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Abstract. Aiming to gain an accurate prediction model of the vibro-acoustic problem for the
vibrating structure systems, the uncertainty vibration analysis for the cylindrical shell structure
considering construction factors is investigated. The generalized polynomial chaos (GPC) method
is used to gain the analytical solution of the free vibration for the cylindrical shell structure, in
which the construction uncertainty factors, comprising the material uncertainty parameter and
construction geometric uncertainty parameter, are considered. By combining the collocation
method and generalized polynomial chaos method, the influence of the uncertainty construction
factor on the free vibration properties for the cylindrical shell structure is verified by a numerical
analysis. The results provide technical support for the design and construction of the vibrating
structure for vibration and noise reducing.

Keywords: cylindrical shell structure, uncertainty analysis, free vibration, generalized
polynomial chaos (GPC), collocation method.

1. Introduction

The noise and vibration level of the vibrating structure is an important index in evaluating the
quality level in the structural design and construction. To predict the vibro-acoustic properties of
the complex vibrating structure, establishing accurate analysis models is necessary, which include
the theoretical analysis model and numerical analysis model. Despite the fact that the accuracy of
the analysis models for the vibrating structure is constantly improving, some deviations between
the numerical analysis results and measurement result for the practical engineering were still
observed, the analysis results are only the approximate value of the practical engineering. The
deviation caused by the uncertainty factors will lead to the analysis results exceeding the design
permission value, the uncertainty problem cannot be avoided in practical engineering. In the
process of structural construction, some inherent and random parameters exist. The uncertainty
factors in the structural construction process include the material uncertainty parameter and
construction geometric uncertainty parameter. These phenomena may lead to the fact that the
vibro-acoustic parameters of the vibrating structure are essentially random variables with a certain
probability density distribution. For example, the elastic modulus of structural material in the
vibrating structure may be an uncertain value, while the uncertainty properties of the structural
material would affect the vibro-acoustic properties. The uncertainty problem of construction
factors shows that under a certain level of the construction technology, the influence of the
uncertainty factors on the vibrating structure system cannot be eliminated, while improving the
construction technology level can only narrow the uncertainty interval, and cannot eliminate it
forever. Because some uncertainty factors exist in the course of structure construction, defining
the vibro-acoustic property parameters as random variables with a certain probability density
distribution is necessary [1-4]. If more than one uncertainty input parameters exist, the
vibro-acoustic uncertainty problem may be more complex [5, 6].

The uncertainty quantification problem is a realistic and common way for representing
uncertainty parameters, which cannot be assigned with deterministic values. The parameter value
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can be defined as a nominal deterministic value and the unknown part is represented as
uncertainty. The requirement of the approach is such that the mathematical representation of the
uncertain part can be developed by probability or possibility theories. To analyze the uncertainty
problem of the vibro-acoustic properties, the commonly analysis method aims to evaluate the
influence of uncertainty for each input parameter to the final result response, in which the
probability statistical method be used to deal with those comprehensive effect degree analysis,
respectively. Up to date uncertainty analysis techniques have been introduced to deal with the
uncertainty problem of vibro-acoustic properties, which include the stochastic perturbation
method [7, 8], Monte Carlo method, reliability analysis method [9-11], response surface method
[12], and spectral stochastic method, and so on [13, 14]. The spectral decomposition method has
been widely used because of its high computational efficiency in dealing with Gaussian or
non-Gaussian distribution problems, such as the Fourier decomposition method, Karhunen-Loéve
method (KL), and so on [15-17]. Recently, the generalized polynomial chaos (GPC) has attracted
more attention because of the advantages in solving non-Gaussian distribution problems and
unknown covariance parameters problems [18-20]. In contrast to the sampling methods, e.g.,
Monte Carlo simulations, the polynomial chaos expansion is a non-sampling method that
represents the uncertain quantities as an expansion, including the decomposition of deterministic
coefficients and random orthogonal bases. In addition, the other advantage of the GPC method is
that the deterministic coefficients of the truncated series need to be calculated only once in the
solution process.

The uncertainty structural construction factors can be defined as nominal deterministic value,
while the GPC method is applied to analyze the uncertainty vibro-acoustic problem for the
cylindrical shell structure. The research scope is expanded from the random loading to the
uncertainty of construction factors. The remainder of the present article is organized as follows:
in Section 2, the basic principles of the GPC method are briefly described; in Section 3, the
formulations of uncertainty of input parameter distribution is presented; in Section 4, the
formulations of uncertainty conduction function is established by coupling the GPC method and
collocation method; in Section 5, the cylindrical shell structure, for example, the feasibility and
effectiveness of the proposed are illustrated; finally, some major conclusions are summarized in
Section 6.

2. Generalized polynomial chaos (GPC) method
2.1. Concept of generalized polynomial chaos method

The GPC method is used to deal with the uncertainty vibro-acoustic problem. The core concept
of generalized polynomial chaos (GPC) is to project the uncertainty parameters in the solving
space into a random space, which comprised a set of complete orthogonal polynomials ¥;, which
contains the standard random variable . The standard random variable is a multidimensional
standard random vector ¢ = {&,,&,, -+, &,} and each standard random variable corresponds to the
random space &; € Q;, i = 1,2,+--,n. According to the orthogonality properties of standard
random variables and the complete orthogonal bases, the random parameters can be simplified
and solved. The GPC method is used to determine the lower and upper bounds of the mean values
and standard deviations of structural vibro-acoustic properties.

In the numerical analysis for the uncertainty vibro-acoustic problem for the complex vibrating
structure, to define the corresponding polynomials, which can be matched for random distribution
functions, is necessary. The calculation convergence and truncation number are dependent on the
various polynomials chosen, while the appropriate matching polynomials can improve the
calculation efficiency. The best matching combination of typical random distribution functions
and their corresponding polynomials are shown in Table 1.
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Table 1. Uncertainty parameter types and the corresponding orthogonal polynomials

Random distribution of uncertainty parameters | Optimal polynomial type
Gaussian Hermite

Gamma Laguerre

Beta Jacobi

Uniform Legendre

2.2. Projection of generalized polynomial chaos method

Choosing a polynomial and the random space (Q, y, P) is defined, where Q is the total sample
space, y is the o domain of the sample space, and P is the probability measure on (. The uncertain
parameter y: Q — R with finite variance, i.e., y € L?(Q), can be represented as:

X =x% + Z xlllpl(fll

=1

+ Z Z Xy, Wa (&, 6) + Z Z z Xiyipis V3 (§ipr ipp §i5) +

i1=1i,= i1=1i=1i3=

(1

where Eq. (1) can be written as short form y = Y72, x;W; (§). ¥; is the random orthogonal basis
and x; is the undetermined coefficient. The random orthogonal basis ¥; is a set of polynomials
that contain random vector &, and it satisfies the orthogonality condition:

E[¥, Y| = E[W?16;; = h?5y;,
E[l'pi,q"]',lpk] = hijk’ (2)
E[W, ¥, ¥, W] = hijis,

where E[¥;, ‘P]] = f 0 v (¢ )ll’j(( ) p({)d{. E represents the expectation on the whole probability
space, 6;; is the Kronecker delta, and h; is the norm of the probability density distribution
function. p(¢) is the probability density distribution of the standard random variable {, and it is
often defined as standard normal distribution function, and it can be selected as a type of
distribution function under special circumstances.

For the random parameter y, the probability density distribution is defined as p(x), Eq. (1)
can be written in shorthand:

X = z x; Wi (§). 3)
=0

To solve the uncertainty problem, the convergence requirements is necessary, the number of
items needs to be truncated for the random parameter, and the polynomial terms can be expressed
as follows:

N

=) (), )
i=0

where N = &P! _ 1, p is the highest order of the expansion, and n is the dimension of the

nlp!
random vector.
In Eq. (1), the undetermined coefficient x; can be obtained by Galerkin projection on the
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orthogonal basis:

(), P ()
X = RO (%)

where, (x(0), ¥x(D)) = E[x(0), Wi (D] = [ () - ¥i(Q) - p({)dT, the first-order term in

random orthogonal basis ¥ represents Gaussian distribution. Eq. (5) is the generalized polynomial
chaos transformation function for the random parameter y, and the dimensional of random
orthogonal basis directly reflects the complexity of random space, which is involved in the process
of chaotic transformation. The Karhunen-Loéve is a specific type of the GPC, the GPC expansion
and Karhunen-Loéve expansion can be converted to each other easily. The higher-order term in
random orthogonal basis W represents non-Gaussian distribution. The total number of terms N of
the whole polynomial is determined by the dimensional of random orthogonal basis and the
highest order p of the expansion.

2.3. Solving the generalized polynomial chaos method

The GPC method can be used to solve the non-Gaussian random distribution problems. In the
construction process of the vibrating structure, there are involve uncertainty parameters problem:
geometric uncertainty, material uncertainty, initial condition uncertainty, boundary condition
uncertainty, and so on. The application of the GPC method to solve the uncertainty problem of
vibro-acoustic properties comprises three steps: first, the uncertainty parameters are expressed as
a form of polynomial chaos expansion, while the coefficients of the expansion are obtained;
second, the input parameters and the final response results are expressed as a form of polynomial
chaos expansion; finally, the uncertainty properties of the input parameters is transformed by the
structural governing equation, while the undetermined coefficient is gained. The solution process
is shown in Fig. 1.

Uncertainty Parameter Uncertainty Response
(Input) (Output)

Ny
X, = Z x, ¥ (6) >

i=0 N,
R B Structural w(&)= ) w¥. (&)
X, —;Az,‘yzi(r:) ] Governing [— s jz::; (e
: Equation

X, :Zx”\P (&,) oo

i

f=lansons)
Preliminary Results Y=¥Q®Y¥Y: -®%¥n
Fig. 1. The GPC based solving flow chart

Solving

The probability density distribution of the input parameters (such as the density of structural
materials, modulus of elasticity, Poisson’s ratio, thickness of plates and shells, type of ribs, and so
on) in vibrating structures should be obtained in the procedure of the uncertainty analysis of the
vibro-acoustic properties for the vibrating structures. According to the uncertain conduction
function of the GPC method, the uncertainty properties of vibrating structures design parameters
are transformed into the output parameters, while the probability density distribution of the
vibro-acoustic properties of the vibrating structures are obtained. The whole calculation process
is shown in Fig. 2.
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3. Uncertainty input parameter processing

To solve the uncertainty problem of vibro-acoustic properties for the vibrating structure by
using the GPC method, in which the undetermined coefficient x; in the GPC expression must be
solved. If the random parameter y and ¢ are in the same random space, the two variables meet the
same probability distribution, and the undetermined coefficient x; can be obtained by using the
Galerkin projection method:

1 b
=@ j 2@ %) - pde, ©)

where a and b are the upper and lower limits of standard random variables, y (&) is the probability
density distribution function. If y(§) is an unknown function, the corresponding random space
transformation must be conducted to obtain the expressiony = F(§), which relationship the
random parameter y and standard random variables ¢.

Defining the random parameter y in the random space ();, the probability distribution is
p1(x), and the interval is [c, d]; similarly, defining the random parameter ¢ in the random space
Q,, the probability distribution is p,(§), and the interval is [a, b]. The transformation between
uncertainty parameter and random variable are shown in Fig. 3.

Input parameter Output parameter

PDF —\
Material density
PDF # PDF
Plate thickness
. Vibro-acoustic characteristic
PDF N )

Rib type
Fig. 2. The vibro-acoustic solution based on GPC

PJI(%) €-space pAE)  Q,-space

™

0
“x & 4 Oaﬁdé‘b

\ u(0,1)-space /
1

0 1
u du
Fig. 3. The transformation for uncertainty parameters and random variables
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In Fig. 3, the transformation function between the random parameter y and standard random
variables & can be expressed as follows:

x ¢
[n@dr=[ pwdr=x =), ™
Substituting Eq. (7) into Eq. (6), then the undetermined coefficient x; can obtain as:
1
%= f FOW(©) p2(O)dE. ®)

However, in most cases, the random distribution function F () may be an implicit expression.
Therefore, the difficulty of solving the undetermined coefficient x; is increased, and it is necessary
to introduce the standard average distribution as an intermediate variable to solve the problem. To
implement the variable conversion, the transformation relationship between the random parameter
x and standard random variables ¢ on the standard average distribution u(0,1) is established:

(flldu = fxpl(r)d‘r =>y=F)),

4 1 £ 9)
| 1= [ paorie = ¢ = R,
0 a
Substituting Eq. (9) into Eq. (8), the undetermined coefficient x; can be obtained as:
1
0= | BORE@H (10)

According to Eq. (11) and Eq. (5), the undetermined coefficient x; can be solved by projecting
to the standard uniform distribution space.

4. The uncertainty conduction function

In this section, the influence of the uncertainty of the structural input parameters on the
vibro-acoustic properties is investigated. The probability density distribution of the input
parameters (structural materials, structural geometry, and so on) is effectively converted to the
probability density distribution of the output parameters (dynamic response, acoustic radiation
response, and so on) through the relevant mathematical model (dynamic control equation).

4.1. Collocation method

Despite the fact that the GPC method can be used to solve the uncertainty problems of the
complex structure, in the application of the finite element model to analyze the vibro-acoustic
properties problem of the complex structure, the deterministic stiffness matrix coefficient k;, the
deterministic mass matrix coefficient m;, the deterministic mode vector coefficient ¢,; and the
deterministic natural frequency coefficient 4,; are involved. To obtain these coefficients, a large
number of formula derivations and integral operations are required, and the calculation is
time-consuming. Therefore, improving the conduction equation is necessary.

In addition, for most engineering structures, the probability density distribution p,(x) of
random parameter y may be unknown, it cannot be described by explicit function, and it can only
be obtained through experiments. Therefore, obtaining the probability density distribution of the
random parameter by using the collocation method and the experimental data is necessary.
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The collocation method is a widely-used uncertainty calculation method in the engineering
structure, which is based on the least square method. By minimizing the difference between the
two prediction results and the related uncertainty parameters is gained. The collocation method
and the GPC method can be combined to calculate the undetermined coefficient, while the
calculation steps are as follows: first, selecting a set of standard random variables
{f W@, ... ¢ (")}; Second, according to Eq.(9), a set of uncertain parameters
{ XD, x@ . )((")} can be obtained by the standard random variables. Based on the least square

method, the difference between these uncertainty parameters and the parameters expressed by the
GPC method can be expressed as:

n N 2

Ay = Z x® — Z x].qxj(g(i)) . (1)

i=0 j=0

To minimize the difference Ay, the partial derivative for each coefficient is 0:

n N
9(Ax) _ i i _ i _
o, —Z 2 x“—;xﬂ’j(so) [~ €] =0, (12)
thus:
n N n
% (§0) We(§0) = ) 1O, () (13)
i=1 j=0 i=1

The matrix form of the Eq. (7) can be written as follows:

D WEO) WD) Y WED) - ED) - D Wy EO) - D)

n n n xo
D WED) WED) Y WED) - wED) PGB GRS

i=1 i=1 i=1 :
| "

D WEO) WD) Y WED) Wy ED) - Y WED) - ED)
“i=1 n i=1 i=1 - (14)
D 0@ wog)

i=1
n

D DYCERAGEN

i=1

——

D @ wy o))
i=1

Therefore, the undetermined coefficient x; can be obtained by solving the matrix equation.
The random parameter y can be obtained too. This method avoids the complex integral operation
of Eq. (10) to solve the coefficient directly, which greatly reduces the calculation complexity and
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calculation time.
4.2. Solving the collocation method

To improve the efficiency of the uncertainty analysis of vibro-acoustic properties problem, the
collocation method and GPC method are used to solve the uncertainty problem of the input
parameters and structural output response parameters, the probability density distribution of
structural response is obtained. The solution process is shown in Fig. 4.

Uncertainty Parameter

1 1
(Input) : :
1 1
1 1
Finite element 1
AXZ(l> : . | R @
" N Yo : calculatloTl 1 R
é:m \-X = zxi‘{/’_(f) ' (Commercial : :
Cj ) =0 - : software) : R™ Collocation
: X(”) 1 1
) ! 1 Method
(n) 1 1 ¥,
: | oS e l
1 1 =
1 N, | X o w,
Fw(E) =D w Y, (&) e ;wﬂx(s )
=0 1 .
A .
! w ¥ £(m)
| Lz &)

Fig. 4. The solution process based on collocation method

As shown in Fig. 4, by combining the collocation method and GPC method, the mature finite
element commercial software can be directly used to solve the uncertainty problem, which can
simplify the calculation process and improve the calculation efficiency. The Galerkin projection
method is used to determine the uncertainty parameters, while the collocation method is used to
calculate the vibro-acoustic properties.

5. Numerical analysis and discussion
5.1. Model description

The cylindrical shell structure (the GPC and Monte Carlo methods) is used to calculate its
natural frequency to verify the correctness of the propose method.

An infinite thin-walled cylindrical shell for example, the cylindrical coordinate system
(x, 8, r) is established to define the position of the cylindrical shell, and the boundary conditions
are simply supported at both ends, as shown in Fig. 5.

The design parameters of cylindrical shell structure are as follows: mean radius R = 3.25 m,
length L = 40.0 m, shell thickness h = 0.04 m. The cylindrical shell structure is made of structural
steel with the following mechanical performance parameters: density, p = 7860 kg/m?*; modulus
of elasticity, E = 210 GPa; Poisson ratio, u = 0.3.

5.2. Numerical analysis

The elastic modulus of the shell structure is selected as a random variable, while its distribution
satisfied the lognormal normal distribution LN (y, o), expectation E = 2.1x10!! Pa, variance

2
Var = 0.03E. According to the lognormal normal distribution, there is u = log (ﬁ),
ar
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o= /log (% + 1), the probability density function (PDF) is shown in Fig. 6.

v s
/T\

Fig. 5. Coordinate system of cylindrical shells

The probability density distribution of the first four natural frequencies of the structure is
calculated by the GPC and Monte Carlo methods. In the GPC method, the Hermite polynomials
are used to fit the uncertain elastic modulus with the highest order of 3.

Fig. 7 has shown the comparison diagram of the calculation results of the first-order natural
frequency by the GPC and Monte Carlo methods with various simulation times.

0.6

T . T T T T T —
— Stochastic —GPC
— Deterministic N ——MC50

1

0.5r MC100

0.8f ——MC500

==+=MC1000
MC5000

0.6f

= 1’3
0.3
g ‘ g
0.4 1
‘ 0.2}
0.2} 1 ol
L L ‘ L L 0 a5 L L P N
851 15 2 25 3 35 4 45 5 55 5 6 7 N SF 9 . 10 11 12
Elastic Moduli / x10'" Pa ature Frequency / Hz
Fig. 6. The Elastic Modulus PDF Fig. 7. The 1st order natural frequency comparison

between GPC and different order MC

Fig. 8 shows the comparison diagram of the calculation results of each order natural frequency
by the GPC method and the 5000 simulation Monte Carlo method.

As shown in Figs. 5 to 8, the calculation results of the GPC method are consistent with those
of the Monte Carlo method, the correctness of the coupling GPC method and collocation method
in solving vibro-acoustic properties problems are verified.

5.3. Calculation efficiency

To verify the effectiveness of the proposed method, the calculation simulation times of the
GPC method and Monte Carlo method is compared, as shown in Table 2.

Table 3 shows that in the case of a similar result accuracy, 5000 times of simulation Monte
Carlo method needs 134518.3 seconds, while the GPC method only needs 184.2 seconds, and the
calculation time is far less than that of the Monte Carlo method. Because of unaffordable
computational times, the Monte-Carlo method is unsuitable for practical engineering problems
and is usually used as a reference method to verify the accuracy of other methods. The advantage
and potential of the GPC method in solving the uncertain vibration problems of large-scale
structures are fully demonstrated. It shows the advantages and potential of GPC method in solving
the uncertainty problems of the vibro-acoustic properties for large-scale structure engineering.
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Fig. 8. The natural frequency comparison between GPC method and 5000 MC
Table 2. Consuming times between GPC and Monte Carlo
Calculation method Slm_ulauon Ca}culatlon Note
times time (s)
50 1445.0
100 2884.3
Monte Carlo 500 14542.8
1000 29144.6
5000 134518.3
Generalized n is the highest order of polynomial, p is the
. n=3,p=06) 184.2 . :
polynomial chaos number of collocation points be selected

6. Conclusions

The cylindrical shell structure (the GPC and collocation methods) is combined to conduct the
vibro-acoustic properties uncertainty analysis, in which the uncertainty of structural construction
factors is transmitted and reflected in the probability density distribution. The feasibility and
effectiveness of the proposed method are verified by numerical calculation, wherein the results
show that the proposed method has a good robustness with respect to uncertainty. Results can be
applied to the accurate prediction of the vibro-acoustic properties of vibrating structures and
provide strategies for the acoustic quality control of the vibrating structure considering of
construction factors.
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