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Abstract. Transmission error is the main excitation source of gear vibration and noise, how to 
reduce the transmission error has always been the focus of the research on gear dynamics. In this 
study, a new type of cylindrical spur gear with elastic isolation is developed for the reduction of 
transmission error. The elastic isolation damping gear includes three parts: the gear body, the 
elastic isolation layer, and the involute profile body. Dynamic models are established with the 
elastic isolation damping gear using lumped parameter method. Dynamic characteristics are 
simulated via spur gear pair examples by the Runge-Kutta algorithm. By comparing the simulation 
results of three gear models, the dynamic response of the elastic isolation damping gear with 
sliding friction is illustrated. The influence of different parameters of the elastic isolation layer on 
the dynamic response for the elastic isolation damping gear model is carried out. The results 
indicate that the proposed elastic isolation damping gear model is effective in reducing dynamic 
transmission error, especially for torque fluctuation, high-speed and heavy-duty conditions. 
Parameter influence analysis guides the design of elastic isolation damping gears with low 
transmission error. 
Keywords: transmission error, elastic isolation damping gear, dynamic modeling, parameter 
influence. 

1. Introduction 

Due to high transmission efficiency and stability, gears play an important role in mechanical 
transmission. In the process of gear meshing, it is inevitable to excite vibration and noise, which 
is very annoying. To improve the dynamic stability of gear transmission, how to effectively reduce 
the vibration of gear is particularly important. 

It is generally considered that transmission error is the main excitation source of gear vibration 
and noise [1-4]. Karagiannis et al. [5] presented a torsional dynamic modeling method of hypoid 
gear pairs, this method adopts an alternative expression of dynamic transmission error. He et al. 
[6-7] analytically examined the effect of the profile modification on the dynamic transmission 
error of spur gears, and predicted the dynamic transmission error using Floquet theory. 
Tesfahunegn et al. [8] investigated the effect of the shape of relief on the stresses and transmission 
error. Wei et al. [9] studied the effects of bearing supporting stiffness, mesh damping and backlash 
on the dynamic transmission errors of helical gears. Velex et al. [10] analyzed the relationship 
between dynamic mesh excitation and transmission error, and proved that the dynamic mesh force 
is mainly controlled by local transmission error. Sánchez et al. [11] studied the effects of the 
amount, length, and shape of the profile modification on the transmission error based on a 
developed mesh stiffness approximate equation. Zhang et al. [12] presented a loaded tooth contact 
analysis, which reveals the sensitivity of gear tooth modification parameters to transmission error 
fluctuations. Pleguezuelos et al. [13] presented a simple analytical model for the transmission error 
for spur gears with profile modification under non-nominal load conditions. Bruzzone et al. [14] 
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established a bi-dimensional approach under quasi-static conditions to model the deflection and 
the load sharing characteristics of spur gears, and investigated the effects of different profile 
modifications on the static transmission error. Lee et al. [15] establish a robust algorithm to 
analyze the influence of system uncertainties on the transmission error of a spur gear pair. The 
algorithm provides a way of generating smooth cutter profiles with machining uncertainties and 
measuring the thermal deformation. Jiang et al. [16] developed a dynamic model of helical gears 
with coupled sliding friction, the results show that the oscillations of the dynamic transmission 
error become more significant incorporating the effects of coupled sliding friction. Benaicha et al. 
[17] provided an insight into the efficiency and accuracy of a multibody approach to model gear 
transmission error, the proposed methodology can include micro-geometry deviations, additional 
flexible mechanical components and specific design of the gear body. 

Numerous research and studies attempt to reduce vibration and noise by reducing transmission 
error of gear transmission [18-21]. Litvin et al. [22] presented two original symmetric profile 
modification analysis formulas to minimize the fluctuations of transmission error. Astoul et al. 
[23] proposed an optimization design method based on loaded tooth contact analysis to reduce the 
transmission error of spiral bevel gears. Besharati et al. [24] developed a new design of a backlash 
elimination gear mechanism to reduce dynamic transmission error. The results show that when all 
teeth are rigid and the static transmission error can be ignored, the dynamic transmission error is 
zero for each input torque. Ghosh and Chakraborty [25] studied the effect of profile modification 
on reducing gear noise and vibration levels. Mehmet [26] presented the optimization of gearbox 
geometric design parameters based on a transmission error to reduce gear-rattle noise. The results 
show that the optimized geometric design parameters reduce the rattle noise level by 10 % [dB]. 
Bruyere et al. [27] developed a closed-form formula incorporating the profile relief and lead crown 
to minimized the amplitudes of transmission error. The results show that the best modification is 
roughly located in the line segment of the relief and crown plane. Pleguezuelos et al. [28] studied 
the quasi-static transmission error of high contact ratio spur gears with symmetric long profile 
modifications, the tip relief for the minimum peak-to-peak amplitude of quasi-static transmission 
error has been obtained. And later they presented a simple analytical model for the transmission 
error for spur gears with profile modification under non-nominal load conditions. Choi et al. [29] 
optimized the gear macro-geometry of a 75 kW agricultural tractor transmission through a genetic 
algorithm to minimize peak-to-peak static transmission error. Mu et al. [30] proposed an 
innovative ease-off flank modification method to reduce the running vibration of spiral bevel gear, 
the numerical results show that the modification method can reduce the loaded transmission error 
which improves the dynamic performance.  

Previous research was concentrated on the influence of profile relief, geometric design 
parameters and lead crown on the reduction of transmission error of normal spur gears. However, 
combined new spur gears may be another method to reduce the gear transmission error, thereby 
reducing gear vibration and noise. For this purpose, a new type of cylindrical spur gear with elastic 
isolation is proposed in this study, which attempts to use the function of the elastic isolation layer 
to reduce the vibration and noise of gear transmission based on the reduction of transmission error.  

2. Structure of an elastic isolation damping gear  

In this paper, a new type of cylindrical spur gear with elastic isolation is proposed. The 
schematic diagram of the elastic isolation damping gear is shown in Fig. 1, which is composed of 
three parts: the gear body, the elastic isolation layer and the involute profile body. The gear body 
is assumed to be rigid with elastic movable teeth, and the teeth are all standard involute tooth 
profiles. The elastic isolation layer is a kind of damping material, which has the function of 
reducing vibration and noise. In this model, the elastic isolation layer is sealed between the gear 
body and the involute profile body, so that the gear body, the elastic isolation layer and the involute 
profile body form a new gear tooth (named the elastic isolation damping gear tooth). When one 
or a pair of elastic isolation damping gears are used, the gear body drives the elastic isolation layer 
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to rotate, and the elastic isolation layer drives the involute profile body to rotate. The involute 
profile body of the two gears are meshed with each other to transmit motion or power, and then, 
a gear transmission system with elastic isolation damping gear is formed.  

 
Fig. 1. Schematic diagram of an elastic isolation damping gear 

3. Dynamic modeling 

3.1. Dynamic modeling of a pair of elastic isolation damping gears 

If the two transmission gears used are both elastic isolation damping gear, a pair of elastic 
isolation damping gear is formed. The schematic diagram of a pair of elastic isolation damping 
gears is plotted in Fig. 2.  

 
Fig. 2. Schematic diagram of a pair of elastic isolation damping gears 

Since there is a slight torsional vibration between the involute profile body and the gear body 
during rotation, the elastic isolation layer is approximated as torsional stiffness and torsional 
damping. Then, the equivalent dynamic model of a pair of elastic isolation damping gears by using 
lumped parameter method can be plotted as Fig. 3. The vibration system is shown in Fig. 3, 𝐼  and 𝐼  represent the moment of inertia of the gear body. 𝐼  and 𝐼  denote the moment of inertia of the 𝑖th meshing involute profile body, respectively. By defining 𝜃 , 𝜃 , 𝜃 , 𝜃 , 𝜃 , 𝜃  to be the 
angular displacement of the six inertia elements, the equation of motion of the elastic isolation 
damping gear system is derived as: 

𝐼 𝜃 𝑐 𝜃 − 𝜃 𝑘 𝜃 − 𝜃 𝑇 , (1)𝐼 𝜃 𝑐 𝜃 − 𝜃 𝑘 𝜃 − 𝜃 𝑅 𝐹 𝐹 𝐿 0, (2)𝐼 𝜃 𝑐 𝜃 − 𝜃 𝑘 𝜃 − 𝜃 𝑅 𝐹 𝐹 𝐿 0, (3)
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𝐼 𝜃 + 𝑐 𝜃 − 𝜃 + 𝑘 𝜃 − 𝜃 = −𝑇 , (4)𝐼 𝜃 + 𝑐 𝜃 − 𝜃 + 𝑘 𝜃 − 𝜃 − 𝑅 𝐹 − 𝐹 𝐿 = 0, (5)𝐼 𝜃 + 𝑐 𝜃 − 𝜃 + 𝑘 𝜃 − 𝜃 − 𝑅 𝐹 − 𝐹 𝐿 = 0 (6)

where, 𝑐 , 𝑐 , 𝑘 , 𝑘  represent the torsional damping and torsional stiffness of the elastic 
isolation layer, respectively. 𝑅  and 𝑅  are the base circle radius of the pinion and gear. 𝐹

 
denote 

the frictional forces between the 𝑖th meshing involute profile body. 𝐿  and 𝐿  are the moment 
arm of the friction force acting on the 𝑖th meshing involute profile body. 𝑇  and 𝑇  are the input 
torque and output torque, which can be expressed by Fourier series as follows: 𝑇 𝑡 = 𝑇 + 𝛼 𝑇 sin 𝑖𝜔𝑡 + 𝜙 , (7)

here 𝑇  is the average part of the input torque. 𝛼 , ∅  and 𝜔 are the amplitude ratio corresponding 
to the vibration part of the harmonic, the initial phase of the 𝑖th harmonic, and the excitation 
frequency respectively.  

 
Fig. 3. Equivalent dynamic model of a pair of elastic isolation damping gears 

The dynamic mesh forces of the 𝑖th meshing involute profile body 𝐹  can be deduced as: 𝐹 = 𝑐 𝑅 𝜃 − 𝑅 𝜃 + 𝑘 𝑅 𝜃 − 𝑅 𝜃 ,     𝑖 = 1,2, (8)

here, 𝑐  and 𝑘  represent the mesh damping and mesh stiffness of the 𝑖th meshing involute 
profile body.  

The meshing process of elastic isolation damping gears can be represented in Fig. 4. During 
the operation of the gear, there will be single-tooth meshing and double-tooth meshing alternately. 
The time-varying mesh stiffness of gear teeth can be calculated by the following formula [31]: 

𝑘 𝑡 = 𝑘2 ,     mod 𝜃 (𝑡),𝜃 ≤ 𝜃 ,0,     mod 𝜃 (𝑡),𝜃 > 𝜃 ,  (9)

𝑘 (𝑡) = 𝑘2 ,     mod 𝜃 (𝑡),𝜃 ≤ 𝜃 ,𝑘 ,     mod 𝜃 (𝑡),𝜃 > 𝜃 ,  (10)

where, 𝜃 = 2𝜋 𝑍⁄ , 𝑍 is the number of teeth of the pinion. 𝑘  and 𝑘  are the mesh stiffness of the 
double-tooth contact and single-tooth contact respectively. It can be concluded from Fig. 4 that 
the angles 𝜃  can be given as: 
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𝜃 = arctan 𝐿 + (𝜀 − 1)𝑃𝑅 − arctan 𝐿𝑅 , (11)𝐿 = 𝑅 − 𝑅 tan𝛼 − 𝑅 − 𝑅 , (12)

here, 𝜀 is the contact ratio, 𝑃  represents the base pitch, 𝑅  is the radius of the addendum circle 
of the pinion. 

 
Fig. 4. Meshing process of elastic isolation damping gears 

The frictional force between the 𝑖th meshing involute profile body can be expressed as: 𝐹 (𝑡) = 𝜇 𝐹 (𝑡)sgn 𝑉 (𝑡) ,    𝑖 = 1,2, (13)

here, 𝜇  is the friction coefficient and the relative sliding velocity 𝑉 (𝑡) of 𝑖th meshing involute 
profile body are given as: 𝑉 (𝑡) = 𝐿 𝜃 (𝑡) − 𝐿 𝜃 (𝑡),          𝑖 = 1,2. (14)

The moment arm of the friction force of the meshing involute profile body is expressed as: 𝐿 (𝑡) = 𝑅 tan 𝜃 + mod 𝜃 (𝑡),𝜃 + 𝑃 ,     𝑖 = 1,2, (15)𝐿 (𝑡) = 𝑅 tan 𝜃 + mod 𝜃 (𝑡),𝜃 ,      𝑖 = 1,2, (16)𝐿 (𝑡) = 𝐿 − 𝐿 (𝑡),      𝑖 = 1,2, (17)

where, 𝐿  is the length of the theoretical meshing line. 
The relative dynamic displacement of the pinion and gear along the line of action (LOA) is 

defined as the dynamic transmission error (DTE), which can be calculated as [32]: 𝛿(𝑡) = 𝑅 𝜃 (𝑡) − 𝑅 𝜃 (𝑡). (18)

3.2. Dynamic modeling of combined elastic isolation damping gears 

If one of the gears used is a normal spur gear and the other is an elastic isolation damping gear, 
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a pair of combined elastic isolation damping gear transmission is formed, as can be seen from 
Fig. 5. In this model, assuming the pinion to be a normal spur gear while the gear to be an elastic 
isolation damping gear. The equivalent dynamic model of combined elastic isolation damping 
gears is plotted in Fig. 6. Similarly, the governing equations of the combined isolation damping 
gear system are: 

𝐼 𝜃 + 𝑅 𝐹 − 𝐿 𝐹 𝑖 = 𝑇 , (19)𝐼 𝜃 + 𝑐 𝜃 − 𝜃 + 𝑘 𝜃 − 𝜃 = −𝑇 , (20)𝐼 𝜃 + 𝑐 𝜃 − 𝜃 + 𝑘 𝜃 − 𝜃 − 𝑅 𝐹 − 𝐹 𝐿 = 0, (21)𝐼 𝜃 + 𝑐 𝜃 − 𝜃 + 𝑘 𝜃 − 𝜃 − 𝑅 𝐹 − 𝐹 𝐿 = 0. (22)

 
Fig. 5. Schematic diagram of combined elastic isolation damping gears 

 
Fig. 6. Equivalent dynamic model of combined elastic isolation damping gears 

3.3. Dynamic modeling of normal spur gears 

Without elastic isolation damping gear, the transmission system is formed by normal spur 
gears. The schematic diagram and equivalent dynamic model of normal spur gears are plotted in 
Fig. 7 and Fig. 8. The torsional vibration equations of the normal spur gears can be given as: 

𝐼 𝜃 + 𝑅 𝐹 − 𝐿 𝐹 𝑖 = 𝑇 , (23)𝐼 𝜃 + 𝑅 𝐹 − 𝐿 𝐹 = −𝑇 , (24)
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where, 𝐿  and 𝐿  are the moment arm of the friction force for the normal spur gears, the 
calculation equations can be found in Ref. [30]. 

    Fig. 7. Schematic diagram of normal spur gears 

 
Fig. 8. Equivalent dynamic model of normal spur gears 

4. Results and discussion 

The parameter of the spur gear system in this study are listed in Table 1. 4th-5th order 
Runge-Kutta algorithm has been used to numerical integral the governing equations. To illustrate 
the influence of elastic isolation damping gear on the dynamic transmission error of gear system, 
simulation results from three models have been compared in this section: (a) the first model is a 
pair of normal spur gears; (b) the second model is the combined elastic isolation damping gears 
(CEIDG) with only the gear is represented by an elastic isolation damping gear; (c) the third model 
is a pair of elastic isolation damping gears (APEIDG). The dynamic response for spur gears 
considering the effect of elastic isolation damping gear will be illustrated. 

Table 1. Parameters of spur gear system 
Parameter/property Pinion Gear 

Number of teeth 19 48 
Module 2 

Pressure angle, deg 20 
Polar moment of inertia, kg.m2 4.3659×10-4 8.3602×10-3 

Contact ratio 1.6456 

Gear mesh stiffness, N/m 𝑘 = 10.3×108 𝑘 = 6.2×108 
Input torque (N.m) 200 

Rotation speed of pinion (rpm)  900 

4.1. Comparison of different gear models 

The dynamic transmission error with different gear models under constant torque conditions 
are plotted in Fig. 9. It can be observed from the comparison of the results that the effect of the 
elastic isolation damping gear greatly reduces the dynamic transmission error of the single-tooth 
contact area, while the effect on the double-tooth contact area is not obvious. There is almost no 
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difference between the results of a pair of elastic isolation damping gears model and the combined 
elastic isolation damping gear model. Taking into account the effect of sliding friction on the tooth 
surface, additional oscillations occur in the dynamic transmission error on the left and right sides 
of the pitch point. This is consistent with the trend of the results verified in Ref. [33]. When comes 
to the fluctuation torque condition, amplitude modulation appears in the dynamic transmission 
error results as can be seen from Fig. 10. The effect of the elastic isolation damping gear not only 
reduces the dynamic transmission error of the single-tooth contact area, but also reduces the 
oscillation before the transition from the double-tooth contact area to the single-tooth contact area. 
In other words, the vibration reduction of the elastic isolation damping gear is more obvious under 
the working state of torque fluctuation. The time and frequency domain results of the dynamic 
mesh force with different gear models under constant torque conditions are plotted in Fig. 11 and 
Fig. 12. Similar phenomena can be observed in the time domain results of the dynamic mesh force. 
The effect of the elastic isolation damping gear reduces the dynamic mesh force of the single-tooth 
contact area, which is beneficial to improve the load-carrying capacity of a single tooth. From the 
frequency domain results of the dynamic mesh force in Fig. 12, it is observed that the effect of the 
elastic isolation damping gear mainly reduced the amplitude of the first two mesh frequencies of 
the dynamic mesh force.  

a) Without friction b) With friction 
Fig. 9. Comparison of dynamic transmission error with three gear models (constant torque) 

To study the effect of rotational speed and input torque on the dynamic transmission error, 
several rotational speeds and input torques are used in the dynamic models. The effects of 
rotational speed and input torque on the dynamic transmission error with different gear models 
are plotted in Fig. 11 and Fig. 12. It can be seen from Fig. 11, the maximum value of the 
transmission error increase with increasing rotational speed for the three gear models at the low 
speeds (0-750 RPM), while reducing with the increasing rotational speed at the medium speeds 
(750-1500 RPM). When the rotational speed reaches high speed (1500-2500 RPM), the dynamic 
transmission error presents different changes for the three gear models. For the normal spur gears, 
the maximum value of the dynamic transmission error suddenly increases to a large value, while 
for the two models with elastic isolation damping gear, the maximum value of the dynamic 
transmission error is further reduced to a smaller value. This shows that the elastic isolation 
damping gear has a more significant effect on reducing dynamic transmission errors at high 
speeds. It can be seen from Fig. 12, the maximum value of the transmission error increase with 
increasing input torque for the three gear models. As the torque increases, the effect of the elastic 
isolation damping gear in reducing the dynamic transmission error becomes more obvious. It is 
observed that the maximum dynamic transmission error of the combined elastic isolation damping 
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gear model is slightly smaller than the results of the gear model with a pair of elastic isolation 
damping gears. Therefore, the combined elastic isolation damping gears model can better achieve 
the purpose of reducing dynamic transmission errors. 

 
Fig. 10. Comparison of dynamic transmission error with three gear models (fluctuation torque) 

 
Fig. 11. Comparison of dynamic mesh force with three gear models (time domain) 

 
Fig. 12. Comparison of dynamic mesh force with three gear models (frequency domain) 
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4.2. Effect of torsional stiffness and torsional damping of the elastic isolation layer 

To study the influence of different parameters of the elastic isolation layer on the dynamic 
responses of the elastic isolation damping gear model, several torsional stiffnesses and torsional 
damping of the elastic isolation layer are used in the combined elastic isolation damping gear 
model. The effects of torsional stiffness and torsional damping of the elastic isolation layer on the 
dynamic transmission error are plotted in Fig. 13 and Fig. 14.  

 
Fig. 13. Effect of rotational speed on dynamic transmission error with different gear models 

 
Fig. 14. Effect of input torque on the dynamic transmission error with different gear models 

It can be seen from Fig. 15, the maximum value of the transmission error reduces quickly with 
increased torsional stiffness of the elastic isolation layer at the beginning (107-108 N/m). When the 
torsional stiffness of the elastic isolation layer increases from 108 to 109 N/m, the reduction of 
maximum dynamic transmission error is very slow. When the torsional stiffness of the elastic 
isolation layer exceeds 109 N/m, the maximum value of the dynamic transmission error hardly 
changes. It can be seen from Fig. 16, the maximum value of the transmission error reduces quickly 
with increasing torsional damping of the elastic isolation layer at the beginning (103-104Ns/m). 
When the torsional damping of the elastic isolation layer increases from 104 to 105 N/m, the 
reduction of maximum dynamic transmission error is very slow. When the torsional stiffness of 
the elastic isolation layer exceeds 105 N/m, the maximum value of the transmission error increases 
with increasing torsional damping of the elastic isolation layer. The results show that the dynamic 
transmission error does not monotonously increase or decrease with the increase of torsional 
stiffness and torsional damping of the elastic vibration isolation layer. It is necessary to select the 
parameters reasonably during the design to minimize the dynamic transmission error for the 
combined elastic isolation damping gears.  



DYNAMIC MODELING AND ANALYSIS OF ELASTIC ISOLATION DAMPING GEARS.  
HANJUN JIANG, FUHAO LIU 

 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 647 

 
Fig. 15. Dynamic transmission error with various stiffness of the elastic isolation layer 

 
Fig. 16. Dynamic transmission error with various damping of the elastic isolation layer 

5. Conclusions 

The main contribution of this paper is to develop a new type of spur gear with elastic isolation 
to reduce transmission errors. Gear dynamic models are established with elastic isolation damping 
gear based on lumped parameter method. Dynamics simulations are carried out by using the 
Runge-Kutta algorithm. The results illustrate the dynamic response for the gear dynamic models 
with elastic isolation damping gear. Conclusions can be drawn as follows. 

The effect of the elastic isolation damping gear greatly reduces the dynamic transmission error 
of the single-tooth contact area, the reduction of dynamic transmission error becomes more 
significant under torque fluctuation, high-speed and heavy-duty conditions. The combined elastic 
isolation damping gear model can better achieve the purpose of reducing dynamic transmission 
errors compared with the other two gear models. The effect of the elastic isolation damping gear 
reduces the dynamic mesh force which is beneficial to improve the load-carrying capacity of the 
contact tooth. The investigation of the effect of torsional stiffness and torsional damping of the 
elastic isolation layer on dynamic transmission error guides for the design of combined elastic 
isolation damping gears with low transmission error. Reasonable selection of parameters can 
reduce the vibration level of gear transmission. 
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