𝑥, 𝑡)ሿ 
       +𝑐ଵ ቈ𝑍ሶ(𝑡) − 𝜕𝑤(𝑥, 𝑡)𝜕𝑡 ቉൩. (3)

Based on the basic theory of coupled vibration of vehicle and bridge, the mode decomposition 
method is used to transform into the following equations: 𝑃௡(𝑡) = 𝑃௡ଵ(𝑡) + 𝑃௡ଶ(𝑡), (4)
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𝑃௡ଵ(𝑡) = 2𝑚𝑙 ൥(𝑀ଵ + 𝑀ଶ)𝑔 sin𝑛𝜋𝑣𝑡𝑙 − 𝑀ଵ෍𝑞ሷ௜(𝑡) sin 𝑖𝜋𝑣𝑡𝑙 sin𝑛𝜋𝑣𝑡𝑙ஶ
௜ୀଵ ൩, 

𝑃௡ଶ(𝑡) = 2𝑚𝑙 ൣ𝑘ଵ𝑍(𝑡) + 𝑐ଵ𝑍ሶ(𝑡)൧ sin𝑛𝜋𝑣𝑡𝑙 − 2𝑚𝑙෍ሾ𝑘ଵ𝑞௜(𝑡) + 𝑐ଵ𝑞ሶ௜(𝑡)ሿ sin 𝑖𝜋𝑣𝑡𝑙 sin𝑛𝜋𝑣𝑡𝑙ஶ
௜ୀଵ . 

The left end of the Eq. (4) can be transformed into: 𝑞ሷ௡(𝑡) + 2𝜉௡𝜔௡𝑞ሶ௡(𝑡) + 𝜔௡ଶ𝑞௡(𝑡) + 3𝐴8𝐼 𝜔௡ଶ𝑞௡ଷ(𝑡), (5)

where the 𝑞௡, 𝑞ሶ௡, 𝑞ሷ௡ represents for generalized displacement vector, generalized speed vector and 
generalized acceleration vector respectively. 𝜉 means the damping ratio. 

Eq. (6) can be obtained by sorting out the above equations: 

൥𝑞ሷ௡(𝑡) + 2𝑀ଵ𝑚𝑙 ෍𝑞ሷ௜(𝑡) sin 𝑖𝜋𝑣𝑡𝑙 sin𝑛𝜋𝑣𝑡𝑙ஶ
௜ୀଵ ൩ 

      + ൥2𝜉௡𝜔௡𝑞ሶ௡(𝑡) + 2𝑐ଵ𝑚𝑙 ෍𝑞పሶ (𝑡) sin 𝑖𝜋𝑣𝑡𝑙 sin𝑛𝜋𝑣𝑡𝑙ஶ
௜ୀଵ ൩ + 3𝐴8𝐼 𝜔௡ଶ𝑞௡ଷ(𝑡) 

       + ൥𝜔௡ଶ𝑞௡(𝑡) + 2𝑘ଵ𝑚𝑙 ෍𝑞௜(𝑡) sin 𝑖𝜋𝑣𝑡𝑙 sin𝑛𝜋𝑣𝑡𝑙ஶ
௜ୀଵ ൩ − 2𝑚𝑙  sin𝑛𝜋𝑣𝑡𝑙 = 2𝑚𝑙 𝑔 sin𝑛𝜋𝑣𝑡𝑙 . 

(6)

Similarly, the same methods are used in Eq. (2), and it can be written as: 

𝑀ଶ𝑍ሷ(𝑡) + 𝑐ଵ𝑍ሶ(𝑡) + 𝑘ଵ𝑍(𝑡) − 𝑐ଵ෍𝑞పሶ (𝑡)ஶ
௜ୀଵ sin 𝑖𝜋𝑣𝑡𝑙 − 𝑘ଵ෍𝑞௜ஶ

௜ୀଵ sin 𝑖𝜋𝑣𝑡𝑙 = 0. (7)

By combining Eq. (6) with Eq. (7), the vehicle-bridge coupled vibration system’s dynamic 
balance equations can be obtained.  

For supported beam systems, the 𝑛-th matrix equation can be expressed as: 𝑀൛𝑋ሷ ൟ + 𝐶൛𝑋ሶ ൟ + 𝐾ሼ𝑋ሽ = ሼ𝐹ሽ, (8)

where the ሼ𝑋ሽ = ൣ𝑞ଵ, 𝑞ଶ,⋯𝑞ே,൧்  represents the generalized displacement vector, ሼ 𝐹ሽ = ሾ𝜌ி𝜑ଵ,𝜌ி𝜑ଶ,⋯𝜌ி𝜑ே, 0ሿ்  represents the generalized force vector, 𝑀  represents the 
generalized mass matrix, 𝐶  represents the generalized damping matrix, and 𝐾  represents the 
generalized stiffness matrix. The following matrices can describe this: 

𝑀 = ⎣⎢⎢
⎢⎡1 + 𝜌ெ𝜑ଵଵ 𝜌ெ𝜑ଵଶ ⋯ 𝜌ெ𝜑ଵே 0𝜌ெ𝜑ଶଵ 𝜌ெ𝜑ଶଶ ⋯ 𝜌ெ𝜑ଶே 0⋮ ⋮ ⋱ ⋮ ⋮𝜌ெ𝜑ேଵ 𝜌ெ𝜑ேଶ ⋯ 𝜌ெ𝜑ேே 00 0 ⋯ 0 𝑀ଶ⎦⎥⎥

⎥⎤, 
𝐶 = ⎣⎢⎢

⎢⎡2𝜉ଵ𝜔ଵ + 𝜌௖𝜑ଵଵ 𝜌௖𝜑ଵଶ ⋯ 𝜌௖𝜑ଵே −𝜌௖𝜑ଵ𝜌௖𝜑ଶଵ 2𝜉ଶ𝜔ଶ + 𝜌௖𝜑ଶଶ ⋯ 𝜌௖𝜑ଶே −𝜌௖𝜑ଶ⋮ ⋮ ⋱ ⋮ ⋮𝜌௖𝜑ேଵ 𝜌௖𝜑ேଶ ⋯ 2𝜉ே𝜔ே + 𝜌௖𝜑ேே −𝜌௖𝜑ே−𝑐ଵ𝜑ଵ −𝑐ଵ𝜑ଶ ⋯ −𝑐ଵ𝜑ே 𝑐ଵ ⎦⎥⎥
⎥⎤, 

(9)
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𝐾 = ⎣⎢⎢
⎢⎡𝜔ଵଶ + 𝜌௞𝜑ଵଵ 𝜌௞𝜑ଵଶ ⋯ 𝜌௞𝜑ଵே −𝜌௞𝜑ଵ𝜌௞𝜑ଶଵ 𝜔ଶଶ + 𝜌௞𝜑ଶଶ ⋯ 𝜌௞𝜑ଶே −𝜌௞𝜑ଶ⋮ ⋮ ⋱ ⋮ ⋮𝜌௞𝜑ேଵ 𝜌௞𝜑ேଶ ⋯ 𝜔ேଶ + 𝜌ே𝜑ேே −𝜌௞𝜑ே−𝑘ଵ𝜑ଵ −𝑘ଵ𝜑ଶ ⋯ −𝑘ଵ𝜑ே 𝑘ଵ ⎦⎥⎥

⎥⎤. 
𝐻 is used to describe the non-linear matrix, which can be written as: 

𝐻 = 3𝐴8𝐼 ⎣⎢⎢
⎢⎡𝜔ଵଶ 0 ⋯ 0 00 𝜔ଶଶ ⋯ 0 0⋮ ⋮ ⋱ ⋮ ⋮0 0 ⋯ 𝜔ேଶ 00 0 ⋯ 0 0⎦⎥⎥

⎥⎤. 
where 𝜌ெ = 2𝑀ଵ 𝑚𝑙⁄ , 𝜌஼ = 2𝐶ଵ 𝑚𝑙⁄ , 𝜌௞ = 2𝑘ଵ 𝑚𝑙⁄  and 𝜑௡ = sin (𝑛𝜋𝑣𝑡 𝑙⁄ ). 

From the elements in the non-linear matrix, it can be seen that the non-linear matrix is only 
related to the properties of the bridge, not to the parameters of the vehicle. It is also known that 
the value of the non-linear matrix will increase as the inertia moment decreases, while the other 
conditions remain unchanged. 

3. Dynamic influence of common factors on the bridge  

When cars pass over the bridge, vehicles passing at different speeds will cause changes in the 
bridge’s dynamic impact; also, the resonance will be caused when the vehicle’s external load 
frequency to the bridge is close to the natural frequency of the bridge. 

Four speeds of 10 m/s, 20 m/s, 25 m/s, and 30 m/s are adopted in this section to study the 
dynamic response of the bridge and the vehicle. The effect of driving speed on the bridge is shown 
in Fig. 2. It can be seen from Fig. 2 that the maximum displacement response in the mid-span 
tends to increase with the increase of velocity. The driving speed increases from 10 m/s to 20 m/s 
and the corresponding increase of the maximum displacement in the span is significant. When the 
velocity is equal to 20 m/s, 25 m/s, and 30 m/s, there is no significant difference in the maximum 
displacement of the mid-span., which shows that the maximum displacement of span does not 
increase linearly with the increase of velocity. The maximum acceleration in the mid-span is 
increased with the increase in speed.  

As can be seen from Fig. 2, the vertical acceleration of vehicle M2, which is a critical index 
affecting the vehicle stationary running, increases gradually as the speed increases. 

 
a) The dynamic response of mid-span 

 
b) The acceleration of mid-span 
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c) Vehicle response 

 
d) The vehicle acceleration 

Fig. 2. Comparisons of the dynamic response of the mid-span at different speeds 

In this part, the vehicle mass 𝑀ଶ  is adopted as 2500 kg, 5000 kg, 7500 kg, and 10000 kg, 
respectively, to study the bridge’s dynamic response and the vehicle. The influence of different 
vehicle mass on the dynamic response of the bridge is shown in Fig. 3. 

The maximum displacement in the span increases with the increase of vehicle mass. The 
influence of vehicle mass on mid-span displacement is generally apparent. It can be seen from 
Fig. 3 that the maximum acceleration in the middle span increases with the increase of vehicle 
mass. 

 
a) The dynamic response of mid-span 

 
b) The acceleration of mid-span 

 
c) Vehicle response 

 
d) The vehicle acceleration 

Fig. 3. Comparisons of the dynamic response of the mid-span at different mass 
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Fig. 3 that the maximum displacement and vertical acceleration of vehicle 𝑀ଶ increase with 
the increase of its mass, and the positions where the maximum displacement and the maximum 
acceleration occur are the same. 

4. Conclusions 

In this paper, the influence of bridge geometric nonlinearity on a vehicle bridge coupling 
system's dynamic response is considered, and the equilibrium differential matrix equation is 
established. Matlab carries out numerical analysis of the system. The following conclusions are 
obtained. 

1) Considering the geometric nonlinearity of the bridge, the mid span displacement of the 
bridge does not increase linearly with the increase of velocity. The mid span displacement of 
bridge increases with the increase of vehicle mass. 

2) Considering the geometric nonlinearity of the bridge, the displacement of the vehicle body 
first increases and then decreases with the increase of the speed. The displacement of vehicle body 
increases with the increase of car body mass. 

3) With the increase of speed, the vertical acceleration of the vehicle body increases gradually. 
The vertical acceleration of the vehicle body is an important index affecting the stability of the 
vehicle. Low speed driving is one of the methods to reduce the vertical acceleration of vehicle 
body. 
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