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Abstract. Planetary gear systems are widely used in wind power, ships, aircraft, and construction
machinery, etc. In the planetary gear system, when the eccentricity error exists in the planetary
gear, the vibrations of the whole system should be affected. However, the influence of the
eccentricity error was rarely considered in the previous dynamic models. To solve this problem, a
planetary gear system with six planetary gears is established. The influence of the eccentricity
error on the vibrations of the planetary gear system is analyzed. Different eccentricity error cases
in the planetary gears are considered in the model, as well as the bearings with the radial clearance.
The model with the eccentricity error is compared with the normal model. The statistics of
dynamic responses of the ring gear and its variations are analyzed. Not that the vibrations of the
planetary gear transmission system increase with the eccentricity error of planetary gear. This
study can provide a new method for simulating and detecting the eccentricity errors in the
planetary gear systems.
Keywords: dynamic modeling, eccentricity error, vibration characteristic, planetary gear.
1. Introduction
Planetary gear systems have the advantages of small volume, lightweight, large transmission
ratio range, high efficiency and stable operation, wide speed range, and so on. The impacts caused
by the eccentricity error of planetary gear cannot be ignored in the planetary gear systems. it is
necessary to study the dynamic characteristics of the gear transmission system with the
eccentricity error in the planetary gears.
A lot of researches were focused on the vibrations of different planetary gear systems.
Moshrefzadeh and Fasana [1] studied the influences of the bearing faults and gear faults on the
vibrations of a planetary gearbox. Liu et al. [2,3] considered the flexibility deformations of the
ring gear in their dynamic model. They studied the impacts of the planet-bearing fault and support
stiffness on the planetary gear system. Liu et al. [4] built a multi-body dynamic model for a
planetary gear train with a local fault in the planet bearing. In their model, an elastic ring gear
foundation was used to analyze the effect of local fault on the vibrations. Huangfu et al. [5]
established a dynamic model for spalled gear pairs. They considered the realistic spalling
morphology obtained from the fatigue experiment. Xue et al. [6] studied the effect of the flexible
ring gear on the vibrations of a planetary gear system using a finite element (FE) method. Liu et
al. [7] developed a FE simulation model of a planetary gear system considering the local planetbearing fault. Wei et al. [8] proposed a dynamic modeling method by applying a virtual equivalent
shaft element. Zhang et al. [9] evaluated the gear parameters’ effects on the root mean square of
the wheel gear accelerations under the idling conditions. Liu et al. [10] investigated the vibrations
of the rotating elastic rings excited by an arbitrary number of space-fixed discrete stiffness with

1200

JOURNAL OF VIBROENGINEERING. NOVEMBER 2022, VOLUME 24, ISSUE 7

INFLUENCE OF THE ECCENTRICITY ERROR ON THE VIBRATIONS OF A PLANETARY GEAR.
SHENLONG LI, RUIKUN PANG, JING LIU

the periodically fluctuating stiffness. Zhao et al. [11] studied the nonlinear vibrations of a multistage gear transmission system. Liu et al. [12] developed a rigid-flexible coupling model to study
the vibration of a planetary gear system. Liu et al. [13] proposed a new twelve-degree-of-freedom
dynamic model for rigid rotor bearing systems with a localized defect. Liu et al. [14] analyzed the
relationships between impulses and localized defect edge shapes for detection and diagnosis of
the early localized defects of bearings. Liu et al. [15, 16] developed a new analytic method
considering the axial preload and contact angle for solving the internal load distribution and
stiffness of the bearing, considered the influences of elastic hysteresis, differential sliding friction
torques, and elastohydrodynamic lubrication rolling on the ball motion state. Liu et al. [17]
conducted a new analytical dynamic model for a rotor-roller bearing-housing system, which can
consider the time dependent additional contact zone excitation caused by the fault on the raceways,
deformable interface between the outer raceway and housing, lubricating oil film, and deformable
rotor and housing.
According to the above literature, few works studied the effect of the eccentricity error of the
planetary gear system. Thus, in this paper, a planetary gear system with six planetary gears is
established to analyze the effect of the eccentricity error of the planetary gear on the system
vibrations. This study can provide a new method for simulating and detecting the eccentricity
errors in the planetary gear systems.
2. Dynamic modeling of the planetary gear system
The SIMPACK software is used to establish the multi-body dynamics model of a planetary
gear system. The geometric parameters of support bearings of planetary gears 1, 2 and 3, support
bearings of planetary gears 4, 5 and 6, and support bearing of sun gear are listed in Table 1.
Figure 1 is a lateral view of the planetary gear transmission system modeled by using the
SIMPCAK software.

a)
b)
Fig. 1. Schematic diagram of the a) structure and b) lateral view
of the dynamic model of the planetary transmission system
Table 1. The geometric parameters of the support bearings
Parameters
Long planetary gear Short planetary gear
Type
CRB
CRB
Rolling elements’ number
50
50
Pitch diameter / mm
40.57
40.57
Roller diameter / mm
2.6
2.6
Groove radius of inner raceway / mm
Groove radius of outer raceway / mm
Radial clearance / μm
50
32.5
Damping factor (Ns/m)
500
500
ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460

Sun gear
ACB
20
170.034
13
6.612
6.238
500
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Fig. 2. The parts coordinate systems used in the planetary gear system

When the planet gear has the errors, the transmission error’s peak occurs when the projection
of the two gear errors on the engagement line is the maximum or minimum. Then, the transmission
error of the system will be maximum or minimum; the vibration is the most intense; and the
uneven load phenomenon is the most serious. In this paper, the errors in the direction of the
meshing line are considered in all typical working conditions. The system power is input by using
the ring gear 1. When the ring gear 1 rotates counterclockwise, the directions of meshing lines of
all gear mechanisms in the composite planetary row are shown in the dotted line in Fig. 1(a). The
long planet gears numbered 1, 2 and 3 are corresponds to the #C3, #C1, and #C2 planetary gears
in Fig. 1(b), respectively. The short planet gears numbered 4, 5, and 6 are corresponds to the
planetary gears #D3, #D1, and #D2 in Fig. 1(b), respectively.
In Fig. 2, the displacement vectors of the parts of the planetary gear system are defined by
three Cartesian coordinates. The origin of Cartesian coordinates is the center of mass of the parts
of the planetary gear system, such as the gears and carrier. In the global coordinate system 𝑆 of
the planetary gear system, the position of part 𝑠 is given as [18]:
𝑟⃗ = 𝑟 𝑒⃗

+ 𝑟 𝑒⃗

+ 𝑟 𝑒⃗ .

(1)

In Eq. (1), 𝑟⃗ is the displacement vector of the parts of the planetary gear system; 𝑒⃗ , 𝑒⃗ , and
𝑒⃗ are the basis vectors of the parts of the system; 𝑒⃗ , 𝑒⃗ , and 𝑒⃗ are the basis vectors of the
mass centers of the parts in the origin coordinates; 𝑟 , 𝑟 , and 𝑟 are respectively the position of
the center of mass of each part in the direction of the corresponding coordinate axis.
According to the Euler angle formula, the rotation matrix of the planetary gear system 𝐀 can
be expressed by [18]:
𝐀

=

cos𝛽 cos𝛾
sin𝛼 sin𝛽 cos𝛾 + cos𝛼 sin𝛾
−cos𝛼 sin𝛽 cos𝛾 + sin𝛼 sin𝛾

−cos𝛽 sin𝛾
−sin𝛼 sin𝛽 sin𝛾 + cos𝛼 cos𝛾
cos𝛼 sin𝛽 sin𝛾 + sin𝛼 cos𝛾

sin𝛽
−sin𝛼 cos𝛽 . (2)
cos𝛼 cos𝛽

The relative displacement vector 𝐖 is represented by six coordinates vectors. Its expression
is [18]:
𝐖 = [𝑟 𝑟 𝑟 𝛼 𝛽 𝛾 ] ,

(3)

where 𝛼 , 𝛽 and 𝛾 are the rotational Euler angles of the part 𝑠 around the corresponding axials.
As shown in Fig. 5, the part is in the global coordinate system and rotates in the local coordinate
system (𝑋 , 𝑌 , 𝑍 ).
The translational velocity 𝑣 and angular velocity 𝜔 of each part at six degrees of freedom
can be respectively expressed by [18]:
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𝑟
⎡𝑟
1 0 0 0 0 0 ⎢𝑟
⎢
𝑣 =𝐉 𝐖= 0 1 0 0 0 0 ⎢
𝛼
0 0 1 0 0 0 ⎢
⎢𝛽
⎣𝛾
𝜔 = 𝐉 𝐖,

⎤
⎥
⎥
⎥,
⎥
⎥
⎦

(4)

(5)

where 𝐽 represents the Jacobian matrix of the part’s translation velocity; 𝜔 represents the
angular velocity; and 𝐽 is the rotational velocity’s Jacobian matrix, which can be expressed
by [18]:
𝐉

0 0 0 1
0
= 0 0 0 0 cos𝛼
0 0 0 0 sin𝛼

sin𝛽
−sin𝛼cos𝛽 .
cos𝛼cos𝛽

(6)

The freedom of motion and angular velocity of the parts are expressed by the constraints
between the parts. When the system contains 𝑖 parts and 𝑙 constraints, the degree of freedom of
the independent generalized coordinate system can be calculated by 6𝑖 − 𝑙.
The dynamics equation of the planetary gear system can be calculated by using the NewtonEuler equation, which is given as [18]:
𝐦 𝑢⃗ 𝑢⃗ = 𝐟 𝑢⃗, 𝑢⃗, 𝑡⃗ − 𝐠 𝑢⃗ 𝜆⃗,

(7)

where 𝑢 is the coordinate vector of the part; 𝐦 𝑢 is the quality matrix of parts; 𝐟 is the force
matrix acting on the part; 𝑔 and 𝜆 are the constraint matrix and binding force of parts respectively.
The 𝑠th part’s Euler equation can be expressed as [14]:
𝐼 𝜀 +𝜏 ×𝐼 𝜏 =𝑀 ,

(8)

where 𝐼 is the moment of inertia of part 𝑛; 𝜀 is the part’s angular acceleration relative to the
center of mass; 𝜏 is the part’s angular velocity relative to the center of mass; 𝑀 is the torque
applied to the part. Part 𝑠 in this paper includes two ring gears, carrier, sun gear, and six planetary
gears of the planetary gear system model as shown in Fig. 1.
In the transmission of the planetary gear system, there is not only external excitation caused
by the changes of input torque and output load. In this paper, the influence of the time-varying
meshing stiffness is considered. Considering the influence of meshing force 𝐹, the bending,
shearing and axial compression deformation elastic potential energy of the gear teeth along the
tooth height can be expressed as [20]:
𝑈

=

𝐹
,
2𝐾

𝑈

=

𝐹
,
2𝐾

𝑈

=

𝐹
,
2𝐾

(9)

where, 𝐾 , 𝐾 , and 𝐾 are the stiffness of the bending, shearing, and axial compression
deformation of the tooth along the meshing line respectively. 𝑈 , 𝑈 , and 𝑈 are the work done
by the meshing force along the meshing line respectively equivalent to the elastic potential energy
caused by the tooth bending deformation, shear deformation, and axial compression deformation.
The potential energy generated by the bending, shearing, and axial compression deformation
of gear teeth under the action of 𝐹 is given as [20]:
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𝑈

=

𝐹
,
2𝐸𝐴

𝑈

1.2𝐹
,
2𝐺𝐴

=

𝑈

=

𝑀
,
2𝐸𝐼

(10)

where 𝐹 , 𝐹 , and 𝑀 are given as [20]:
𝐹 = 𝐹cos𝛼 ,

𝐹 = 𝐹sin𝛼 ,

𝑀 = 𝐹 𝑥 − 𝐹 ℎ,

(11)

where 𝐹 is the meshing force perpendicular to the tooth surface; ℎ represents tooth thickness’s
half at the point that the meshing force acts on the gear; 𝛼 is the angle between the direction of
the tooth thickness and the meshing force; 𝑑 is the distance between the acting position of meshing
force and the fixed part of the tooth root circle; 𝑑𝑥 and ℎ are the width and length of the
micro-section at a position that has the length of 𝑥 away from the meshing force action. According
to Eqs. (9)-(11), the bending stiffness 𝐾 , shear stiffness 𝐾 , and axial compression stiffness 𝐾
can be expressed as [3]:
1
=
𝐾
1
=
𝐾
1
=
𝐾

1.2cos 𝛼
𝑑𝑥 ,
𝐺𝐴
𝑥cos𝛼 − ℎsin𝛼
𝐸𝐼
sin 𝛼
𝑑𝑥 .
𝐸𝐴

(12)
𝑑𝑥 ,

(13)
(14)

In Eqs. (10)-(14), 𝐸 and 𝐺 represent the elastic modulus and shear modulus of the material
respectively. 𝐼 and 𝐴 represent the moment of inertia and the area of the section where is 𝑥 away
from the meshing force point, respectively.
The elastic contact deformation occurs to the contact tooth surface when the teeth are engaged,
and the contact stiffness is given as [3]:
4 1−𝑣
.
𝜋𝐸𝑤

𝐾 =

(15)

The meshing stiffness is also affected by the deformation of the gear body to a certain extent.
The calculation expression of its deformation can be expressed as [20]:
𝛿 =

𝐹cos 𝛼
𝑊𝐸

𝐿∗

𝑢
𝑆

+ 𝑀∗

𝑢
𝑆

+ 𝑃∗ 1 + 𝑄 ∗ tan 𝛼

,

(16)

where 𝑊 is the tooth width. 𝑢 is the distance between the intersection of the meshing force line
and the middle line of the gear to the gear base circle, and 𝑆 is the arc length of a single tooth on
the gear base circle.
Moreover, 𝐿∗ , 𝑀∗ , 𝑃∗ , and 𝑄 ∗ are coefficients, which can be expressed by [20]:
𝑅∗ ℎ , 𝜃
ℎ =

𝑟
,
𝑟

=

𝑇
𝜃

+ 𝑌ℎ

+

𝑈ℎ
𝐺
+ +𝐻ℎ +𝐽,
𝜃
𝜃

(17)
(18)

where, 𝑅 ∗ represents the coefficients 𝐿∗ , 𝑀∗ , 𝑃∗ , and 𝑄 ∗ . 𝑟 and 𝑟 are the radii of the base circle
and the inner radius of the gear. 𝜃 is the central angle of a single tooth. The values of 𝑇 , 𝑌 , 𝑈 ,
𝐺 , 𝐻 , and 𝐽 are listed in Table 2.
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𝛿

The equivalent stiffness of the engagement line caused by the deformation of the wheel body
can be expressed as [20, 21]:

𝛿
1
=
.
𝐾
𝐹

(19)

Based on the equivalent stiffness on the meshing line corresponding to the tooth bending
deformation, shear deformation, axial compression deformation, Hertz contact deformation, and
wheel body deformation mentioned above, the single tooth meshing stiffness of the external
meshing gear pair can be expressed as [20]:
𝐾 =

1
1
1
1
1
1
1
1
1
1
+
+
+
+
+
+
+
+
𝐾
𝐾
𝐾
𝐾
𝐾
𝐾
𝐾
𝐾
𝐾

.

(20)

Although the lubrication conditions will affect the contact characteristics of the meshing
bodies as given in Ref. [22], it is difficult to formulate the lubrication conditions in the numerical
model. Thus, the lubrication conditions are not considered in the proposed numerical model.

𝐿∗ ℎ , 𝜃
𝑀∗ ℎ , 𝜃
𝑃∗ ℎ , 𝜃
𝑄∗ ℎ , 𝜃

Table 2. The coefficient values in Eq. (17)
𝑌
𝑈
𝐺
𝑇
5.5×10-5
2×10-3
2.32×10-4 4.8×10-3
60×10-5
28×10-3
83×10-4
10×10-3
51×10-5 186×10-3 0.051×10-4 53×10-3
6.2×10-5 9.1×10-3
4.1×10-4
7.8×10-3

𝐻
0.027
0.162
0.290
0.147

𝐽
6.805
0.909
0.924
0.690

3. Eccentricity error modeling method
The eccentricity error of a planetary wheel refers to the distance between the center of rotation
of a planetary gear and the geometric center, as shown in Fig. 3. The eccentricity error of the
planetary gear is projected onto the meshing line of the planetary gear and the sun gear, which is
given as:
𝐸

= 𝐸 cos 𝜔 𝑡 + 𝜀

−𝑎 .

(21)

The eccentricity error of the planetary gear is projected onto the meshing line of the planetary
gear and the ring gear, which is given as:
𝐸

= 𝐸 sin 𝜔 𝑡 + 𝜀

−𝑎 ,

(22)

where 𝐸 is the eccentricity error of the planetary gear; 𝜑 is the angle between the 𝑖th planetary
gear and the horizontal axis; 𝜀 is the angle between the initial phase vector of the planetary
wheel and the horizontal axis; 𝑎 is the angle between the meshing line of planetary gear and sun
gear and the horizontal axis; and 𝑎 is the angle between the meshing line of planetary gear-ring
gear and the horizontal axis. 𝜔 is the rotation speed of the planetary wheel relative to the carrier.
The eccentricity errors of the sun gear and the planet gear will cause the geometric center of
the rotating part, which cannot coincide with the rotating center. Therefore, the mismatch between
the geometric center and the rotating center is realized by shifting the rotating part to simulate the
machining error. The modeling schematic of the eccentricity error is shown in Fig. 4. Here, 𝐎 is
the center of rotation; while 𝐎 is the geometric center of the gear.
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Fig. 3. Planetary gear eccentricity error projection to mesh line

Fig. 4. Modeling method of the gear eccentricity error

The eccentricity error of the planetary gears is shown in Fig. 5. The planetary gear 1 is close
to ring gear 1 along the engagement line. The planetary gear 2 and the planetary gear 3 approaches
the sun gear along the meshing line. The shaft hole of the planetary gear 4 is close to the planetary
gear 1 along the meshing line. The shaft hole of the planetary gear 5 is close to the planetary gear
2 along the meshing line. The shaft hole of the planetary gear 6 is close to the ring gear 2 along
the meshing line. In this paper, the range of the eccentricity error of planetary gears is from 10 μm
to 80 μm.

Fig. 5. Eccentricity error of the gear in the planetary gear transmission system

4. Numerical analysis
The input rotation speed of ring gear 1 is defined as 121 rad/s and 378 rad/s, respectively. The
vibrations of the ring gear 2 are simulated and analyzed. The eccentricity errors of the six planetary
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gears are uniformly defined as 10 μm, 20 μm, 30 μm, 40 μm, 50 μm, 60 μm, 70 μm, and 80 μm.
Figure 6 gives the angular acceleration around the 𝑍-axis and translation acceleration along the 𝑋
direction of the ring gear 2 when the input speed is 121 rad/s and eccentricity errors from 0 μm to
80 μm on the planetary gears. It shows that the eccentricity errors can greatly affect the angular
and translation accelerations of the planetary gear system. The relative statistical parameters will
be compared in the following text.
The statistical values including the root mean square value (RMS) and peak-to-peak value
(PTP) is used. Those values have the reference values for the vibration intensity and vibration
amplitude. They are calculated under each eccentricity error case. The influences of the multiple
eccentricity error orders on the vibrations of planetary gear systems are analyzed. Figures 7 and 8
show the planetary gear eccentricity error’s impact on the statistics of the ring gear 2 when the
input speed is 121 rad/s and 378 rad/s. In Figs. 8 and 9, the PTP values of angular acceleration
and radial acceleration along with the 𝑋 direction increase with the eccentric errors when the input
speed is 121 rad/s. But the RMS values of angular acceleration and radial acceleration along with
the 𝑋 direction increase; and then it decreases with the increase of the eccentric error of planetary
gear. The RMS values will reach the maximum one when the eccentricity error is from 50 μm to
60 μm. When the input speed is 378 rad/s, the RMS and PTP values of angular acceleration and
radial acceleration along with the 𝑋 direction increase with the increase of the eccentric error; but
the PTP values fluctuate from 20 μm to 60 μm. Due to the above results, the vibrations of the ring
gear are greater when the input speed is 121 rad/s than those of 378 rad/s.

a)

b)

c)
ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460
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d)

e)

f)

g)

h)

1208

JOURNAL OF VIBROENGINEERING. NOVEMBER 2022, VOLUME 24, ISSUE 7

INFLUENCE OF THE ECCENTRICITY ERROR ON THE VIBRATIONS OF A PLANETARY GEAR.
SHENLONG LI, RUIKUN PANG, JING LIU

i)
Fig. 6. The angular acceleration around the 𝑍-axis and translation acceleration along the 𝑋 direction of the
ring gear #2 when the input speed is 121 rad/s with the influences of the planetary gear eccentricity errors
of a) 0 μm, b) 10 μm, c) 20 μm, d) 30 μm, e) 40 μm, f) 50 μm, g) 60 μm, h) 70 μm, and i) 80 μm

b)

a)

c)
d)
Fig. 7. The influences of the planetary gear eccentricity errors on the statistics of the ring gear 2
when the input speed is 121 rad/s. a) RMS of angular acceleration around the 𝑍-axis, b) PTP of angular
acceleration around the 𝑍-axis, c) RMS of 𝑋 acceleration, and d) PTP of 𝑋 acceleration

a)

b)
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c)
d)
Fig. 8. The influences of the planetary gear eccentricity errors on the statistics of the ring gear 2
when the input speed is 378 rad/s. a) RMS of angular acceleration around the 𝑍-axis, b) PTP of angular
acceleration around the 𝑍- axis, c) RMS of 𝑋 acceleration, and d) PTP of 𝑋 acceleration

5. Conclusions
To analyze the influence of the eccentricity error on the planetary gear transmission system
with six planetary gears, a dynamic model of the planetary gear transmission system with the
eccentricity error is proposed. The analysis results may give a new method to detect errors in the
planetary gear system. The conclusions are as follows:
1) The PTP values of the angular accelerations and accelerations along the 𝑋 direction of the
ring gear of the planetary gear transmission system increase with the increment of the eccentricity
errors of the planetary gear.
2) The RMS values will increase with the eccentricity error when the input speed is 378 rad/s.
When the input speed is 121 rad/s, the RMS values will reach the maximum value when the
eccentricity error is from 50 μm to 60 μm; and then they decrease with the increment of the
eccentricity error.
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