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Abstract. In the paper, two new methods are developed and examined to implement a transfer
function based approach in solving differential equations with Non-Zero initial conditions. A
significant amount of time and effort is needed for solving differential equations theoretically or
manually. Also, the obtained mathematical solutions to equations that represent various dynamic
systems provide no graphical picture of the result. Using Simulink/MATLAB for modeling
differential equations make the task of analyzing the behavior of systems easy and quick for the
user. Beside, symbolic solutions and visual plots/graphs of the simulated results can be easily
obtained and analyzed. Simulink uses different approaches to model a dynamic system such as
differential equations in time domain (integrators based) or transfer function based and state space
based. The paper addresses and compares different approaches used in Simulink for implementing
block diagram based mathematical models of differential equations with non-zero initial
conditions. Customarily, a transfer function based approach is used for analyzing systems with
zero initial conditions. The paper demonstrated how to use a transfer function based approach for
solving differential equations with non-zero initial conditions and two ways are devised to
successfully implement the approach. To conclude, dynamic behavior of circuit and systems is
analyzed and examined by obtaining graphical solutions with different approaches for chosen
system parameters.

Keywords: IVP, ODE, differential equations, Simulink, initial conditions (ICs), block diagram,
model.

1. Introduction

Simulink (Simulation and Link) is a software package integrated within MATLAB which has
becomes most used engineering software package in last few years among academics and
industries. It provides a graphical user interface (GUI) environment where the user can draw the
models in a way they could be drawn with a pencil and paper so that dynamic systems can be
designed, tested, simulated and their behavior can be analyzed graphically. Building a block
diagram based model in Simulink is simple and can be achieved with click-and-drag mouse
operations. Simulink has a wide-ranging library of blocks and toolboxes for supporting both linear
and nonlinear analysis. The constructed models are ordered so that both top-down and bottom-up
approaches can be used. As Simulink works with MATLAB, it is easy to switch back and forth
during the analysis process and take advantage of features offered in both the environments.

Simulink can solve models for both continuous and discrete-time (sampled time)
components/systems or a hybrid of the two graphically and simulate many of the operational
problems occur in the real world [1-3]. Most of the dynamic systems contain energy storage
elements e.g., masses and springs in mechanical systems or inductors and capacitors in an
electrical circuit and due to principle of conservation of energy these systems do not experience
instantaneous changes in the state variables. Therefore, transients occur in the systems’ response
before steady-state response values. Simulink is very visual and intuitive, and therefore has

ISSN PRINT 2669-2600, ISSN ONLINE 2669-1361, KAUNAS, LITHUANIA 23


https://crossmark.crossref.org/dialog/?doi=10.21595/jmeacs.2022.22375&domain=pdf&date_stamp=2022-06-08

A COMPARATIVE ANALYSIS OF DIFFERENT APPROACHES USED FOR MODELLING AND SOLVING DIFFERENTIAL EQUATIONS IN
SIMULINK/MATLAB. PANKAJ] MOHINDRU, POOJA MOHINDRU

become a powerful tool for modeling and simulation of dynamic systems. Any system can be built
easily in block diagram representation using Simulink and the simulation results are displayed
quickly. Simulation algorithms and parameters can be changed in the middle of a simulation with
natural results. MATLAB is undoubtedly an all-rounder tool for simulations, programming, graphs,
measurement & automation and statistics for an engineer.

The Simulink tool is employed for numerical solving of differential equations describing
systems e.g. in solving continuous systems that include a pendulum with an external source of
force, wind created by the force of a ventilator, etc. There are many applications in electrical,
mechanical, aerospace, robotics and civil engineering technology that require solving higher-order
differential equations in a quick manner [4]. Differential equations of different orders play a
pivotal role in diverse fields like mathematics, physics, electrical, mechanical and civil
engineering and biological population modeling [5], etc. For modeling and analyzing systems in
diverse engineering and scientific applications, Simulink uses different approaches such as
differential equations (integrators based) or transfer function based or state space based [2, 6-9].
There is no need to model and transform differential equations (or difference equations) in a coded
language or written program. The simulation analysis provides information about various
performance parameters of the system, such as stability of the system, its step or impulse response,
and its frequency response.

Simulink (a graphical editor tool) has an extensive set of blocks which can be used to realize
various functions useful for simulation and analysis of dynamic systems. The blocks are grouped
into various sub-libraries categorized using all-purpose functions e.g., Math Library (containing
mathematical function blocks such as summer, gain, trigonometric, product, etc.), Sources library
(containing common input functions such as sine, constant, ramp, clock, etc.), Continuous library
(containing integrators), Sinks library (containing Scope, Display, To workspace blocks, etc.).
Each Simulink blocks have a set of configurable parameters. Different properties and parameter
values of the blocks arranged according to their functions can be modified in the related dialog
boxes. The addition block can be configured to add or subtract two signals. Double-click on the
block to change the signs.

Physical systems’ performance can be determined by employing related physical laws or
equations that generally govern the systems. Physical systems can be represented mathematically
as a set of differential equations or by using transfer function approach. Representing complex
systems or systems having multiple inputs and outputs with differential equations or transfer
functions is cumbersome. To avoid this, state space method is employed.

2. Theory
2.1. Solving differential equations with non-zero initial conditions

A differential equation is a mathematical equation for an unknown function of one or several
variables that relates the value of the function itself and its derivatives of various orders. Ordinary
differential equations (ODE) are derivatives of a dependent variable with respect to one
independent variable, usually time. Ordinary differential equations (ODE) play a fundamental role
in the modern technological systems where circuit and systems can be described in different ways
using differential equations of first order (e.g. RC and RL), second order and higher order for
analyzing their dynamic performance. Second-order systems (mass-spring-damper systems, RLC
circuits, etc.) are encountered frequently in practical applications [10] and needed to be solved for
analysis. To simplify analysis, higher-order systems are approximated as second-order systems.

Thus, a lot of electric systems are modeled mathematically using different approaches such as
a differential equation, or by a transfer function and state space for determining a change in the
behavior of a system over time [11-13]. These approaches are discussed below.
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2.2. Integrator based approach

It includes defining systems (related to fields such as communications, controls, signal
processing, video processing, image processing, etc.) by linear equations, or differential equations,
or difference equations. Afterwards, implementing these equations with graphical block diagrams
that include integrator blocks available in Simulink library.

Simulink allows simulation of linear time-invariant (even nonlinear or time-varying)
differential equations that can be written in an explicit form given by:

d”y(t) dn—ly dn—zy
den =f dtn_l,ﬁ,...,y,u,t . (D

The corresponding block-scheme (to be designed in Simulink) is as shown in Fig. 1.

d"y(t) a7ty a2y d’y dy
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Fig. 1. The integrator block scheme for solving differential equations in Simulink

In order to determine a linear dynamic system’s time response that depends on initial
conditions and the system input, a set of mathematical equations representing the system is
derived. For some simple systems, a closed-form analytical solution can be easily obtained. But
for most of the systems (including nonlinear systems or those subject to complicated inputs), an
integration must be carried out numerically to determine the output response that represents how
the state of a dynamic system changes in time when subjected to a particular input.
Simulink/MATLAB provides all useful resources for calculating time responses to several types
of inputs.

As the derived equations consist of differential equations, an integration is required to be
performed in order to determine a time response of the system. The integrator block with 1/s as
the block symbol available in Simulink library is used to calculate the integral of the signal
provided at the input i.e. left side of the block [14-15]. While solving a differential equation, the
major task to perform includes integrating a given equation so as to get back the function without
employing the derivative function. Integration of the derivative of a function is equal to the
function itself. The integrator block serves the same purpose in the Simulink model. Simulink
integrator blocks used in a block diagram are equal to an order of the differential equation that is
being analyzed i.e. for solving a first order differential equation, only one integral block is needed,
whereas for a second order differential equation, the number of blocks dragged and dropped into
the model is two.

2.3. Transfer function approach

Simulink can also solve ordinary differential equations by defining systems using transfer
functions, and thereby using techniques for numerical integration. Simulink has a standard block
called the Transfer Fen block which allows the direct input of numerator and denominator terms
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of the transfer function describing a given dynamic system. The Transfer Fcn block has a default
form of first-order in the denominator (s + 1) which can be modified for the specified different
order for the numerator and denominator polynomials by entering coefficients associated with the
respective polynomials (zero coefficient of the missing term must be included).

Any linear system can be characterized using a transfer function G, which is an operator that
takes an input u to the output y. For a continuous time system, system transfer function G is
essentially a ratio between Laplace transform of the output response of a system Y (s) and Laplace
transform of the input forcing function U(s) i.e. G(s) = Y(S)/U(S). The transfer function for any
system can be obtained by taking a Laplace transform of the differential equation representing the
given system with all initial conditions set to zero, and then solving the output response in terms
of a given input forcing function u(t) with a factor multiplying L[u(t)] taken out as the desired
transfer function [2]. The desired transfer function is defined in Simulink by including coefficients
of the polynomials in numerator and denominator of the transfer function as the inputs to the
Transfer Fen block in the Num and Den fields, respectively. This can be done by accessing the
Function Block Parameter box where all information about the system can be entered within one
block i.e. the Transfer Fen block.

Now, the target is how to solve differential equations having non-zero initial conditions using
transfer function approach. The paper presents two ways for resolving this issue (Section 3).

2.4. State space approach

A system in its state space representation replaces an nth order differential equation with a
single first-order matrix differential equation. The method is convenient for breaching a
higher-order differential equation into sequences of first-order equations so that they can be easily
solved using a matrix method. In order to model a second-order ODE using state space, the
equation is broken down into two first-order state equations [16-18]. This can be achieved by
allocating a subscripted variable for each state of the system in an order of increasing derivatives
which includes letting x; = x, x, = x’ = x{, and x5 = x"". This allows a re-statement of the
equation in terms of state variables only.

To begin, select the State-Space block from the Continuous sub-menu of the Simulink library.

At this point the model is very general, and an equation of any order can be set up for solution
in the block parameters. The equation inside the State-Space block is x' = Ax + Bu,
y = Cx + Du. This represents the basic state-space equation, where x’ = a vector of the first-order
state variables, y = output vector, x = the state variable vector, u = a forcing input function, 4 =
the state matrix, B = input matrix, C = output matrix, and D = transmission matrix.

3. Results

Initial Value Problem (IVP) is an ordinary differential equation together with an initial
condition which specifies the value of an unknown function at a given point in a time domain.
Modeling a system in science related fields frequently requires solving an initial value problem.

For solving a differential equation given by Eq. (2) using integrator-based approach, first step
is to rearrange the given differential equation such that the highest order derivative appears on the
left-hand side while all the remaining terms appear on the right-hand side:

y"'(@®) +ay'(t) + by(t) = x(0). 2

Thus, rearrange Eq. (2) in such a way that the highest differential term y"’ (t) is separated from
the other terms as shown below:

y"'(t) = —ay'(t) — by(t) + x(t). (3)
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The corresponding integrator block-scheme (to be built in Simulink) is shown in Fig. 2.
In the paper, an initial value problem differential equation taken for the analysis is as follows:

d?y dy
7 _ 6= = i = — 4 = — 4
TS 6 er + 15y = 2sin(3t), y(0) 1, y'(0) 4, 4)

x(t) . Y'® [ yo, |

++

y(®)

-b

Fig. 2. Simulink model based on integrator block scheme
3.1. Integrator method

For solving Eq. (4) using integrator based approach, first step is to rearrange the given
differential equation. Keep the highest order derivative on the left-hand side, and move all the
remaining terms on the right-hand side. The resulting equation can be simulated in Simulink as
shown in Fig. 3. The initial conditions specified at zero time instant i.e. t = 0 can be entered easily
in the Integrator block.

-7.366e+12

1
XoS

IC y'(0) Integrator1

1
L %® -

ICY(0) Integrator2

Output1

]

Output

Derivative Transfer Fcn

2sin(3t)

el

Output2
Fig. 3. The Simulink circuit model using integrator and transfer function (method 1)

Simulink (a MATLAB component) is very useful for simulating dynamic systems using a
block-diagram model based approach [19]. A block diagram is simply a graphical representation
of a process (which is composed of an input, the system, and an output). Thus, an interconnection
of blocks in Simulink represents the system’s mathematical model. The lines interconnecting the
blocks represent the variables describing the system behavior. The Display Sink block is a digital
readout of an input signal at a current simulation time (the specified simulation stop time). The
Scope Sink Block is used to display a signal as a function of time in a Simulink model. The term
model refers to a set of mathematical equations representing a physical system, and thereby relates
the system’s output signal to its input signal.

The simulated output after running simulation from t = 0 to t = 10 is shown below in Fig. 4.
The Display Sink block is showing the numerical output value of IVP given by Eq. (4) at a time
instant equal to 10 s (the specified current simulation stop time). Sampling issues must be taken
care of while running a simulation in Simulink (a front-end tool designed for solving ordinary
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differential equations numerically). If the variable-step solver option is selected, the maximum
step size parameter in the Max Step Size field box present in the Configuration Parameters window
should be set to a lower value for better simulation results.

4] Output1 - O X
File Tools View Simulation Help
Q- e0P® - a- - F&-

o Output using inegrator approach i i =

2k

1k

5 6 7
Time

Ready ‘Sample based |T=10.000

Fig. 4. The simulated output using integrator method

3.2. Transfer function method

For using transfer function approach, take Laplace of Eq. (4). While writing the Laplace,
following properties should be used:

d

L [é] — s¥(s) — y(0), 5)
dzy 2 !

L [F] =5°Y(s) —sy(0) — y'(0). (6)

The Laplace transform of Eq. (4) after plugging in the initial conditions becomes:

6
Z_6s+15)Y —2=—= 7
(s s+ 15)Y(s) +s 219 @)
After solving for Y (s) and combining into a single term, gives:
(—s3+ 25?2 —9s + 24)
Y(s) = = > , (3
(s2+9)(s?2—-65+15)
or
(—s3+25% —9s + 24)
Y(s) = )

(s* — 653 + 2452 — 54s + 135)°

The analytical solution can be computed by applying partial fraction method on Eq. (8), and
then taking inverse Laplace transform of the terms obtained after doing partial fraction
decomposition [20]. The exact solution comes out to be:

1 1 . 8 ., .
y(t) = E(cos(3t&) + gsm(3t) —11e3 cos(V6t) — ﬁe3 sin (\/gt)). (10)

Now, the target is how to solve it digitally using circuit simulation.
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3.3. Method 1

3.3.1. The newly developed first way for solving Eq. (8) using transfer function in Simulink
(method 1)

Take the factor multiplying the Laplace of an input function 2 sin(3t) i.e. the multiple of
6/5? + 9 as the transfer function. Thus, the transfer function to be entered in a Simulink Transfer
Fen block becomes equal to as follows:

(—s3 + 252 — 95 + 24)

Y() = —%s7 —365 + 90)

L(2sin(3t). (11)

The above transfer function can be re-written as:

s(—s3+ 252 —9s + 24)
(6s3 — 3652 + 90s)

Y(s) = L(2 sin(3t). (12)

The transfer function s(—s3 + 252 — 9s + 24) /(653 — 3652 + 90s) can be implemented in
Simulink by using a Derivative block in series with a Transfer Fcn block as shown in Fig. 3. The
simulated output result of the above stated transfer function (method 1) by implementing Eq. (12)
is shown below in Fig. 5.

& Output2 - a X
File Tools View Simulation Help ~
@-e0OP® a0 FA-

102 Output using transfer function approach (method 1)

o

b

P S N SN S SN
— T

(] 1 2 3 4 5 6 7 8 9 10
Time

Ready ‘Sample based [T=10.000

Fig. 5. The Simulated output with the transfer Fcn block using the method 1

3.3.2. Comparison of the simulated outputs using two different approaches

Figs. 6 and 7 display the values of the simulated output for time instants t = 0sand t = 10 s
using integrator and transfer function (method 1), respectively.

The simulated outputs for time instants t = 0 s and t = 10 s using integrator approach are —1
and —7.366x10'2, respectively.

The simulated outputs for time instants t = 0 s and t = 10 s using integrator approach are 0
and —7.366x10'2, respectively.

3.4. Method 2
3.4.1. The newly developed second way for solving Eq. (8) in Simulink (method 2)
Take the factor multiplying the Laplace of a unit step function i. e. the multiple of 1/s as the

(—s*+253-9s2+24s)
(s*—653+2452-545+135)

transfer function. Now, implement the transfer function as shown in Fig. 8.
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102 Output Comparison & [77 Trace Selection ax 102 Output Comparison & (77 Trace Selectior ax
Ji _ ograto? g Ji] B e S
egrator
- ransfer Fen A £ === Transfer Fcn A 3
1 Tronstor® :.", %7 Cursor Measurements X 1 TronstorF lr‘, 7 Cursor Measurements ax
(ereseserensarenssesenessensseny, -JI > Settings B S LT -AI > Settings
¥ Measurements ¥ Measurements
El Time Value E Time Value
) 1] 0.000e+00 -1.000e+00 ) 11| 0.000e+00 0.0006+00
. |21 10,000 -7.3660+12 . |21 10000 -7.366+12
>4 PlaT 100005 AY 736612 >4 PllaT  10000s  AY  7.366e+12
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5 5
7 7
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Time Time
Ready Sample based  T=10.000 Ready ‘Sample based  T=10.000

Fig. 6. The simulated output values for time instants  Fig. 7. Outputs for t = 0 s and t = 10 s using the

t = 0sandt = 10 s using an integrator scheme Method 1 (based on transfer function)
| .7.366e+12
Display
I R C]
Step Transfer Fcn 1 trans fun output

Fig. 8. The Simulated model with the transfer Fcn block employing the method 2

By default, the Step block’s step time (time, in seconds, when an output steps/changes from
the Initial value parameter to the Final value parameter) is 1. Also, the Initial value parameter (the
block output until the simulation time reaches the Step time parameter) is 0 by default whereas,
the Final value parameter (the block output when the simulation time reaches and exceeds the Step
time parameter) is 1 by default.

Fig. 9 shows the output using a second way of employing transfer function approach
(method 2).

The simulated outputs for time instants t = 0 s and t = 10 s using integrator approach are —1
and —7.366x10'2, respectively.

4\ trans fun output - o X
file Tools View Simulation Help >
Q- S0P ® - a0 [F-
1012 Transfer function (method 2) ™ [ ¥ Cursor Measurements ax
2 1 2 » Settings
¥ Measurements
1 Time Value
1] 0.000e+00 -1.000e+00
21 10000 -7.366e+12

R AT 10000s  AY  7.366e+12

N 1/AT 100.000 mHz

>3 4 AY /AT 736.557 (/ns)
4
B
5
7

o 2 4 5 s 10
Time
Ready Sample based  T=10.000

Fig. 9. The simulated output with the transfer Fcn block using the method 2
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3.4.2. Exact output

The analytical solution given by Eq. (10) can be simulated as shown in Fig. 10.

Fcn1=11*exp(3*u(1))*cos(sqrt(6)*u(1))
{f(u) |

. | -7.366e+12|
Fen1 |

Fcn2=(8/sqrt(6))*exp(3*u(1))*si u(1))

Clock {f(u) | i »
Fen2 ﬁj )
1/3sin(3t) | A

\y

cos(3t) | "\,

Fig. 10. The simulated model for generating an exact output of Eq. (10) using analytical solution

The Clock Source Block is used in the Simulink model shown in Fig. 10 for generating a signal
equal to the current time in the simulation. The Simulated exact output describing Eq. (10) is
shown in Fig. 11.

| 4 Exact Output - a X
| File Tools View Simulation Help ~
@-[¢OP® a0 Fd-

10”2 Exact/Analytical Solution & [37 Cursor Measurements 2x

R [2]] | »setings
¥ Measurements
' Time Value
| 11/ 0.000e+00 -1.0000+00

21 ho.ooo 7.3660+12
AT 10000s  AY  7.366e+12

1/4T 100.000 mHz
AY /AT 736.557 (/ns)

S S S S NS

Time

Fig. 11. The simulated exact output using an analytical solution

3.4.3. Output using state variable approach

Select the state variables for the Eq. (1). Choosing the state variables as successive derivatives,
we get two first order differential equations as shown below:

X1 =Xy, (13)
x5 = —15x; + 6x, + 2sin(3t) = —15x; + 6x, + f(t). (14)

These can be reorganized to obtain:

X)) _[ 0 1yf*1y, [0
{x;} =[5 Wt iro (15)
x
y=x=x=[ 0{ }+0lf©. (16)
The Simulink model for simulating Eq. (15-16) using the State Space block is shown in Fig. 12.
The block allows entering the direct input values of the A, B, C and D matrixes that are unique to

a particular state-space model by going into the block parameter dialog box. The initial conditions
are specified separately in a place to enter the ICs in the State Space block parameter window.
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A=[01;-15 6]
B=[0:1]
c=[10]
s @
2sin(3t) ICs=[-1;4]
/\/ e — State-Space Output

[

Output Comparison

Exact output (Subsystem)
Fig. 12. The model for comparing the state space solution with the exact solution

The model in state-space can be easily mapped in Simulink environment for numerical
simulation. The simulated output using state space approach is presented in Fig. 13.

A comparison of the exact output with the state space based output is shown in Fig. 14. A spirit
of comparing the simulation result with an analytical one is to ensure that a numerical
approximation gives an acceptable result.

"4\ State-Space Output - [=] X 4 Output Comparison - [m] X
File Tools View Simulation Help > File Tools View Simulation Help >
Q- 40P@® - Q- FA- Q- 40P ® - a0 FA-
. 1012 Output using State-Space = [7 7 cursor Measurements ax L1012 Comparing State-Space output with exact solution =
) [2] » Settings A I ]

State Space ¥ Measurements State-Space

Exact oulput (Subsystem)

! Time Value T b
1] 0.000e+00 -1.0006+00 i
2! 10.000 -7.366e+12
“ AT 10.000 s AY  7.366e+12 AT '1’
2 R 1787 100.000 mHz 2r h
>, : AY /AT 736.557 (/ns) >4k ‘;
4| " 4
5 o
4 o
/ -
O s 1 2 s+ s & 1 s 5w
Time Time
Ready Sample based  T=10.000 Ready Sample based  T=10.000
Fig. 13. The simulated output using Fig. 14. Comparison of the simulated exact output
state space approach with the state space based output

The Simulink model for comparing the outputs using an analytical approach, state space
method, integrator method and transfer function approach (method 2) is shown in Fig. 15.

Out1

Exact output

SE )

State-Space (S

Output Comparison
Fele put Comp
=R YA
-. Outt

Integrator (Subsystem)

| [ B o.mll

Transfer function (method 2)

Fig. 15. The model for comparing the outputs based on different approaches
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A comparison of outputs using an analytical method, state space method, integrator method

and transfer function (method 2) using the analytical solution as a benchmark is shown in Fig. 16.

4 Output Comparison - o X
| File Tools View Simulation Help >
@-(OP® - Q-0 F4-

0 Comparing Three Approaches with Exact Solution

O S S G N SN
— 777

(] 1 2 3 4 5 6 7 8 ) 10
Time

Ready Sample based |T=10.000

Fig. 16. Comparing the simulated outputs

4. Conclusions

It can be concluded that the simulation results of initial value differential equation are in

accordance with the analytical solution. Thus, the model based design can be related practically
with real-time applications and Simulink can accurately predicts how the physical quantities
related to a system change the system’s behavior. As Simulink enables the user to change the
components to outfit any differential equation needed to be solved simply by changing the
parameter values or adding or removing the blocks from the system model, therefore the software

can

be easily and more effectively employed for solving differential equations. Analyzing physical

systems by building models and running them using the simulation software saves plenty of time
and promote innovation in engineering and science related research fields.
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