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Abstract. metalworking today, the assessment of the degree of wear of the cutting wedge of the 
tool during its operation is an extremely relevant and in-demand task. Even though a large number 
of methods for monitoring tool life have been developed, there are no unambiguous mathematical 
dependencies that determine the degree of wear of the cutting wedge according to indirectly 
measured data. The article proposes a new mathematical apparatus that has not been used before, 
which makes it possible to adequately interpolate vibrations and temperature in the contact zone 
into tool wear. The study aim of the study is to develop a method for indirectly estimating the 
wear rate of the tool, based on a consistent model of intersystem communication describing the 
force, thermal, and vibration reactions of the cutting process to the shaping movements of the tool. 
The study consists of experiments on a measuring stand and numerical modeling of the obtained 
data in Matlab with a comparative evaluation of them with the results of modeling of the 
mathematical apparatus proposed in the article. The results show that the mathematical model 
proposed in the article is applicable for an adequate interpretation of experimental data. 
Keywords: cutting system, thermodynamics, tool wear, vibrations. 

1. Introduction 

Modern technical solutions in the field of automating the processes of diagnostics and 
monitoring metal-cutting equipment, including monitoring the cutting tool wear, have come to a 
new, previously unattainable level. Here, we are talking about new digital control systems based 
on a wide use of various types of vibration transducers, including those with a digital output. The 
use of such control and monitoring systems makes it possible to provide higher quality control of 
metal processing on metal-cutting machines. However, digital vibration monitoring systems 
themselves do not provide for the optimal quality of metal cutting or maximizing the value of the 
wedge resistance. They only allow measuring the vibrational characteristics of the cutting process 
during working operations on metal-cutting equipment. For an adequate interpretation of the 
measured data arrays, a new mathematical description of cutting processes is required here, which 
would include the results of processing the measured data. 

In the modern scientific journal, a large number of papers are devoted to evaluating the 
dynamics of cutting processes on metal-cutting machine tools, in which the assessment of the 
vibration activity of the cutting tool plays an important role [1-5]. The cutting temperature factor, 
whose effect is very well analyzed in [6], is of vital importance. The system connection with 
cutting dynamics is presented in [7]. In addition to temperature, the vibration dynamics of the 
cutting process is strongly affected by the evolution (wear) of the wedge [8-12]. Thus, in the study 
of V. L. Zakorotny and others [8], the restructuring of the cutting system dynamics with an 
evolutionary increase in the cutting-tool flank wear is considered. In the work of A. A. Ryzhkin 
[9], the influence of the temperature field in the tool on the formation of its flank wear is described. 
In their works, I. G. Zharkov [10] and V. P. Astakhov [11] consider the relationship of the 
vibration dynamics of cutting process and the wedge wear, including the effect of the temperature 
field on the formation of the tool flank wear [11], as well as the effect of flank wear through the 
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tool clearance on the cutting force expanded along the decomposition axes [10]. Thus, it was 
experimentally shown in [10] that when the clearance – 𝛼 decreases from 4 degrees to 2 degrees, 
cutting force 𝐹  increases by almost 2.2 times, and the force in the feed direction 𝐹  – by three 
times, at the same time, the clearance of less than 2 degrees no longer allows cutting.  

An important factor affecting the vibrational dynamics of the cutting process is the so-called 
temperature-speed factor [12], which determines the cutting force decrease with an increase in the 
machining speed. In this work, the causes and nature of the effect of speed on the cutting force are 
considered in detail. Here, the dependence of chip shrinkage on cutting speed, the length of chip 
contact with the cutter, and the cutting force, are experimentally determined. In the Russian 
segment of the scientific community of machine builders, the study of A. D. Makarov [13], is 
devoted to the evaluation of data obtained experimentally and discovers the interconnected nature 
of the cutting force and the temperature-speed factor of processing, is widely known. Here, the 
assessment of the influence of the temperature-velocity factor on the friction of the tool and the 
workpiece in the zone of their contact along the flank is of great interest. The author notes the 
presence of a pronounced local minimum of the friction factor when it depends on the temperature 
in the contact zone. The author hypothesizes the existence of an optimal, from the point of view 
of providing a minimum of tool vibrations, cutting speed and the corresponding contact 
temperature of the tool and the workpiece along the flank, at which the friction of the tool and the 
workpiece is minimal. The optimal temperature in the tool-workpiece contact zone, according to 
the author, is associated with the fact that at this point there is a minimum of friction due to 
adhesion between materials, and there is still a low increase in friction due to diffusion of 
contacting materials. 

The influence of the so-called regenerative effect on the treatment process is a secondary cause 
of tool vibrations undercutting [14-21]. In the works of many European, and not only European 
authors, the possibility of establishing a chaotic character of tool vibrations during vibration 
regeneration is also noted [16]. In general, it was possible to establish that the major factor 
influencing the regenerative effect is the so-called “time delay” [17-20], which determines the 
process dynamics. In Russia, researchers are also involved in the description and analysis of the 
nonlinear regenerative dynamics of oscillations (vibrations) of the tool under metal cutting  
[21, 22]. However, only in the works of V. L. Zakovorotny’s scientific school [22], devoted to the 
analysis of the nonlinear dynamics of tool deformations, the connectedness of the entire machining 
process is considered. Therewith, the systemic nature of tool vibration activity during cutting is in 
focus. With this approach, the dynamic effects arising from the simulation more accurately reflect 
the nature of the interaction of the subsystem of deformation motions. 

2. Methods and Materials 

To synthesize a mathematical model of the relationship between wear, the measured 
temperature in the tool-workpiece contact zone, cutting force, and vibration activity of the tool, 
we conducted a series of full-scale experiments on a 1K625 lathe (see Fig. 1(a)) with the stand 
STD. 201-1 installed on it to study the cutting modes under turning (see Fig. 1(b)), as well as 
experiments on a homemade experimental complex (see Fig. 1(c, d)). The measuring stand STD. 
201-1 provides measuring the force response distributed along the tool deformation axes, and 
temperature in the cutting zone through the effect of natural thermal EMF generated by the 
tool-workpiece contact. The measuring bench also includes three vibro-accelerometers, which 
gage vibrations along the tool deformation axes. The experimental machine was premodified. The 
engine control, which provides the operating modes on the machine, was switched to frequency 
regulation. Thanks to this, it became possible to smoothly adjust the cutting speed within the 
selected operating mode of the machine. 

1K625 machine shown in Fig. 1, has been renewed; in particular, the engine control, which 
provides the operating modes of the machine, was transferred to frequency regulation. As a result, 
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it became possible to smoothly adjust the cutting speed within the selected operating mode of the 
machine. The mode parameters in the experiments were as follows: cutting speed 𝑉 = 124 m/min, 
feed 𝑓 = 0.11 mm/rev, cutting depth 𝑎 = 0.1 mm. For the entire period of the experiment, the 
cutting parameters remained unchanged. The selection of these parameters is due to the 
capabilities of the machine itself, for which, taking into account the material being processed, 
these are the most optimal cutting elements. As a tool, we used MR TNR 2020 K11 holder, and 
pentagonal insert 10113-110408 T15K6 as a cutter on it; as well as WNUM 120,612 (02114-
120612) H30 (T5K10) KZTS — an interchangeable “broken triangle” hex insert, a cutting insert 
with an angle in the upper part (attack angle) 𝛾 = 35°, and the base entering angle 𝜑 = 80° (angle 
between the projection of the main cutting edge on the base plane and the feed direction) and 
α=16°. Both the holders and the cutting inserts are made in Russia (Elets, Barkovskogo St., 3, 
office 2). In the experiment, the holder was isolated from the machine support and the inner walls 
of the stand using textolite plates. The shaft from steel grade 45 (GOST) was machined. This steel 
grade is widely used both in Russia (GOST 2591-2006–Steel 45 (st45) — high-quality structural 
carbon), and in the USA and Germany. American ASTM A568M standard marks this type steel 
as AISI 1045, and in Germany, the DIN 17200 standard is Ck45. Steel 45 (st45) contains from 
0.42 to 0.5 % carbon (this can be traced in the name of the steel grade), 97 % iron, as well as 
percentages of silicon, manganese, nickel, sulfur, phosphorus, chromium, copper, arsenic [23-25]. 
The shaft was manufactured using hot rolling technology. Before the experiment, the shaft was 
cut to a length of 75 cm, then the surface of the shaft was pre-finished and precisely aligned. The 
selection of this steel grade is due to its wide use in mechanical engineering, which is caused by 
the high quality of structural steel and its relatively low price in the steel market. A series of 
experiments was carried out. Note that the paper presents only part of the results of these 
experiments. 

 
a) 

 
b) 

Fig. 1. Testing equipment: a) 1k625 machine, b) measuring stand STD. 201-1 

 
a) 

 
b) 

Fig. 2. Photos of cutting plate WNUM 120612 (02114-120612) 
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The tool flank wear was assessed by photographs taken through a microscope. For this 
purpose, after each step, there were seven such steps, and the wedge was photographed. Fig. 2 
shows an example of the photos. 

The photographs shown in Fig. 2 illustrate the wear after the third and fourth steps of the 
experiment, respectively, where, after the third step of the experiment, the wear along the flank 
was estimated at 0.225 mm, and after the fourth step it was about 0.25 mm. 

Fig. 3 shows a graph of the wear curve constructed from the data obtained from the analysis 
of photographs of the wear of the flank of the wedge. 

 
Fig. 3. Wear curve 

As can be seen from Fig. 3, the experimentally obtained wear curve fully corresponds to the 
wear curves obtained previously in other experiments, which indicates a fairly high degree of 
adequacy of the experimental data obtained. 

For further correct interpretation of the tool flank wear and taking into account its effect on the 
clearance – 𝛼, let us consider an example of the wear formation and its relationship with the 
clearance, shown in Fig. 4. 

 
a) 

 
b) 

Fig. 4. Example of formed wear and its relation to clearance 

As can be seen from Figure 4, the tool flank with a formed wear area will significantly differ 
in the clearance from the same face, but without wear. For an adequate interpretation of the data 
illustrating the experimental results, let us consider an explanatory illustration (see Fig. 5), which 
introduces deformation directions and the corresponding forces preventing shaping motions. 

The experimental results with processed datasets on the force decomposed along the 
deformation axes and temperature in the tool-workpiece contact zone are shown in Fig. 6. 

Fig. 6 shows the experimental data, where 6(a), 6(b), and 6(c), is the force preventing the tool 
shaping motions, decomposed along the deformation axes (see Fig. 5), as well as the graph of 
temperature variation in the tool-workpiece contact zone 6(d). Also in the experiment, values of 
the vibration velocity of the deformation motions of the tool tip, taken from the vibration 
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transducers located along the deformation axes 𝑥,𝑦, 𝑧 , were obtained. The data obtained on the 
vibration rates of the tool deformation motion made it possible to determine the real cutting speed 
and feed rate, and, consequently, the real path traveled by the tool tip during processing, and 
considering the real forces that are presented in Fig. 6, to calculate the arrays of power values 
released during cutting. The values array for analyzing the path traveled by the tool was calculated 
as follows: 

𝐿 𝑡 = 𝑉 − 𝑑𝑧𝑑𝑡 + 𝑉 − 𝑑𝑥𝑑𝑡 + 𝑑𝑦𝑑𝑡 𝑑𝑡, (1)

where 𝑉  – cutting speed (mm/s), 𝑑𝑧 𝑑𝑡⁄  – tool tip deformation speed in the direction opposite to 
cutting (mm/s), 𝑉  – feed rate (mm/s), 𝑑𝑥 𝑑𝑡⁄  – tool deformation speed in the opposite direction 
to feed (mm/s), 𝑑𝑦 𝑑𝑡⁄  – tool deformation speed in the direction opposite to the radial one 
(mm/sec).  

 
Fig. 5. Deformation axes and cutting force components 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 6. a), b), c) Results of measuring forces along the deformation axes and d) temperature 
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The calculation of the array of power values released during processing is represented by 
Eq. (2): 

𝑁 𝑡 = 𝑉 − 𝑑𝑧𝑑𝑡 + 𝑉 − 𝑑𝑥𝑑𝑡 + 𝑑𝑦𝑑𝑡 (𝐹𝑐) + (𝐹𝑓) + (𝐹𝑝) . (2)

Thus, based on the experimental results, values arrays of the cutting force, decomposed along 
the axes of deformations, cutting speeds and feeds, the path traversed by the tooltip, as well as the 
power of irreversible transformations, were obtained. 

3. Basic mathematical model  

When developing the mathematical model of the dependence of temperature on the power of 
irreversible transformations released in the tool-workpiece contact zone, the author took into 
account the method of thermal potentials known in thermodynamics, which is based on the use of 
the Volterra integral operator [26-27]. A feature of the application of the method of thermal 
potentials in the case under consideration is that the temperature value at a given time and in a 
given tool-workpiece contact zone during cutting is determined not only by the current value of 
the heat released here (cutting power converted into heat), but also by the effect of power allocated 
on the entire previous path of the product processing time. The very methodology for converting 
cutting power into heat can be viewed in more detail in the following papers [28-29]. Based on 
the reasoning given in these works, the current temperature in the tool-workpiece contact zone can 
be presented as: 

𝑄 = 𝑄 + 𝑘 𝑒 ( )( ) 𝑑𝛾 𝑒 ( ) 𝑁(𝜂)𝑑𝜂, (3)

where 𝛼 , 𝛼  – dimensionless scaling parameters of the integral operator to be identified, 𝜆 – the 
coefficient of thermal conductivity, 𝑄– the temperature value in the tool-workpiece contact zone, 𝑄  – the ambient temperature, 𝑘  – the coefficient characterizing the conversion of the power of 
irreversible transformations allocated in the tool-workpiece contact zone into temperature, 𝐿(𝑡) – 
the path traversed by the top of the tool when cutting (the calculation is given in Eq. (1)), 𝑁(𝜂) – 
power released during cutting (the calculation is given in expression 2), 𝜂 and 𝛾 – integration 
coordinates having the dimension of time and path 𝐿.  

To form a consistent general model of the cutting control system, consider its division into 
interrelated and interacting subsystems of the cutting system, as shown in Fig. 7. Note that the 
relationship between these subsystems (see Fig. 7) is not constant, i.e., it evolves as the wear of 
the wedge develops, which is also represented as a separate subsystem. 

The structure of the treatment process, shown in Fig. 7, can be expanded as follows. In the 
case of tool flank wear, a contact area is formed (see Fig. 4(a)), through which additional heat is 
transferred to the processing zone, i.e., some preheating of the zone occurs, which will become 
the cutting zone after one revolution of the spindle. Such preheating causes a certain rise in 
temperature in the cutting zone, which reduces the energy costs of chip formation and provides 
some stabilization of the cutting force. Thus, the process of increasing tool flank wear enables to 
stabilize the vibration activity of the tool after its run-in (the second section of the wear curve, 
Fig. 3), but already here there is a decrease in the tool clearance (see Fig. 4(b)). Paraphrasing this 
hypothesis, we can say that when cutting, the control system (see Fig. 7) tends to form such wear 
of the wedge, in which the force preventing cutting does not increase. It may even decrease 
slightly, resulting in a slowdown of the vibration activity of the tool, which determines the future 
roughness of the workpiece [30]. In case of such, the cutting system achieves some stabilization 
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of the second segment of the wear curve by through reducing the vibration activity, as well as by 
some minimization of the flank friction coefficient [13]. However, while moving along this section 
of the wear curve, the cutting system loses a certain parameter stability corridor, primarily due to 
the subsequent decrease in the wedge clearance – 𝛼, when the cutting system reaches the critical 
wear section (the third section on the wear curve, Fig. 3). 

 
Fig. 7. Cutting control system 

In Eq. (3), there is such a parameter 𝑇 , which the author interprets as the time of existence of 
tool-workpiece contact along the flank (seconds). Taking into account the above reasoning, as 
well as the results of a series of experiments (see Fig. 6), we define this indicator as: 

𝑇 = ℎ𝑉 − 𝑑𝑧𝑑𝑡 , (4)

where 𝑉  – cutting speed with account for the smallness of value 𝑑𝑧 𝑑𝑡⁄  compared to 𝑉 , Eq. (4) 
can be rewritten as: 

𝑇 = ℎ𝑉с . (5)

The effect of this constant on the temperature in the cutting zone is described as follows: the 
higher the tool flank wear, the greater value 𝑇 , the stronger the impact on the current 
tool-workpiece contact zone of the previous stages of the machining process. In other words, the 
greater 𝑇 , the stronger the preheating of the treatment zone. Similar arguments are also valid for 
the thermal conductivity coefficient 𝜆. No additional explanations are required here, since this 
coefficient is directly included in the Fourier equation, and the larger this coefficient, the stronger 
the effect of the temperature released earlier undercutting the amount of the heat flux directed into 
the product. 

To confirm the adequacy of the accepted mathematical model describing temperature variation 
during cutting, the author has processed the experimental data in the third and fourth steps, i.e., 
when the wear characteristic passes from the running-in area to the stabilization area. The graph 
of cutting temperature variations for the third step of the experiment is shown in Fig. 8.  
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Fig. 8. Temperature graphs for the third step of the experiment 

As can be seen from Fig. 8, the experimental and simulated characteristics have a high degree 
of convergence. There is some mismatch between them in the initial section, up to about the 3rd 
second of the experiment. This mismatch is explained by the low discretization of the measured 
thermopower signal. The same characteristic in the fourth step of the experiment is of greater 
interest (see Fig. 9). 

 
Fig. 9. Temperature graphs for the fourth step of the experiment 

As can be seen from Fig. 9, in comparison to Fig. 8, the degree of convergence of the 
experimental and simulated characteristics is even higher here. This allows us to conclude that the 
mathematical model for the formation of thermodynamic feedback in the cutting control system 
proposed by Eq. (4) is adequate (see Fig. 7). 

An important component of the cutting system is a subsystem that indicates the force response 
to the tool shaping motions (see Fig. 7). Here, when developing the model, as well as in the 
previous case, it is required to consider the relationship between the force response and the 
temperature in the tool-workpiece contact zone, as well as with wedge flank wear. When creating 
a mathematical model of the force response, we will divide this response into two components. 
The first component describes the reaction to shaping motions in the chip formation zone, and the 
second component describes the force response of the tool - workpiece contact interaction on the 
flank wear area. 

To develop a consistent model of the cutting force, let us consider some approaches to 
describing the cutting force. So, in [31], there is the formula of K. A. Zvorykin, which can be 
presented as: 

𝐹 = 𝜌𝑡 𝑆 sin(2Θ + (90 − 𝛾))cosΘcosΘcos(90 − 𝜙) , (6)
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where Θ and Θ  – friction angles at the contact areas of the tool and in the shear plane, 
respectively; 𝜌- tensile strength of the material; 𝑡  – depth of the material layer to be cut; 𝑆 – feed 
rate per workpiece revolution.  

The cutting force according to N. N. Zorev, is calculated from the following theoretical 
dependence [32]: 𝐹 = 𝜌𝑡 𝑆 cos𝜔cos(𝜙 + 𝜔)sin𝜙. (7)

The analysis of Eqs. (8-9) allows us to make some generalization in the form of the following 
hypothesis: 𝐹 = 𝜌𝑡 𝑆𝜒 , (8)

where 𝜒  – a certain expansion coefficient of the general reaction force vector on the 𝑖 – the axis 
of the tool deformation. It should be noted that this approach is widely used within the scientific 
school of V. L. Zakorotny [22].  

We impose normalization on the introduced coefficients 𝜒 , in the form: 𝜒 + 𝜒 + 𝜒 = 1. (9)

The depth of processing 𝑡  will also depend on the deformations of the tool and the workpiece: 𝑡 = 𝑡 − 𝑦, (10)

where 𝑡  – technologically specified machining depth without considering tool and workpiece 
deformations (determined by the CNC program). 

The feed rate per revolution – 𝑆 can be presented as the following integral [22]: 

𝑆 = 𝑉 − 𝑑𝑥𝑑𝑡 𝑑𝑡,  (11)

where 𝑉  – fed rate, 𝑇 – workpiece rotation period. 
The second component of the force opposing the shaping motions depends on the tool flank 

wear, therefore, based on the approach proposed in the work of V. L. Zakorotny [33], the force 
formed here will be described as: 𝐹 = 𝜎𝑆 𝑒 , (12)

where 𝜎 – compressive strength of the treated metal in [kg/mm2]; 𝐾  – force rise slope factor, 𝑆  
– tool – workpiece contact area on the wedge flank, which will be defined as: 𝑆 = ℎ 𝑡 , 𝐾  – 
coefficient determining the steepness of the nonlinear increase in the tool - workpiece contact area 
with a decrease in clearance 𝛼. It is convenient to represent angle α itself as the sum of two angles, 
the very initial clearance 𝛼  and certain dynamic back angle due to the convergence or removal 
of the flank of the tool from the workpiece. Such clearance will be calculated from the following 
formula: 

𝛼 = 𝛼 − arctg 𝑉 − 𝑑𝑥𝑑𝑡𝑉 − 𝑑𝑧𝑑𝑡 . (13)
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However, according to the study of I. G. Zharkov [10], in the process of tool wear, the angle 𝛼  also changes downward. As a hypothesis, this dependence will be defined as exponential (see 
Eq. (13)): 𝛼 = 𝛼 𝑒 , (14)

where 𝛼  – initial, before the formation of the flank wear, clearance, 𝐾  – slope factor of drop-in 
clearance value. 

Through the entering angle – 𝜑, we expand the force response on the deformation axes 𝑥 and 𝑦 (see Fig. 5), as follows: 𝐹 ( ) = cos𝜑𝐹 ,𝐹 ( ) = sin𝜑𝐹 .  (15)

The force response in the direction of the 𝑧 coordinate (see Fig. 5), is, originally, nothing more 
than the friction force, which can be given as: 𝐹 ( ) = 𝑘 𝐹 , (16)

where 𝑘  – friction coefficient.  
In the work of A. D. Makarov [13], an experimentally determined dependence of the friction 

coefficient characteristic on the cutting speed is given, which in turn almost linearly determines 
the contact temperature (see Fig. 10). 

 
a) 

 
b) 

Fig. 10. Dependences of the friction coefficients on the tool flank during cutting: a) dependence of the 
temperature in the contact zone on the cutting speed (Steel “E”, 𝑡 = 0.5 mm, 𝑆 = 0.21 mm /rev),  
b) friction coefficient for the case (Steel “HN51VMTYUKFR”, 𝑡 = 0.5 mm, 𝑆 = 0.09 mm/rev) 

As can be seen from Fig. 10, the friction coefficient indeed decreases significantly with an 
increase in the contact temperature, which almost linearly depends on the cutting speed. In general, 
the reduction of the friction coefficient, in Fig. 10(b), amounts to almost 50 % with a 3-fold 
increase in cutting speed. 

Using the approach proposed in Fig. 10, we identify the friction coefficient characteristic from 
the following expression: 

𝑘 = 𝑘 + Δ𝑘 𝑒 + 𝑒2 , (17)

where 𝑘  – some constant minimum value of the friction coefficient, Δ𝑘  – magnitude of the 
increment of the friction coefficient with a change in temperature in the contact zone, 𝐾  and 𝐾  
are coefficients that determine the steepness of the fall and growth of the friction coefficient 
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characteristic.  
The results of modeling Eq. (16) for two different sets of parameters of this expression are 

shown in Fig. 11. 

 
a) 

 
b) 

Fig. 11. Simulated friction coefficient dependence: a) 𝑘  = 0.41, Δ𝑘  = 0.45, 𝐾  = 0.0046,  𝐾  = 0.00042; b) 𝑘  = 0.01, Δ𝑘  = 0.62, 𝐾  = 0.0052, 𝐾  = 0.00039 

As can be seen in Fig. 11, compared to Fig. 10(a), both of these characteristics generally meet 
the task of modeling the friction coefficient, however, the characteristic shown in Fig. 11(b) 
interprets somewhat more accurately the dependence of friction on the temperature-speed factor 
of cutting described in the work of A. D. Makarov [13]. 

Thus, generalizing the description of the force response from the side of the cutting process to 
the tool shaping motions, we obtain the following equations describing the force reaction: 𝐹 = 𝜒 𝐹 + 𝐹( ),𝐹 = 𝜒 𝐹 + 𝐹( ),𝐹 = 𝜒 𝐹 + 𝐹( ).  (18)

In addition to the power and thermodynamic subsystems of the cutting system, in the general 
structure of the control system (see Fig. 7) there is a subsystem of deformation motions of the tool 
tip, which was indirectly included in our reasoning, but is not directly represented by the model. 
Considering the dependences of reaction forces proposed by expression 18, as well as relying on 
the approach to modeling the dynamics of the deformation motion of the instrument used in the 
scientific school of V. L. Zakorotny [7, 8, 22, 33], assume that the tooltip deformation model will 
take the following form: 

⎩⎪⎪⎨
⎪⎪⎧𝑚𝑑 𝑥𝑑𝑡 + ℎ 𝑑𝑥𝑑𝑡 + ℎ 𝑑𝑦𝑑𝑡 + ℎ 𝑑𝑧𝑑𝑡 + 𝑐 𝑥 + 𝑐 𝑦 + 𝑐 𝑧 = 𝐹 ,𝑚𝑑 𝑦𝑑𝑡 + ℎ 𝑑𝑥𝑑𝑡 + ℎ 𝑑𝑦𝑑𝑡 + ℎ 𝑑𝑧𝑑𝑡 + 𝑐 𝑥 + 𝑐 𝑦 + 𝑐 𝑧 = 𝐹 ,𝑚𝑑 𝑧𝑑𝑡 + ℎ 𝑑𝑥𝑑𝑡 + ℎ 𝑑𝑦𝑑𝑡 + ℎ 𝑑𝑧𝑑𝑡 + 𝑐 𝑥 + 𝑐 𝑦 + 𝑐 𝑧 = 𝐹 ,  (19)

where 𝑚 [kg·s2/mm]; ℎ [kg·s/mm]; 𝑐 [kg/mm] – matrices of inertial coefficients, dissipation 
coefficients and stiffness coefficients, respectively.  

Thus, the general mathematical model describing the deformation dynamics of cutting, taking 
into account the impact of force and thermodynamic feedback, which include, as a parameter, tool 
flank wear, can be represented by the following system of equations: 
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⎩⎪⎪
⎪⎪⎪
⎪⎪⎪
⎪⎪⎪
⎨⎪
⎪⎪⎪
⎪⎪⎪
⎪⎪⎪
⎪⎧𝑚𝑑 𝑥𝑑𝑡 + ℎ 𝑑𝑥𝑑𝑡 + ℎ 𝑑𝑦𝑑𝑡 + ℎ 𝑑𝑧𝑑𝑡 + 𝑐 𝑥 + 𝑐 𝑦 + 𝑐 𝑧 = 𝐹 ,𝑚𝑑 𝑦𝑑𝑡 + ℎ 𝑑𝑥𝑑𝑡 + ℎ 𝑑𝑦𝑑𝑡 + ℎ 𝑑𝑧𝑑𝑡 + 𝑐 𝑥 + 𝑐 𝑦 + 𝑐 𝑧 = 𝐹 ,𝑚𝑑 𝑧𝑑𝑡 + ℎ 𝑑𝑥𝑑𝑡 + ℎ 𝑑𝑦𝑑𝑡 + ℎ 𝑑𝑧𝑑𝑡 + 𝑐 𝑥 + 𝑐 𝑦 + 𝑐 𝑧 = 𝐹 ,𝐹 = 𝜒 𝐹 + 𝐹( ),𝐹 = 𝜒 𝐹 + 𝐹( ),𝐹 = 𝜒 𝐹 + 𝐹( ),𝐹 ( ) = cos𝜑𝐹 ,𝐹 ( ) = sin𝜑𝐹 ,𝐹 ( ) = 𝑘 𝐹 ,𝑘 = 𝑘 + Δ𝑘 [𝑒 + 𝑒 ]/2,𝑄 = 𝑄 + 𝑘 𝑒 ( )( ) 𝑑𝛾 𝑒 ( ) 𝑁(𝜂)𝑑𝜂,
𝐿(𝑡) = 𝑉 − 𝑑𝑧𝑑𝑡 + 𝑉 − 𝑑𝑥𝑑𝑡 + 𝑑𝑦𝑑𝑡 𝑑𝑡,
𝑁(𝑡) = 𝑉 − 𝑑𝑧𝑑𝑡 + 𝑉 − 𝑑𝑥𝑑𝑡 + 𝑑𝑦𝑑𝑡 (𝐹𝑐) + (𝐹𝑓) + (𝐹𝑝) .

 (20)

4. Simulation results and discussion 

To simulate the system of Eq. (20), programs were developed in the Matlab and 
Matlab/Simulink 2014 environments. The simulation results for three options of the flank wedge 
wear are given below. For the first option, the value taken at the tool running-in area (ℎ = 0.14) 
was used, for the second value – at the wear stabilization area (ℎ = 0.25), and for the third value 
– close to critical wear (ℎ = 0.44) (see Fig. 3). 

In all experiments, we assume that the system describing the tool deformation motions is 
characterized by the following parameters: 

𝑚 = 0.00065 0 00 0.00065 00 0 0.00065 kg · s mm⁄ , 
ℎ = 0.59 0.24 0.220.24 0.57 0.250.22 0.25 0.53 kg · s mm⁄ ,      𝑐 = 1390 190 165190 795 150165 150 970 kg/mm. 

Orientation factors: 𝜒 = 0,3369, 𝜒 = 0,48, 𝜒 = 0,81. Process conditions: depth  𝑡  = 1 mm, feed 𝑆 = 0,11 mm, spindle speed 𝑛 = 600 rpm, 𝜌 = 400 kg/mm2, workpiece radius 𝑅 = 35 mm, 𝜑 = 80° and 𝛼 = 16°.  
To assess the quality of the formed surface in all experiments, the total vibration energy of the 

tooltip was rated. It was calculated as the RMS value of vibration velocities , ,  for the 

measurement period 𝑉𝐴 = + + 𝑑𝑡. 
Consider the simulation option for the dynamics of the cutting system in the first section of 

the wear curve, where ℎ = 14, the simulation results in the form of deformation coordinates and 
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their corresponding phase trajectories are shown in Fig. 12. 

  
Fig. 12. Run-in section ℎ = 0.14: a) 𝑥-coordinate, b) 𝑦-coordinate, c) 𝑧-coordinate,  

d) 𝑥-phase trajectory, e) 𝑦-phase trajectory, f) 𝑧-phase trajectory 

As can be seen from Figs. 12(a, b, and c), the deformation coordinates of the tool tip increase 
to a certain value, in the vicinity of which permanently tunable coordinate vibrations occur. The 
analysis of the phase trajectories presented in Figs. 12(d, e, and f), allows us to conclude the form 
of the cutting system phase portrait in this section of the wear curve. Here, the establishment of a 
two-dimensional torus is observed, as the main type of the phase portrait of the system. The total 
vibration energy value for this simulation case was 𝑉𝐴 = 31 mm/s. 

The results of modeling the cutting system dynamics in the second section of the wear curve 
are shown in Fig. 13. 

  
Fig. 13. Run-in section ℎ = 0.25: a) 𝑥-coordinate, b) 𝑦-coordinate, c) 𝑧-coordinate,  

d) 𝑥-phase trajectory, e) 𝑦-phase trajectory, f) 𝑧-phase trajectory 

In the simulation option of the cutting control system shown in Fig. 13, the tooltip vibrations 
are smaller in amplitude than in the case shown in Fig. 12 (Fig. 13(a, b, c)). The indicator of the 
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total vibration energy of the cutting tool tip was 𝑉𝐴 = 23 mm/s, which is 25 % lower than the 
previous value. Namely, the process has become more stable, while the vibrations of the tip do 
not disappear completely, and the same two-dimensional torus is observed on the phase plane (see 
Fig. 13(d)). The explanation for this phenomenon is the nonlinear characteristic of the friction 
coefficient introduced in the previous section of the paper (see Eq. (17)), which has a pronounced 
local minimum at a temperature of 450 °C.  

The results of modeling the system of integrodifferential Eq. (20) in the area of critical wear, 
the third part of the characteristic shown in Fig. 3, are shown in Fig. 14. 

 
Fig. 14. Run-in section ℎ = 0.44: a) 𝑥-coordinate, b) 𝑦-coordinate, c) 𝑧-coordinate,  

d) 𝑥-phase trajectory, e) 𝑦-phase trajectory, f) 𝑧-phase trajectory 

When critical wear is reached (ℎ = 0.44), the cutting control system loses stability (see 
Fig. 14). The amplitude of the tooltip vibrations increases (see Fig. 14(a, b, c)), and the total 
vibration energy reaches the value 𝑉𝐴 = 79 mm/s, which is higher than the value in the first 
section by 255 % and in the second section by 343 %. Phase trajectories are transformed from a 
toroidal structure into a structure resembling an unstable cycle, i.e., here, the limit cycle is a 
repulsive manifold. 

Note that the results obtained coincide with the experimental results, some of which are 
described in the previous section of the paper, and also published in several previous papers  
[28-29]. The experiments did show that in the second section of the wear curve there is a slight 
drop in the amplitude of the vibration activity of the tool, compared to the first section, and in the 
third section of the wear curve, a sharp increase in the amplitude of vibrations, significantly 
exceeding the amplitude of vibrations in the first and second sections. 

The results of modeling the total cutting force and temperature in the tool-workpiece contact 
zone are shown in Fig. 15. 

As the tool flank wear area increases, the temperature in the tool-workpiece contact area also 
grows (see Fig. 15). In the second section, the temperature reaches values close to the local 
minimum of the curve reflecting the dependence of the friction coefficient on the contact 
temperature (see Fig. 11(b)). Due to this, the total force preventing the shaping motions of the tool 
is stabilized. As a result, the entire second section of the wear curve is stabilized, but after the 
wear reaches above a certain critical value, the entire treatment process is destabilized. After that, 
the cutting force increases significantly, due to both the growth of the contact area along the flank 
(see Eq. (14)), and the temperature value going beyond the zone of the local minimum of the 
friction coefficient. 
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Another reason for the loss of stability of the cutting system is the change in the time constant 
of the thermodynamic subsystem of the cutting system. As can be seen from Fig. 15(d, c, f), with 
increasing tool wear, not only does the temperature in the tool-workpiece contact zone grows, but 
also the response time of the thermodynamic subsystem of the cutting system to changes in the 
power of irreversible transformations. Mathematically, this is explained by the change in constant 𝑇 , which increases as the number of wear increases (see Eq. (6)). The experimental data confirm 
this position, and this effect is described in more detail in the previous work [29]. The change in 
the response time of the thermodynamic subsystem of the cutting system causes the following: at 
some stage of the evolution of the cutting system, the response of this system is so delayed 
concerning the power subsystem reaction that the temperature no longer compensates for the 
growth in cutting force.  

In general, the effect of the wedge evolution undercutting on the stability of tool tip 
deformation vibrations during metal turning can be described as follows. Tool wear in the first 
section causes the formation of a tool-workpiece contact area on the wedge flank. This area begins 
to form its force interaction, which results in a change in temperature in the cutting zone, and after 
running in – to the stabilization of power and temperature components of the contact interaction. 
We can say that the running-in of the tool on the first section of the wear curve causes the 
optimization of temperature-force components of the cutting process, i.e., here, the cutting process 
tends to change the friction coefficient through searching for the extremum of its characteristic. 
After hitting this local minimum, the increase in wear of the wedge slows down, but subsequently, 
as a result of its slow growth, wear reaches a critical value at which, as a result of the 
destabilization of the temperature-force reaction, the entire system loses stability. 

  
Fig. 15. Processing force and temperature: a) cutting force in the first section, b) cutting force in the  

second section, c) cutting force in the third section, d) processing temperature in the first section,  
e) processing temperature in the second section, f) processing temperature in the third section 

5. Conclusions 

Thus, the effect of tool flank wear on the stability of the system of vibration motions of the 
tool under the conditions of metal turning on metal-cutting machines at three points of the wear 
curve has been studied. It is determined here that the loss of stability of the treatment process, 
when critical wear is reached, is associated with the destabilization of the temperature-force 
reaction to external disturbances. Destabilization is understood as a significant mismatch in 
response time between the power and thermodynamic subsystems of the cutting system, as well 
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as the loss of the extreme nature of the nonlinear characteristic of the friction coefficient with a 
further increase in temperature of the tool-workpiece contact interaction. 

The research conducted is of scientific interest. It has been found that it is the thermodynamic 
feedback formed undercutting that largely determines the nature of the complex dynamics of the 
treatment process. This particular relationship is both a stabilizing and destabilizing factor in the 
cutting process, evolving as the wedge-workpiece contact changes on the area formed during its 
wear. 

So, the work is aimed at mathematical substantiation, in the form of an analysis of the model 
proposed by the author, the position put forward by A. D. Makarov, in which he claims that there 
is some optimal cutting mode from the point of view of the quality of the treated surface. In the 
article, based on the direct analysis of the author's nonlinear model of the contact interaction model 
of the tool and the workpiece, it is shown that such a mode exists and it is associated with special 
conditions formed on the back face of the cutting tool. The implementation of this mode in a 
certain area of wear of the cutting wedge is carried out due to the formation of thermodynamic 
feedback, which stabilizes the vibrations of the cutting wedge, thereby improving the quality of 
the treated surface. Such a rather complex, systematic approach to the description of a well-known, 
but not mathematically interpreted effect is used for the first time. 
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