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Abstract. Due to a large number of components, complex meshing relations and high 
requirements for assembly accuracy, the dynamic characteristic of compound planetary gear, such 
as vibration, impact, periodic motion and load sharing, are more easily affected by internal 
excitation than those of simple planetary gear set and parallel shafting gear set. To improve the 
load sharing behavior and the resistance of Chaos motions in the compound planetary gear set, in 
this work, by introducing the floating support into the center gear and planet gear, a lumped-
parameter dynamic model of the compound planetary gear set is built based on the lumped 
parameter method and Lagrange kinematics equation. The steady response is calculated by 
numeric method to investigate the influence of floating support from different components on 
loading sharing behavior and periodic motion. The results indicate that, the increase of the floating 
value of all components improves the instantaneous load-sharing behavior, and single floating of 
planet gear reduces the load sharing behavior. To avoid the system being in quasi-periodic motion 
and Chaos motions under the condition of floating support, the input speed should be avoided 
away from the range of 3201 r/min-5069 r/min. 
Keywords: compound planetary gear set, floating support, periodic motion, load sharing. 

1. Introduction 

Due to the characteristics of its structure, the compound planetary gear has a large number of 
supporting shafting, and a single supporting shaft often bears the supporting load from multiple 
gears. When vibration, shock or impinges occurs on the supporting load, due to transmission error 
or clearance from mating gears and bearings, dynamic load [1] of supporting load will be 
transferred to the shafting through the contact of the axle and hole, causing the vibration of the 
shafting and even further decreasing the dynamic characteristics of the gear train. To resist the 
influence of transmission error and meshing impact caused by backlash on shafting components, 
floating support is generally used in the center construction of epicyclic gear train, such as carriers, 
sun gears and rings, to buffer the contact collision caused by axle-hole clearance. 

In the development of the stationary technology for the gear transmission system [2], many 
solutions have appeared by adding floating support and changing the floating mechanism: 
Kahraman [3] investigated the influence of time-varying meshing stiffness on the support 
clearance for the parallel-shaft gear system, and found that the dynamic load caused by meshing 
stiffness fluctuation further amplified the shafting vibration through the support clearance. 
Considering gravity, bearing clearance and input torque, a torsional dynamic model of planetary 
gear gearbox is given by Guo et al. [4], to investigate the influence of internal and external 
excitation on the load-sharing performance in a simple planetary gear set. By introducing floating 
support into the central component of the epicycle gear train and numerical simulation, Wu [5] 
found that the floating support of the central component reduced the vibration amplitude. To 
further verify the influence of floating support on the average load characteristics of the epicyclic 
gear train, a two-dimensional “pure-torsion” dynamic model of planetary gear is built by Tsai [6] 
to calculate the average load coefficient under different floating values. Taking the impact of load 
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on floating support into account, Xu [7] concentrated on the load sharing behavior of the planetary 
gear set under heavy load and floating support. The results show that, the central component 
floating together improves load sharing behavior obviously, compared with the single floating of 
the central component. Wang [8] proposed a floating mechanism with an adjustable floating 
volume, which realized the floating volume adjustment for center gears by adjusting the gear 
clearance. Zeng et al. [9-11] investigated the vibration sources of a gear-box by experimental 
investigation. 

In addition to the influence of floating support on the load sharing behavior, scholars have also 
carried out studies on other dynamic characteristics of the gear train under floating support. By 
using Poincare interface and phase orbit analysis methods, Guo [12] established a dynamic model 
of planetary gear with eccentric errors, component floating and transmission errors, and found that 
the existence of floating clearance was not conducive to maintaining the stability of the rotation 
components [13-14]. Through 3D modeling and modal analysis, Nejad [15] investigated the 
floating combination for the wind turbine’s planetary gearbox. Wang [16] established a 
mathematical model on the gear-rotor-bearing system and found that the manufacturing error of 
floating support and the installation error of planetary gear mainly decreased the transmission 
stability of gear multi-support of rotors. Cai [17] investigated the influence of planetary gear 
numbers on the floating support. Wang [18] carried out fault diagnosis research on the planetary 
gear box containing ring floating, and obtained the system spectrum under floating support. Chung 
[19] investigates the floating effects on the load sharing behavior of planetary gear set. Yi [20] 
built a coupled dynamic model to reflect the load sharing behavior in the helical  
gears-shafts-bearings system, and verified that decreasing transmission error could improve load 
sharing behavior. Chen et al. [10, 21, 22] introduced spring damping pair to describe the meshing 
force between mating gears and investigated the dynamics under the time-varying fluctuation of 
meshing stiffness. 

According to the literature listed above, although most of the current researches on floating 
support of gear transmission system focus on the relationship between floating and load sharing 
behavior for the simple planetary gear system, no research has been processed on floating support 
in the compound planetary gear system. In this work, and a “translation-torsion” lumped parameter 
dynamic model of the compound planetary gear set is established, to reveal the influence of 
floating support on vibration impact, periodic motion and load sharing behavior of the compound 
planetary gear under the condition of transmission error, backlash and time-varying meshing 
stiffness. 

2. Modeling of the compound planetary gear set under floating support 

To investigate the relationship between the floating supports from different components and 
the dynamic characteristics of the compound planetary gear, a “translational-torsional” lumped 
parameter dynamics model proposed and established by Zhang [23] is introduced in this work, 
and the structure of compound planetary gear set of Ravenna type is consistent with [23-25], as 
shown below in Fig. 1. 

As shown in Fig. 1(a), there are two types of components in the Ravigneaux compound 
planetary gear set: the central component (Sun gear 𝑠  and 𝑠 , carrier 𝑐 and ring gear 𝑟), and the 
planet gears (𝑎𝑛 and 𝑏𝑛). The planet gears not only rotate freely around its axis, but also revolve 
around the center of the gear system under the support of carrier 𝑐. Among them, planet gears 𝑎𝑛 
mesh with sun gear 𝑠 , and also meshes with the long planet wheel 𝑏𝑛, which forming a planet 
gear meshing pair between planet gear 𝑎𝑛 and 𝑏𝑛. In general, 𝑛 represents the serial number of 
planet gears, and in this paper, 𝑛 = 1, 2, 3. The central gear engages with three planetary gears, 
which arranges symmetrically in space, as shown in Fig. 1(b), where 𝑃  represents the first pair 
of sun gear – planet gear meshing pair, 𝑃  and 𝑃  (𝑛 = 1, 2, 3) represent the planet-palnet 
meshing pair and the ring meshing pair respectively.  
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a) Main view of Ravigneaux compound gear set 

 
b) Left view of Fig. 1(a) 

 
c) Right view of Fig. 1(a) 

Fig. 1. Diagram of Ravigneaux compound planetary gear set 

 
Fig. 2. The translational-rotational dynamic model of the compound  

planetary gear set under floating support 

Periodic time-varying meshing stiffness of meshing pairs 𝑃 , 𝑃 , 𝑃  and 𝑃   
(𝑛 = 1, 2, 3) are expressed by 𝑘 , 𝑘 , 𝑘  and 𝑘  respectively, whose meshing force is 
determined by the piecewise linear profile gap function 𝑓  (𝑗 = 𝑠1𝑎𝑛, 𝑠2𝑏𝑛, 𝑎𝑛𝑏𝑛, 𝑟𝑏𝑛) [15], [17]: 
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𝑓 , = 𝛿 − 𝑏 ,      𝛿 > 𝑏 ,0,     𝛿 < 𝑏 ,𝛿 + 𝑏 ,      𝛿 < −𝑏 , (1)

where in Eq. (1), 𝛿  is the theoretical meshing displacement from penetration depth of mating 
gears, and its amplitude reflects the deformation of the meshing pair without considering the 
backlash between mating surface, as shown in Eq. (2). 𝑏  is the backlash on meshing pair 𝑃 . When 
the theoretical meshing displacement 𝛿  is greater than the backlash 𝑏 , 𝛿 -𝑏  is the actual meshing 
displacement for calculating meshing force in meshing pair 𝑃 . The dynamic meshing force 𝐹  is 
given by multiplying by the actual meshing displacement 𝑓  and time-varying meshing stiffness 𝑘  in Eqs. (3,4), which are cited in [16]: 𝛿 = (𝑥 − 𝑥 )sin𝜓 + (𝑦 − 𝑦 )cos𝜓        + 𝜃 𝑟 − 𝑟 𝜃 cos𝛼 + 𝜃 𝑟 + 𝑒 , 𝛿 = (𝑥 − 𝑥 )sin𝜓 + (𝑦 − 𝑦 )cos𝜓        + 𝜃 𝑟 − 𝑟 𝜃 cos𝛼 + 𝑧𝑧 𝜃 𝑟 + 𝑒 𝛿 = (𝑥 − 𝑥 )sin𝜓        +(𝑦 − 𝑦 )cos𝜓 + 𝜃 𝑟 + 𝑟 𝜃 cos𝛼 − 𝜃 𝑟 + 𝑒 , 𝛿 = (𝑥 − 𝑥 )sin𝜓 + (𝑦 − 𝑦 )cos𝜓        −(𝜃 𝑟 − 𝑟 𝜃 cos𝛼 + 𝜃 𝑟 ) + 𝑒 , 

(2)

𝑘 = 𝑘𝑚 + 𝑘𝑚 ⋅ 𝜐 ⋅ cos 𝜔 𝑡 + 𝛾 , (3)𝐹 = 𝑘 ⋅ 𝑓 ,      𝑗 = 𝑠1𝑎𝑛, 𝑠2𝑏𝑛,𝑎𝑛𝑏𝑛, 𝑟𝑏𝑛. (4)

To investigate the influence of floating support on dynamics of compound planetary gear set, 
floating coefficients 𝑤  is introduced into each supporting of components, and is incorporated with 
support stiffness for center gears and planet gears, as shown below: 𝐹 = 𝑘 ⋅ (𝑥 − 𝑥 ) + (𝑦 − 𝑦 ) ⋅ 𝑤 , (5)𝐹 = 𝑘 ⋅ 𝑥 + 𝑦 ⋅ 𝑤 , (6)

where in Eqs. (5, 6), 𝑥  and 𝑦  is the translational displacement on 𝑥-direction and 𝑦-direction for 
the component 𝑖 , and is observed under rotational coordinate system 𝑌𝑂𝑋 . 𝑘  is the support 
stiffness of the axle-hole joint on component 𝑖 under the condition without floating. 𝑤  is the 
floating coefficients. By incorporating the floating coefficients 𝑤  and the support stiffness, 
kinetic equations of the central component and the planet gears are derived based on Lagrange’s 
Equation of Motion: 

Central gear 𝑠 : 

𝑚 (𝑥 − 2𝜔 𝑦 − 𝜔 𝑥 ) − 𝑘 𝑓 sin𝜓 − 𝑐 𝛿 sin𝜓        +𝑘 𝑥 𝑤 = 0, 𝑚 (𝑦 + 2𝜔 𝑥 − 𝜔 𝑦 ) + 𝑘 𝑓 cos(𝜓 ) + 𝑐 𝛿 cos(𝜓 )       +𝑘 𝑦 𝑤 = 0, 𝐽𝑟 𝜃 + 𝑘 𝑓 + 𝑐 𝛿 + k 𝜃 𝑟 = 𝑇𝑟 . 
(7)
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Planet gear an (𝑛 = 1, 2, 3): 𝑚 (𝑥 − 2𝜔 𝑦 − 𝜔 𝑥 ) + 𝑘 𝑓 sin𝜓 + 𝑐 𝛿 sin𝜓        +𝑘 𝑓 sin𝜓 + 𝑐 𝛿 sin𝜓 + 𝑘 ⋅ 𝛿 ⋅ w = 0, 𝑚 (𝑦 + 2𝜔 𝑥 − 𝜔 𝑦 ) − 𝑘 𝑓 cos𝜓 − 𝑐 𝛿 cos𝜓        +𝑘 𝑓 cos𝜓 + 𝑐 𝛿 cos𝜓 + 𝑘 ⋅ 𝛿 ⋅ 𝑤 = 0, 𝐽𝑟 𝜃 + 𝑘 𝑓 + 𝑐 𝛿 − 𝑘 𝑓 − 𝑐 𝛿 = 0. (8)

Planet gear 𝑏𝑛 (𝑛 = 1, 2, 3): 𝑚 (𝑥 − 2𝜔 𝑦 − 𝜔 𝑥 ) + 𝑘 𝑓 sin𝜓 + 𝑐 𝛿 sin𝜓        −𝑘 𝑓 sin𝜓 − 𝑐 𝛿 sin𝜓 − 𝑘 𝑓 sin𝜓        −𝑐 𝛿 sin𝜓 + 𝑘 𝛿 ⋅ 𝑤 = 0, 𝑚 (y + 2𝜔 𝑥 − 𝜔 𝑦 ) − 𝑘 𝑓 cos𝜓 − 𝑐 𝛿 cos𝜓        +𝑘 𝑓 cos𝜓 + 𝑐 𝛿 cos𝜓 − 𝑘 𝑓 cos𝜓        −𝑐 𝛿 cos𝜓 + 𝑘 𝛿 ⋅ w = 0, 𝐽𝑟 𝜃 + 𝑟𝑟 𝑘 𝑓 + 𝑟𝑟 𝑐 𝛿 + 𝑘 𝑓 + 𝑐 𝛿        −𝑘 𝑓 − 𝑐 𝛿 = 0. 
(9)

Central gear 𝑠 : 

𝑚 (𝑥 − 2𝜔 𝑦 − 𝜔 𝑥 ) − 𝑘 𝑓 sin𝜓 − 𝑐 𝛿 sin𝜓         +𝑘 𝑥 ⋅ 𝑤 = 0, 𝑚 (y + 2𝜔 𝑥 − 𝜔 𝑦 ) + 𝑘 𝑓 cos𝜓 + 𝑐 𝛿 cos𝜓         +𝑘 𝑦 ⋅ 𝑤 = 0, 𝐽𝑟 𝜃 + 𝑘 𝑓 + 𝑐 𝛿 + k 𝑢 = 𝑇𝑟 . 
(10)

Planet carrier 𝑐: 
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𝑀 (𝑥 − 2𝜔 𝑦 − 𝜔 𝑥 ) + 𝑘 (𝑥 − 𝑥 ) + 𝑐 (𝑥 − 𝑥 ) − 𝑘 (𝑥 − 𝑥 ) 
       − 𝑐 (𝑥 − 𝑥 ) + 𝑘 𝑥 ⋅ 𝑤 = 0, 
𝑀 (𝑦 + 2𝜔 𝑥 − 𝜔 𝑦 ) − 𝑘 (𝑦 − 𝑦 ) + 𝑐 (𝑦 − 𝑦 ) − 𝑘 (𝑦 − 𝑦 ) 
       − 𝑐 (𝑦 − 𝑦 ) + 𝑘 𝑥 ⋅ 𝑤 = 0, 
𝐽 𝑟 𝜃 − 𝑘 𝑓 cos(𝛼 ) − 𝑐 𝛿 cos(𝛼 ) 
       −𝑟𝑟 𝑘 𝑓 cos(𝛼 ) − 𝑟𝑟 𝑐 𝛿 cos(𝛼 ) 
       + 𝑟𝑟 𝑘 𝑓 cos(𝛼 ) + 𝑟𝑟 𝑐 𝛿 cos(𝛼 ) 
       + 𝑟𝑟 𝑘 𝑓 cos(𝛼 ) + 𝑟𝑟 𝑐 𝛿 cos(𝛼 ) = 0. 

(11)

Ring 𝑟: 

𝑚 (𝑥 − 2𝜔 𝑦 − 𝜔 𝑥 ) + 𝑘 𝑓 sin𝜓 − 𝑐 𝛿 sin𝜓 + 𝑘 𝑥 ⋅ 𝑤 = 0, 
𝑚 (𝑦 + 2𝜔 𝑥 − 𝜔 𝑦 ) − 𝑘 𝑓 cos𝜓 − 𝑐 𝛿 cos𝜓 + 𝑘 𝑦 ⋅ 𝑤 = 0, 𝐽𝑟 𝜃 − 𝑘 𝑓 − 𝑐 𝛿 + 𝑘 𝑢 = 0, 

(12)

where in Eqs. (7-12), 10 components and 30 kinematic equations form together for the dynamic 
model of the compound planetary gear set, and the description of each parameter is shown in 
shown in Appendix Tables A1-A2. 

3. Influence of floating support on load sharing behavior  

To quantify the influence of floating value on load sharing behavior from different meshing 
pairs of compound planetary gear, the floating coefficient 𝑤  is introduced into the support of 
central gear and the planet gear respectively, to change the support stiffness.  

To study the load distribution in each meshing pair, dynamic load coefficient 𝐿𝑆𝐶  (𝑗 = 𝑠1𝑎𝑛, 𝑠2𝑏𝑛, 𝑎𝑛𝑏𝑛, 𝑟𝑏𝑛) is introduced. Definitions for three different types of load sharing coefficients 
are given [25] below: 

𝐿𝑆𝐶 (𝑡) = 3 ⋅ max𝐹∑ 𝐹 ,      (𝑗 = 𝑠1𝑎𝑛, 𝑠2𝑏𝑛,𝑎𝑛𝑏𝑛, 𝑟𝑏𝑛),      (𝑛 = 1, 2, 3), (13)
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where 𝐹  is the meshing force defined in Eq. (4). The load sharing definition is applied in all the 
other meshing pairs. The parameters values of numerical simulation are shown in Appendix 
Table A3. Under the condition that the floating coefficients of all components are consistent and 
change synchronously, the calculation results are shown in Fig. 3. 

 
a) Meshing pair 𝑃  

 
b) Meshing pair 𝑃  

 
c) Meshing pair 𝑃  

Fig. 3. The influence of floating support on load-sharing behavior  
of different meshing pairs under the condition of the same floating coefficient 

When the floating coefficient of all components is 1, which represents non-floating support, 
as shown in the red line in Fig. 3(a-c).With the floating coefficient 𝑤  at each support increasing 
from 0.8 to 0.6, the floating value increases also, compared with the load sharing coefficient curve 
under non-floating, increasing the floating coefficient of each component decrease the amplitude 
of the load sharing fluctuation in meshing pair 𝑃 , as shown in blue line and purple line of 
Fig. 3(a), and the fluctuation style of load sharing coefficient 𝐿𝑆𝐶 (𝑡) remain unchanged. It is 
indicated that increasing floating value improves the instantaneous load sharing behavior for 
meshing pair 𝑃 . Similarly, in meshing pair 𝑃 , as shown in Fig. 3(b), and in meshing pair 𝑃 , as shown in Fig. 3(c)， floating increasing decreases the instantaneous load sharing 
coefficient 𝐿𝑆𝐶 (𝑡) and 𝐿𝑆𝐶 (𝑡). The difference is that, Compared with meshing pairs 𝑃 , the load sharing behavior of meshing pairs 𝑃  and meshing pairs 𝑃  is more 
obviously affected with floating change, and the increase of floating quantity improves the load 
distribution performance of meshing pairs 𝑃  and 𝑃  significantly. The reason for this 
difference is that, an initial transmission applied on sun gear 𝑠  causes unbalance loading 
distribution on planet gears 𝑎 , 𝑎  and 𝑎 . In the process of power transmission from power input 
gear 𝑠  to meshing pair 𝑃 , and meshing pairs 𝑃 , the internal excitations in gears system, 
such as backlash, transmission error, meshing stiffness and so on, enlarge the unbalance loading 
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distribution, resulting in a larger load sharing coefficient at power output end 𝑠  than that at input 
end 𝑠 . The floating support of sun gear 𝑠  at the power input end not only reduces the 
instantaneous load sharing coefficient 𝐿𝑆𝐶 (𝑡) , but also transmits the improved load 
performance to the output end. Therefore, at the power transmission line, the load sharing behavior 
improves more obviously with the floating coefficient increasing, resulting from the floating 
coefficient of each component increasing synchronous. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 4. The influence of floating support on load-sharing behavior  
of different meshing pairs under different floating members 

 
a) 

 
b) 

Fig. 5. The influence of floating support numbers of gears  
on load-sharing behavior of different meshing pairs 
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In Fig. 4(a), when the floating support is applied single on sun gear, carrier or ring, the time 
history curves of instantaneous load coefficient 𝐿𝑆𝐶 (𝑡) are similar between each other, which 
indicates that the effect of single floating of different center components on the load-sharing 
characteristics is similar. In Fig. 4(b), when the floating coefficient of each planet gear is identical 
(purple wire), instantaneous load coefficient 𝐿𝑆𝐶 (𝑡) is lower, compared with the condition 
that floating of only one planet (red wire) or two planets (blue wire). The same phenomenon also 
appears in the curve of instantaneous load coefficient for meshing pair 𝑃 , as shown in  
Fig. 4(c-d). Because that the load sharing behavior is largely determined by the uniformity of the 
load from the sun gear to the planet, The load fluctuation caused by the floating of the central 
component is evenly distributed to the planet gears, resulting in a harmonic uniformity around the 
central component. Similarly, when the floating coefficient is equally applied on each planet gear, 
as shown in the purple wire of Fig. 4(b-d), the fluctuations in dynamic load caused by the floating 
cancel out. However, only floating one or two planet gears cause the imbalance of dynamic load 
distribution among the three planet gears, resulting in unbalance load distribution and bad load 
sharing behavior, as shown in the red and blue wires of Fig. 4(b-d). The analysis above shows 
that, single floating of planet gear reduce the load sharing behavior of compound planetary gear 
set, and single floating of different central components has similar effects on load-sharing. To 
improve the load sharing behavior efficiently, each planet gears should be equally applied on 
floating value. 

To seek methods to improve the load-sharing characteristics of the compound planetary gear 
set and find out the optimal configuration of floating support, as shown in Fig. 5(a). By comparing 
the floating of a single sun gear with that of two sun gears together, it is found that, the floating of 
two sun gears together reduce the load sharing coefficient largely, and the effect is better than that 
of a single floating on sun gear. While the floating planet gears 𝑎𝑛 (blue line) increases load 
sharing coefficient significantly, indicating that increasing the floating number of central 
components improve the load sharing behavior, while the floating of planet gears reduce load 
sharing behavior. The same phenomenon also occurs in meshing pair 𝑃 , as shown in Fig. 5(b), 
which verifies the correctness of the conclusion from Fig. 5(a). 

4. The influence of the floating support on the periodic motion  

The mode of vibration optimization is partially determined by the periodic motion. Generally, 
the vibration on mating gears can be optimized using directional error compensation under single 
and double periodic motion, while the vibration is not able to be eliminated under quasi-periodic 
and chaotic motion due to the uncertainty of motion. To find out the method of optimizing the 
periodic motion of the compound planetary gear, different floating quantities is applied on the 
different components, and the gear train periodic operation behaviors under different meshing 
frequencies and floating quantities are investigated by taking the meshing frequency and floating 
support as the excitation variables. 

At the low-frequency section 𝜔 < 0.4, in Fig. 6(a, d), the motion trajectory of relative 
meshing displacement of meshing pair 𝑃  presents a single closed curve, and the Poincare 
interface presents a single solitary point, which indicates that the vibration of the system moves 
in a single periodic motion. By introducing floating coefficient of all the components 𝑤 = 0.8 
into the system, in Fig. 6(b, e), although the motion trajectory still presents a single closed curve 
state and the Poincare interface presents a single isolated point, compared with Fig. 6(a, d), the 
vibration velocity of 𝑃  reduces greatly, indicating that the introduction of the floating support 
absorbs part of the vibration kinetic energy and reduces the vibration velocity at the gear tooth 
engagement. With the further increase of the floating value and decrease the floating coefficient 𝑤 = 0.6, as shown in Fig. 6(c, f), the vibration of meshing pair 𝑃  maintain the single-period 
motion.  
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a) 𝑤 = 1 

 
b) 𝑤 = 0.8 

 
c) 𝑤 = 0.6 

 
d) 𝑤 = 1 

 
e) 𝑤 = 0.8 

 
f) 𝑤 = 0.6 

Fig. 6. At meshing frequency 𝜔 = 0.4, (a-c) is the phase trajectory under different floating coefficient, 
and (d-f) is Poincare interface under different floating coefficient, 𝑥-coordinate is the non-dimensional 

theoretical penetration depth of meshing pair 𝑃 , 𝑦-coordinate is non-dimensional theoretical  
penetration velocity of meshing pair 𝑃 . 𝑤  is the floating coefficient for all the components 

The above analysis shows that, the floating support reduces the vibration velocity at the gear 
tooth engagement, a larger floating amount or a lower floating coefficient, causes a smaller 
vibration velocity. Floating support does not change the single-period motion state in the 
low-frequency range. If it is necessary to add floating support to improve the load-sharing 
behavior in a compound planetary gear set, it is suggested to maintain the meshing frequency in 
the low-frequency range. 

At the intermediate frequency section 𝜔 = [0.4-0.9], and the input speed of sun gear 
improves. Under the condition of non-floating support, the vibration maintains a regular 
single-period motion state, as shown in Fig. 7(a, d). With the introduction of floating support in  
Fig. 7(b, e), the motion trajectory of meshing displacement changes from a single curve to a double 
closed curve, and the Poincare section is programmed from a single solitary point to two solitary 
points. Therefore, in this meshing frequency section, the vibration changes from a single periodic 
motion to a double periodic motion, as a result of floating support. With the floating value of all 
the components increasing further, as shown in Fig. 7(c, f), the motion trajectory of 𝑃  is no 
longer a closed curve with single cycle, but a closed curve with multiple cycles, indicating that 
the system enter into quasi-periodic motion. 

In addition, by comparing the ordinate of Fig. 7(a-c) and Fig. 7(d-f), it is found that the increase 
of floating amount reduces the vibration velocity of the relative meshing displacement 𝛿 , 
indicating that the introduction of floating support can absorb vibration kinetic energy and reduce 
the meshing impact of gear teeth in the section of intermediate meshing frequency. 

The above analysis shows that, in the section of intermediate meshing frequency, the 
introduction of floating support and the floating amount increasing results in the periodic motion 
change from single periodic motion to double periodic motion and even quasi-periodic motion. 
However, the vibration velocity and the meshing impact caused by the vibration of components 
are reduced by introducing floating support. 
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a) 𝑤 = 1 

 
b) 𝑤 = 0.8 

 
c) 𝑤 = 0.6 

 
d) 𝑤 = 1 

 
e) 𝑤 = 0.8 

 
f) 𝑤 = 0.6 

Fig. 7. At meshing frequency 𝜔 = 0.9, (a-c) is the phase trajectory under different floating coefficient, 
and (d-f) is Poincare interface under different floating coefficient, 𝑥-coordinate is the non-dimensional 

theoretical penetration depth of meshing pair 𝑃 , 𝑦-coordinate is non-dimensional theoretical  
penetration velocity of meshing pair 𝑃 . 𝑤  is the floating coefficient for all the components 

 
a) 𝑤 = 1 

 
b) 𝑤 = 0.8 

 
c) 𝑤 = 0.6 

 
d) 𝑤 = 1 

 
e) 𝑤 = 0.8 

 
f) 𝑤 = 0.6 

Fig. 8. At meshing frequency 𝜔 = 1.9, (a-c) is the phase trajectory under different floating coefficient, 
and (d-f) is Poincare interface under different floating coefficient, 𝑥-coordinate is the non-dimensional 

theoretical penetration depth of meshing pair 𝑃 , 𝑦-coordinate is non-dimensional theoretical penetration 
velocity of meshing pair 𝑃 . 𝑤  is the floating coefficient for all the components 
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At the high-frequency section 𝜔 = [1.2-1.9], vibration motion is not easy to maintain a 
single periodic motion, and most of them present quasi-periodic or even chaotic state, as shown 
in Fig. 8(a, d). The phase trajectory shows several closed curves, and the Poincare interface shows 
two isolated islands, indicating that the system is in quasi-periodic motion with good periodic 
motion. After the floating support is introduced, as shown in Fig. 8(b, e), the meshing 
displacement 𝛿  presents several closed curves. As the floating amount further increases, as 
shown in Fig. 8(c, f), the number of closed curves also increases, the number of isolated points in 
Poincare interface increases, and the distribution range becomes larger.  

In addition, by comparing the ordinate of Fig. 8(a-c) and Fig. 8(d-f), it is found that, the floating 
amount increasing does not affect the vibration velocity of the relative meshing displacement 𝛿 , indicating that the introduction of floating support has little influence on the absorption of 
vibration kinetic energy in the high-frequency meshing section. 

In the process of bifurcating through single periodic to chaos motion, bifurcation process goes 
through single periodic motion, double periodic motion, quasi-periodic motion and chaotic 
motion. Fall in between double periodic motion and chaotic motion, quasi-periodic bifurcation 
process is a typical way to chaos, and can be considered as a way to enter chaos from periodic 
window.  

After a period of running time, if the vibration amplitude and velocity of the observation point 
changes regularly and periodically, such as single periodic motion and double periodic motion in 
Fig. 6, a corresponding periodic damping can be designed to counteract the regular vibrations. 
However, when quasi-periodic motion appears in Fig. 7(c) and Fig. 8(a), it’s going to be a longer 
period for the observation point to complete a cycle, compared to single periodic motion and 
double periodic motion. If chaos motion appears, periodic motion is replaced by random motion 
which is hard to controlled and eliminated. 

The above analysis shows that, in the high-frequency meshing section 𝜔 = [1.2-1.9], the 
introduction of floating support lead periodic motion to an unregulated state, and the increase of 
floating amount induce the quasi-periodic motion to chaotic motion, which is not conducive to the 
maintenance of regular periodic motion. 

5. Literature validation 

In this work, the validation of Eq. (7) to Eq. (12) comes from similar work in other’s literature, 
by using the Eq. (7) to Eq. (12) from Lagrange equations of the second kind, a lumped parameter 
“translational-rotational” model for compound planetary gear set (in Fig. 2) is built to calculate 
the vibration displacement and meshing force for each mesh pair. Similarly, Zhang [26] introduced 
the lumped parameter model and the equations of motion by using the Lagrange principle to 
calculate the meshing force and load sharing coefficient in two-stage planetary gear set, and the 
pure torsion equations of motion are given by Parker [27, 28] for compound planetary gear set.  

Different from the equations of motion in Zhang [26] and Parker [27, 28], in this work, the 
“translational-rotational” equations of motion are derived for compound planetary gear set, with 
more degrees of freedom and more complex meshing relation. Based on Lagrange principle and 
modeling by lumped parameter method likewise, the equations 7 to 12 in this work could be 
verified by the similar work in Zhang [26] and Parker [27, 28]. 

The influence of transmission error and float on dynamic behavior was studied by Liu [29] 
and Du [30]. Different from this work, the load sharing coefficient is calculated by using the theory 
of equivalent mesh force. The results of Liu [29] indicated that, the floating of basic components 
of planetary gear can obviously reduce the load imbalance among planet gears, and the similar 
results of this work occurs in Fig. 3. Besides that, Du [30] found that, the load distribution 
uniformity is better when multiple components float together, and the similar conclusion of this 
work occurs in Fig. 4(b, d), where the load sharing coefficient under the condition of planet gears 
floating together is lower than the condition of floating individually. 

In Fig. 6(a), at low meshing frequency section, the motion trajectory of relative meshing 
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displacement of meshing pair presents a single closed curve, the similar results are verified by 
[29, 31] and indicates of a regular periodic vibration when input speed of gear is low. 

From the Fig. 7(a-c), with the floating value increasing, the clearance between the mating gears 
increases as well, resulting in the periodic motion change from single periodic (Fig. 7(a)) motion 
to double periodic motion (Fig. 7(b)) and even quasi-periodic motion (Fig. 7(c)). It is indicated 
that, the floating of gears and carriers causes more irregular movement and is not conducive to 
periodic motion, which are verified by [32]. 

6. Conclusions 

In this work, considering the influence of floating support on dynamics of compound planetary 
gear set, first of all, based on the second Lagrange equation, a translation-torsional dynamic model 
of compound planetary gear set including floating support is proposed and calculated in time-
domain by numerical method. The influence of floating support before and after introducing into 
gear system and the floating value increasing on load sharing behavior and periodic motion is 
conducted by comparing analysis, it is concluded that: 

1) Under the condition of all components floating together, the increase of the floating value 
of all components improves the instantaneous load-sharing behavior of the compound planetary 
gear. In the power transmission route, the closer to the meshing pair of the output stage, the more 
obvious the load-sharing performance can be improved, due to introducing floating support. 

2) Single floating of planet gear reduces the load sharing behavior of compound planetary gear 
set, and single floating of different central components has similar effects on load-sharing. To 
improve the load sharing behavior efficiently, each planet gears should be equally applied on 
floating value. Increasing the floating number of central components improve the load sharing 
behavior, while the floating of planet gears reduce load sharing behavior. 

3) At the low-frequency section 𝜔 < 0.4, introducing floating support do not change the 
single-period motion state in the low-frequency range. If it is necessary to add floating support to 
improve the load-sharing behavior in a compound planetary gear set, it is suggested to maintain 
the meshing frequency in the input speed range of 0-1067 r/min. 

4) At the intermediate frequency section 𝜔 = [0.4-0.9], where the input speed of sun gear 𝑠  is converted into the range of 1067 r/min-2401 r/min, the introduction of floating support and 
the floating value increasing result in the periodic motion change from single periodic motion to 
double periodic motion and even quasi-periodic motion. However, the vibration velocity and the 
meshing impact caused by the vibration of components are reduced by introducing floating 
support. In order to reduce the vibration velocity and amplitude at the input speed range of  
1067 r/min-2401 r/min, it is suggested to add a floating support to each component. 

5) In the high-frequency meshing section 𝜔 = [1.2-1.9], where the input speed of sun gear 
s1is is converted into the range of 3201 r/min-5069 r/min, the introduction of floating support 
leads periodic motion to an unregulated state, and the increase of floating amount induces the 
quasi-periodic motion to chaotic motion, which is not conducive to the maintenance of regular 
periodic motion. In order to avoid the system being in quasi-periodic motion and C motions under 
the condition of floating support, the input speed of sun gear 𝑠  should be avoided the range of 
3201 r/min-5069 r/min. 
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Appendix 

Table A1. Symbols in Eqs. (7-12) 
Notation Unit Description 𝑥  mm Translational vibration displacement for the part 𝑖 under the coordinate 

system 𝑦𝑂𝑥 rotated with the carrier in the 𝑥-direction 𝑦  mm Translational vibration displacement for the part 𝑖 under the coordinate 
system 𝑦𝑂𝑥 rotated with the carrier in the 𝑦-direction 𝜔  Rad/s The angular speed of carrier 𝑐  𝐽  kg·m2 The moment of inertia of component 𝑖 𝜃  rad Rotational vibration displacement for the part 𝑖 under the ground coordinate 
system 𝑌𝑂𝑋 𝑟  mm The distance between the center of carrier and planet gear a 𝑘 ,  N/m Mean value of time-varying meshing stiffness for meshing pair 𝑃 , after the 
system running for m time steps, 𝑗 =  𝑠1𝑎𝑛, 𝑎𝑛𝑏𝑛, 𝑟𝑏𝑛, 𝑠2𝑏𝑛, 𝑛 = 1, 2, 3 𝑘  N/m Radial support stiffness of part 𝑖 𝑘  N/m Tangential support stiffness of part 𝑖 𝛿 , 𝛿  mm Penetration displacement between carrier hole and planet 𝑎𝑛 shaft, 𝑛 = 1, 2, 
3 𝛿 , 𝛿  mm Penetration displacement between carrier hole and planet 𝑏𝑛 shaft, 𝑛 = 1, 2, 
3 𝑟  mm Base circle radius of part 𝑖 𝑓  mm Deflection of mating gears in meshing pair 𝑃 , 𝑗 =  𝑠1𝑎𝑛, 𝑎𝑛𝑏𝑛, 𝑟𝑏𝑛, 𝑠2𝑏𝑛, 𝑛 = 1, 2, 3  𝛹  rad The angle between the line of action of P  and the x-direction of the 
coordinate system yOx 

Table A2. Subscripts 
Symbol Description 𝑖 The part name shown in the dynamic model, 𝑖 = 𝑠 , 𝑠 , 𝑐, 𝑟, 𝑎𝑛, 𝑏𝑛 𝑛 Serial number of the planet among the equally spaced planets in the system, e.g. 𝑎 , 𝑎  and 𝑎 , 𝑛 = 1, 2, 3 𝑗 Serial number of the meshing pair in the dynamic model, 𝑗 = 𝑠1𝑎𝑛, 𝑠2𝑏𝑛, 𝑟𝑏𝑛, 𝑎𝑛𝑏𝑛 𝑠  Sun gear 𝑠  𝑠  Sun gear 𝑠  𝑐 Carrier 𝑟 Ring gear 𝑎𝑛 Planet gear 𝑎𝑛 𝑏𝑛 Planet gear 𝑏𝑛 𝑠1𝑎𝑛 Meshing pair between 𝑠  and 𝑎𝑛 𝑠2𝑏𝑛 Meshing pair between 𝑠  and 𝑏𝑛 𝑟𝑏𝑛 Meshing pair between 𝑟 and 𝑏𝑛 𝑎𝑛𝑏𝑛 Meshing pair between an and bn 
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Table A3. Values of input parameter in results analysis 
Input parameters Symbol and value 

Number of carriers 𝑐 = 1 
Number of sun gears 𝑠 = 2 (𝑠1, 𝑠2) 
Number of rings 𝑟 = 1 
Module (mm) 𝑚 = 4 
Number of teeth 𝑧  = 36, 𝑧  = 48, 𝑧  = 21,  𝑧𝑏𝐴 = 18, 𝑧𝑏𝐵 = 18, 𝑧  = 84 
Position angle of Planets 𝛹 = 2𝜋(𝑛 − 1)𝑁  𝛹 = 2𝜋(𝑛 − 1)𝑁 + 0.629 𝛹 = 𝛹 − 𝛼  𝛹 = 𝛹 − 𝛼  𝛹 = 𝛹𝑛 + 𝛼  𝛹 = 1.478 − 𝛼 −𝛹  
Pressure angles 𝛼 , 𝛼 , 𝛼 , 𝛼  = 20º 
Mean value of mesh stiffness (N/m) 𝑘  = 1×109 N/m 𝑘  = 1×109 N/m 𝑘  = 1×109 N/m 𝑘  = 1×109 N/m, 𝑛 = 1, 2, 3 
Coefficient of stiffness fluctuation 𝜐 = 0.25 
Initial relative meshing phase 𝛾 (1) = 𝛾 (2) = 𝛾 (3) = 0 𝛾 (1) = 𝛾 (2) = 𝛾 (3) = 0 𝛾 (1) = 𝛾 (2) = 𝛾 (3) = 0 𝛾 (1) = 𝛾 (2) = 𝛾 (3) = 0 𝛾𝑎𝑏 𝑠1𝑎 = 1.1789, 𝛾𝑟𝑏 𝑠1𝑎 = 0.2876, 𝛾𝑠2𝑏 𝑠1𝑎 = 

0.9111 
Translational Bearing support stiffness (N/m) 𝑘  (𝑖 = 𝑠1, 𝑠2, 𝑐, 𝑟, 𝑎𝑛, 𝑏𝑛) = 1×109 N/m 
Torsional Reaction Stiffness (N/m) 𝑘  = 1×109, others = 0 
Mass (kg) 𝑚  = 6.173, 𝑚  = 11.102, 𝑚  = 5.038 𝑚  = 5,698, 𝑚  = 1.997, 𝑚  = 3.139 
Mass moment of inertia (kg/m2) 𝐽  = 0.016, 𝐽  = 0.052, 𝐽  = 0.152, 𝐽  = 0.08 𝐽  = 0.0019, 𝐽  = 0.0022  
Base circle of gear (mm) 𝑟  = 67.65, 𝑟  = 90.21, 𝑟  = 39.47, 𝑟  = 33.83 𝑟  = 33.83, 𝑟  = 15.79 
Gear Types Spur 
Damping coefficient 𝜉 = 0.07 
Meshing frequency (Hz) 1 
Initial static transmission error (μm) Sun gear 𝑠1 has a 60 μm eccentricity error, others zero 
Initial backlash (μm) Backlash of All meshing pairs are 200 
Applied load (Nm) 𝑇  = 2000 Nm, 𝑇  = 969.69 Nm 
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