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Abstract. The tooth contact analysis model is introduced for cylindrical gear with high-order 

topological modification and misalignment. According to the generation principle of gear, the 

tooth surface equation of double-crowned gear by using worm grinding wheel is derived. Based 

on the gear meshing theory, a tooth contact model of cylindrical gear considering errors and 

high-order topological modification is established. Taking helical gears as an example, the effects 

of errors and four different combinations of modification curves on the contact marks and 

transmission errors of tooth surface were analyzed. Results show that the paths of contact change 

dramatically with different combinations of modification curves. With the increasing of the order 

of modification curve, the contact path transitions smoothly in the middle of the tooth width, while 

the total length of the major axis of the contact ellipses increase significantly compared with taking 

the quadratic parabola modification. With proper parameters of the modification, the apex of 

transmission error function is flatter and its amplitude decreases which further reduces the 

vibration of gear transmission to installation error. The finite element method is applied to validate 

the proposed analysis model. The results are basically consistent and the maximum error is within 

3.5 %. 

Keywords: cylindrical gear, high-order topological modification, contact path, contact ellipse, 

transmission error. 

1. Introduction 

Cylindrical gears have been widely applied in the main reducer of helicopters to realize split-

torque transmission because of their easy fabrication and installation. 

Due to the manufacturing and installation errors, the actual contact point of gears deviates from 

the theoretical one, resulting in contact deflection and stress concentration, which reduces the life 

of gears. In addition, the gear base pitch changes due to the elastic deformation of the gear under 

load, resulting in meshing impact and vibration. Tooth surface modifications have become an 

important phase of gear design that can remarkably enhance gear performance and reduce the 

vibration and noise. The tooth contact analysis of cylindrical gear can simulate the gear contact 

with high-order topological modification and misalignment under light load. The meshing 

impressions and transmission errors obtained by the analysis are important indexes to measure the 

transmission performance of gears. It is widely believed that there is strong correlation between 

the above two indexes and mechanical properties, friction properties, the dynamic performance of 

gears, the correlation of them has been clarified and described by many authors [1-14]. The 

research of the influence of modification on the gear meshing is also the basis for the modification 

and optimization design of the gears [15-24]. 

Many studies have focused on the analysis of gear contact path and transmission error. Litvin 

et al. [25] proposed the tooth contact analysis (TCA), and stress analysis model for a new type of 

Novikov-Wildhaber helical gear drive with double-crowned surface, the results show that taking 

the parabolic modification of the tooth surface can obtain continuous transmission error, reduce 
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the sensitivity of the meshing performance to the installation error, as well as the contact and 

bending stress. I. G.-Perez and Litvin et al. [26] investigated the path of contact and transmission 

errors of modified helical gears with three types of topology. Tsay et al. [27] studied the contact 

characteristics of moulded face-gear drives with novel profile modification methodology. Peng Y. 

et al. [28] proposed a model of contact for helical gears with modification and misalignment, the 

influences of errors and modification on tooth surface contact are studied. Simon [29] studied the 

influence of tooth modifications on tooth contact in face-hobbed spiral bevel gears. Velex et al. 

[30] proposed an analytical method to approximately calculate the quasi-static transmission error 

of cylindrical gears, the results were in good agreement with the numerical calculation results, 

pointing out that there is a certain law between tooth profile modification and transmission error 

fluctuation. Ni [31] studied the influence of modification on the contact and transmission error of 

the crossed beveloid gear. Lin et al. [32] calculated the static and dynamic transmission errors of 

helical gear pairs by using finite element method, comprehensively considering the manufacturing 

error, installation error and modification. 

Many research have focused on the influence of modification on tooth surface contact, most 

of them considered simple modification methods and modification curves, only a few studied the 

influence of high order modification curves on tooth surface contact, as well as the comparison of 

the order of modified curve on gear transmission. So this paper presents a tooth contact analysis 

model to determine the contact marks and transmission errors of helical gears with high-order 

topological modification and misalignments. The influence of errors and different combinations 

of modification curves on the gear contact were analyzed. A finite element method is utilized to 

validate the proposed analysis model.  

2. Modeling 

2.1. Gear modified 

Fig. 1 shows the double-crowned helical gear which includes profile crowning and 

longitudinal modification with high- order modification curve. Studies have shown that 

double-crowned enables to provide a parabolic function of transmission errors and reduce the 

noise and vibration of gear drive [32]. This paper proposes higher order double-crowned gear 

model, the modification curve includes quadratic parabola (2), quartic parabola (4) and six times 

parabola (6). 
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Fig. 1. Double-crowned helical gear 

The profile-crowned tooth surface of a helical gear is generated by a rack cutter which has a 

parabolic profile on the normal section, as shown in Fig. 2. The profile of the rack cutter in 

coordinate system 𝑆𝑐  can be represented as: 



ANALYSIS OF TOOTH CONTACT FOR CYLINDRICAL GEAR WITH HIGH-ORDER TOPOLOGICAL MODIFICATION AND MISALIGNMENT.  

PENGYUAN QIU, NING ZHAO, YANJUN PENG, YANHU LIN 

 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460 191 

𝐫𝑐(𝑢𝑐 , 𝑙𝑐) = 𝐌𝑐𝑏 ⋅ 𝐌𝑏𝑎 ⋅ 𝐫𝑎, (1) 

𝐍𝑐(𝑢𝑐, 𝑙𝑐) =
𝜕𝐫𝑐
𝜕𝑢𝑐

×
𝜕𝐫𝑐
𝜕𝑙𝑐
, (2) 

where 𝐫𝑎(𝑢𝑐) = [𝑎𝑝𝑢𝑐
n𝑢𝑐01]

𝑇 , 𝑎𝑝  is the parabola coefficient. 𝐌𝑖𝑗  is the matrix of coordinate 

transformation from 𝐒𝑗  to 𝐒𝑖. 

If the tooth profile modification curve of the rack cutter is a quadratic parabola or a higher-

order quartic parabola, the left side tooth surface equation of the rack cutter in system 𝑆𝑐 can be 

expressed as: 

𝐫𝑐(𝑢𝑐 , 𝑙𝑐) =

[
 
 
 
 
[(𝑎𝑝2𝑢𝑐

2 − 𝐿𝑑)cos𝛼𝑛 + (𝑢𝑐 − 𝑢0)sin𝛼𝑛]cos𝛽 + 𝑙𝑐sin𝛽

−(𝑎𝑝2𝑢𝑐
2 − 𝐿𝑑)sin𝛼𝑛 + (𝑢𝑐 − 𝑢0)cos𝛼𝑛

[(𝑎𝑝2𝑢𝑐
2 − 𝐿𝑑)cos𝛼𝑛 + (𝑢𝑐 − 𝑢0)sin𝛼𝑛]sin𝛽 + 𝑙𝑐cos𝛽

1 ]
 
 
 
 

,     (𝑛 = 2), (3) 

𝐫𝑐(𝑢𝑐 , 𝑙𝑐) =

[
 
 
 
 
[(𝑎𝑝4𝑢𝑐

4 − 𝐿𝑑)cos𝛼𝑛 + (𝑢𝑐 − 𝑢0)sin𝛼𝑛]cos𝛽 + 𝑙𝑐sin𝛽

−(𝑎𝑝4𝑢𝑖
4 − 𝐿𝑑)sin𝛼𝑛 + (𝑢𝑖 − 𝑢0)cos𝛼𝑛

[(𝑎𝑝4𝑢𝑐
4 − 𝐿𝑑)cos𝛼𝑛 + (𝑢𝑐 − 𝑢0)sin𝛼𝑛]sin𝛽 + 𝑙𝑐cos𝛽

1 ]
 
 
 
 

,      (𝑛 = 4). (4) 
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Fig. 2. Coordinate systems of helical rack cutter 

In this paper, the CNC worm wheel gear grinding machine is used to modify the tooth surface 

of helical gear to get the high-order parabolic modification. Assuming that the tooth surface of the 

worm grinding wheel is internal meshing with the tooth surface of the rack cutter, the tooth surface 

of the worm grinding wheel is generated by the modified rack cutter. The profile of worm grinding 

wheel can be expressed as: 

𝐫𝑤(𝑢𝑐 , 𝑙𝑐) = 𝐌𝑤𝑐𝐫𝑐(𝑢𝑐, 𝑙𝑐). (5) 

The motion relation of helical gear and worm grinding wheel is shown in Fig. 3, 𝑧𝑝 and 𝑧𝑤 are 

the axes of helical gear and worm grinding wheel, when feeds axially along the helical gear, the 

worm grinding wheel is controlled to feed radially and the instantaneous shortest center distance 

between the worm grinding wheel and the helical gear satisfies the equation Eq. (6): 

𝐸𝑤𝑝(Δ𝑠𝑤) = 𝐸𝑤𝑝 − 𝑎𝑙(Δ𝑠𝑤)
𝑛. (6) 

When 𝑛 = 2, the worm grinding wheel moves in a quadratic parabola along the axis of the 

helical gear, and when 𝑛 = 4 or 6, a high-order parabolic longitudinal modification can be 

obtained. The double-crowned tooth surface is determined as: 

{

𝐫1(𝑢𝑐, 𝑙𝑐 , 𝜓1) = 𝐌1𝑐𝐫𝑐(𝑢𝑐, 𝑙𝑐),

𝐍1(𝑢𝑐 , 𝑙𝑐 , 𝜓1) = 𝐌1𝑐𝐍𝑐(𝑢𝑐, 𝑙𝑐),
𝑓(𝑢𝑐 , 𝑙𝑐 , 𝜓1) = 𝐍𝑐 . 𝐯𝑐 = 0.

 (7) 
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Fig. 3. Generation of modified helical gear by worm 

2.2. Point contact model of gears 

The gear tooth surfaces are in point contact due to the installation error and manufacturing 

error. Fig. 4 is the meshing coordinate systems of helical gear considering center distance error 

and axis angle error. 
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Fig. 4. Meshing coordinate systems of helical gear with errors 

Coordinate systems 𝑆𝑓 is fixed to the gearbox housing, 𝑆1 and 𝑆2 are rigidly connected to the 

pinion and the gear respectively. 𝑆ℎ and 𝑆𝑔 are the auxiliary transformation coordinate systems. 

𝜑1 is rotation angle of the pinion. Δ𝐸, Δ𝛾 are the center distance error and the shaft angle error of 

gears. The meshing equation of tooth surface in 𝑆𝑓 can be expressed as: 

{
 
 
 

 
 
 𝐫𝑓

(1)(𝑢1, 𝑙1, 𝜑1) = 𝐌𝑔1𝐫1(𝑢1, 𝑙1),

𝐫𝑓
(2)(𝑢2, 𝑙2, 𝜑2) = 𝐌𝑓ℎ𝐌ℎ𝑔𝐌𝑔2𝐫2(𝑢2, 𝑙2),

𝐫𝑓
(1)(𝑢1, 𝑙1, 𝜑1) = 𝐫𝑓

(2)(𝑢2, 𝑙2, 𝜑2),

𝐧𝑓
(1)(𝑢1, 𝑙1, 𝜑1) = 𝐧𝑓

(2)(𝑢2, 𝑙2, 𝜑2),

|𝐧𝑓
(1)(𝑢1, 𝑙1, 𝜑1)| = |𝐧𝑓

(2)(𝑢2, 𝑙2, 𝜑2)| = 1,

 (8) 
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where 𝐫1(𝑢1, 𝑙1), 𝐫2(𝑢2, 𝑙2) represent the tooth surface equation of gears in 𝑆1 and 𝑆2, (𝑢1, 𝑙1), 
(𝑢2, 𝑙2)  are the tooth profile parameters of the cutter. Through the above analysis, the 

corresponding principal curvature and principal direction of each instantaneous contact point can 

be determined respectively, so as to obtain the meshing impressions in tooth surface.  
Fig. 5 is the schematic diagram of gear meshing rotation. Due to the influence of manufacturing 

and assembly error, tooth surface modification and elastic deformation of loaded teeth, the driving 

gear rotates evenly, while the driven gear fails to rotate evenly. 
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Fig. 5. Rotation of gears 

The difference between the actual position and the ideal position of the gear is defined as the 

transmission error (TE). It can be represented as: 

𝛿(𝜑1) = (𝜑2 − 𝜑20) −
𝑧1
𝑧2
(𝜑1 − 𝜑10), (9) 

where 𝜑10 and 𝜑20 represent initial engagement angle of pinion and gear, 𝜑1 and 𝜑2 represent the 

actual engagement angle of pinion and gear. 

2.3. Tooth contact ellipse 

The instantaneous contact area of the tooth surface expands into an elliptical area under the 

load. 𝑟(𝑢, 𝑣)  represents the tooth surface equation, the normal curvature of point 𝑀∗  on the 

surface can be represented as: 

𝐾𝑛 =
𝐿(𝑑𝑢 𝑑𝑣⁄ )2 + 2𝑀(𝑑𝑢 𝑑𝑣⁄ ) + 𝑁

𝐸(𝑑𝑢 𝑑𝑣⁄ )2 + 2𝐹(𝑑𝑢 𝑑𝑣⁄ ) + 𝐺
, (10) 

where 𝐸 , 𝐹 , 𝐺  are the first fundamental quantity of the surface, 𝐿 , 𝑀 , 𝑁  are the second 

fundamental quantity of the surface. 𝐸 = 𝑟𝑢
2 , 𝐹 = 𝑟𝑢 ⋅ 𝑟𝑣 , 𝐺 = 𝑟𝑣

2 , 𝐿 = 𝑟𝑢𝑢 ⋅ �⃑⃑� , 𝑀 = 𝑟𝑢𝑣 ⋅ �⃑⃑� ,  

𝑁 = 𝑟𝑣𝑣 ⋅ �⃑⃑�, �⃑⃑� is the unit normal vector of the surface. 

Considering 𝑑𝐾𝑛 𝑑𝜇 = 0⁄ , then: 

(𝐸𝐺 − 𝐹2)𝐾𝑛
2 − (𝐸𝑁 − 2𝐹𝑀 + 𝐺𝐿)𝐾𝑛 + (𝐿𝑁 −𝑀

2) = 0. (11) 
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Eliminate 𝐾𝑛, then: 

(𝐸𝑀 − 𝐹𝐿) (
𝑑𝑢

𝑑𝑣
)
2

+ (𝐸𝑁 − 𝐺𝐿)
𝑑𝑢

𝑑𝑣
+ (𝐹𝑁 − 𝐺𝑀) = 0. (12) 

The principal curvature and principal direction of the surface can be obtained by solving 

Eqs. (11) and Eq. (12) respectively. 

Meshing common 

tangent plane

Contact ellipse
(1)

e 

(2)

e 

(12)


(1)



2
a

2b

contact point

 
Fig. 6. Common section projection of contact ellipse 

Fig. 6 shows the projection of the contact ellipse on the common tangent plane of the meshing 

tooth surface. 

The directed angle from the first principal direction on the pinion tooth surface 𝑒𝐼
(1)

 to the first 

principal direction on the gear tooth surface 𝑒𝐼
(2)

 is defined as 𝜎(12). Given the principal curvature 

and direction of two contact tooth surfaces, the normal curvature in any direction can be expressed 

according to the Euler formula of normal curvature: 

𝐾𝑛
(𝑖)
= 𝐾I

(𝑖)
cos2𝜎(𝑖) + 𝐾II

(𝑖)
sin2𝜎(𝑖) = 1 2(𝐾Σ

(𝑖)
+ 𝑔𝑖cos2𝜎

(𝑖))⁄ , (13) 

where 𝐾Σ
(𝑖)
= 𝐾I

(𝑖)
+ 𝐾II

(𝑖)
, 𝑔𝑖 = 𝐾I

(𝑖)
− 𝐾II

(𝑖)
, 𝑖 = 1,2. 𝜎(1) is the angle between the main direction 

and the minor axis of the instantaneous contact ellipse of point 𝑀∗ on ∑1: 

{
  
 

  
 cos22𝜎(1) =

𝑔1 − 𝑔2cos2𝜎
(12)

𝑅12
,

sin22𝜎(1) =
𝑔2sin2𝜎

(12)

𝑅12
,

𝑅12 = √𝑔1
2 − 2𝑔1𝑔2cos2𝜎

(12) + 𝑔2
2.

 (14) 

Then the length of the major and minor semi-axes of the contact ellipse (𝑎 and 𝑏) can be 

represented as: 

𝐴 =
1

4
(𝐾Σ

(1) − 𝐾Σ
(2) − (𝑔1

2 − 2𝑔1𝑔1cos(2𝜎
(12)) + 𝑔2

2)
1
2⁄ ), (15) 

𝐵 =
1

4
(𝐾Σ

(1) − 𝐾Σ
(2) + (𝑔1

2 − 2𝑔1𝑔1cos(2𝜎
(12)) + 𝑔2

2)
1
2⁄ ), (16) 
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{
 
 

 
 
𝑎 = √

𝛿′

𝐴

 

,

𝑏 = √
𝛿′

𝐵

 

.

 (17) 

3. Results and discussion 

The effects of profile crowning, lead modification and misalignment on tooth surface contact 

and transmission error of helical gears are investigated based on the proposed model. The 

parameters of the helical gear pair are shown in Table 1. Considering the design efficiency, only 

the pinion tooth surface modification is considered in this work. 

Table 1. Parameters of helical gears 

Parameters value 

Tooth number of pinion 𝑧1 23 

Tooth number of gear 𝑧2 91 

Normal module 𝑚𝑛  (mm) 5 

Tooth width 𝐵 (mm) 50 

Pressure angle 𝛼𝑛  ( °) 20 

Helix angle 𝛽𝑚  ( °) 25 

Addendum height coefficient 1 

Clearance coefficient 0.25 

Elastic Modulus 𝐸 (GPa) 210 

Input torque 𝑇𝑚  (N∙m) 300 

3.1. Meshing simulation of helical gears  

3.1.1. Effect of installation error  

The profile parabola coefficient 𝑎1 =  0.0005, Vertex position 𝑢0 =  2. The effect of 

installation error on tooth contact mark (contact line and contact path) are shown in Fig. 7. When 

there is no installation error, the tooth contact mark is shown in Fig. 7(a). The tooth contact mark 

caused by Δ𝐸 = 0.02 mm is shown in Fig. 7(b). Figs. 7(c) and 7(d) show the mark caused by  

Δ𝛾 = 0.1' and Δ𝛾 = 0.3'. 

(a)   Zero error 0.02 =E mm(b)  

0.3′ =(d)  0.1 = ′(c)  

 
1=0.0005a  

0 =2u Profile parabola coefficient Vertex position

 
Fig. 7. Tooth contact mark 
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The contact lines of the helical gear are almost unchanged when there is a large center distance 

error, and the path of contact does not deviate along the tooth width direction, which is consistent 

with the characteristic that the cylindrical gear is insensitive to the center distance error. When 

there is a small shaft angle error Δ𝛾, the contact path moves along the direction of the tooth width, 

but no obvious change is found in the length and direction of the long axis of the contact ellipse. 

The transmission errors in the above four states are shown in Fig. 8. The amplitude of 

transmission error is less than 4×10-7″ when there is center distance error. 

The transmission error is turn into a discontinuous straight line due to the existence of shaft 

angle error, which will cause the discontinuity of transmission motion between adjacent teeth and 

resulting in the meshing impact and vibration. It further indicates that gear tooth meshing is 

sensitive to the shaft angle error. The amplitude of the transmission error increases with the 

increase of the shaft angle error. 

(a)   Zero error 0.02 =E mm(b)  

0.3′ =(d)  0.1 = ′(c)  

 
1=0.0005a  

0 =2u Profile parabola coefficient Vertex position
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Fig. 8. Transmission errors  

3.1.2. Double-crowned (quadratic parabola) 

Four cases in Table 2 are analyzed to study the influence of the double-crowned on gear tooth 

meshing state which is generated by worm considering the quadratic parabola. 

Using the parameters of Case 1 and Case 2, we obtain the tooth contact marks. As shown in 

Fig. 9(a) and (c), the path of contact was significantly deflected along the tooth surface due to the 

longitudinal modification compared with Fig. 7(d), and the larger the parabola coefficient, the 

more obvious the deflection. 

Table 2. Double-crowned (quadratic parabola) 

Modification parameters 
Double-crowned (2) 

Case 1 Case 2 Case 3 Case 4 

Parabola coefficient 𝑎𝑝 0.0005 0.0005 0.0005 0.0008 

Vertex position 𝑢0 (mm) 2.0 2.0 2.5 2.5 

Parabola coefficient 𝑎𝑙 0.00003 0.00005 0.00005 0.00005 

Shaft angle error ∆𝛾 (') 0.3 0.3 0.3 0.3 

It can be observed in Fig. 9(b), (d), the transmission error curve presents a continuous parabolic 
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shape due to the parabola longitudinal modification. Compared with the discontinuous linear 

function of transmission error, the angular velocity runout at the cycle connection point of gear 

tooth engagement will be reduced. This shows that the quadratic parabola longitudinal 

modification of tooth can compensate the influence of the shaft angle error on meshing. With the 

increase of 𝑎𝑙, the value of transmission error also increases for case 2.  
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Fig. 9. Tooth contact mark and transmission errors (Case 1, Case 2) 

With the increase of the vertex position 𝑢0 in case 3, the contact points in Fig. 10(a) are shifted 

downward and deviated along the tooth width direction compared with the contact path in 

Fig. 9(c), but the length and direction of the long axis of the contact ellipse do not change 

significantly. With the increase of 𝑎𝑝, the contact points of case 4 move to close to the pitch circle, 

while the long axis of the contact ellipse is obviously shorter, it is not conducive to the bearing 

capability of the tooth. 
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Fig. 10. Tooth contact mark and transmission errors (Case 3, Case 4) 
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The transmission error of case 3 is smaller than case 2. With the increase of 𝑎𝑝 in case 4, the 

value of the transmission error increases. Therefore, we should reasonably design the parameters 

of modification. 

3.1.3. Profile-crowned (quartic parabola) + lead-crowned (quadratic parabola) 

Cases 5-8 in Table 3 are analyzed to study the influence of quartic parabola profile 

modification on the meshing state. In Table 3, 𝑎𝑝  is the quartic parabola coefficient. 𝑎𝑙  is the 

quadratic parabola coefficient. 

Table 3. Profile-crowned (quartic parabola) + lead-crowned (quadratic parabola) 

Modification parameters 
Profile-crowned (4) + lead-crowned (2) 

Case 5 Case 6 Case 7 Case 8 

Parabola coefficient 𝑎𝑝 0.00001 0.00001 0.00001 0.00002 

Vertex position 𝑢0 (mm) 2.0 2.0 2.5 2.5 

Parabola coefficient 𝑎𝑙 0.00003 0.00005 0.00005 0.00005 

Shaft angle error ∆𝛾(′) 0.3 0.3 0.3 0.3 

In Fig. 11, the path of contact changes into an S-shaped when taking a quartic parabola profile 

modification. Compared with Fig. 10, the instantaneous contact points move down at the entry 

end, and move up at the exit end. The long axis of the contact ellipse becomes significantly longer 

at the middle of the tooth width. In case 6, with the increase of the longitudinal modification 

coefficient, the contact points move further down at the entry end and move up at the exit end, 

while they remain basically unchanged at the middle of the tooth width. 
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Fig. 11. Tooth contact mark and transmission errors (Case 5, Case 6) 

The apex of the parabolic transmission error in Fig. 11 is almost “flattened”, which is slightly 

smaller than the transmission error value in Fig. 10. The amplitude of it at the transition point 

decreases, and the angle between the two tangents at the transition point increases. The curve is 

smooth, which not only reduces the sensitivity of the gear transmission to installation errors, but 

also reduces the vibration and impact of gears under light load. With the increase of the 

longitudinal modification coefficient, the value of transmission error increases. 

Compared with case 6, 𝑢0 is changed in case 7, 𝑎𝑝 is increased in case 8. The analysis results 

are shown in Fig. 12. 
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Compared with Fig. 11(c), the path of contact in Fig. 12(a) shifted downward and deviated 

along the tooth width direction. The length and direction of the long axis of the contact ellipse do 

not change significantly. 

In Fig. 12(c), the long axis of the contact ellipse becomes shorter because of the increase in 

the crowning of the tooth profile. The contact points move up at the entry end, and move down at 

the exit end. The contact points near the middle of the tooth width are basically unchanged. We 

can see that the path of contact transitions smoothly across the entire tooth width. 

As shown in Fig. 12(b), the transmission error of case 7 is smaller than case 6. The increase in 

the crowning of the tooth profile leads to an increase in transmission error. 
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Fig. 12. Tooth contact mark and transmission errors (Case 7, Case 8) 

The above results show that generate the profile by a higher-order quartic parabola does not 

change the basic properties of the transmission error compared with Figs. 9-10. While the tip of 

the transmission error curve is “flattened”. A better contact path than Figs. 9-10 can be achieved 

by taking a proper quartic parabola profile modification. 

3.1.4. Double-crowned (quartic parabola) 

In order to further analyze the influence of the high-order longitudinal modification on the 

contact state of the gear, case 9-12 are analyzed. Both 𝑎𝑝  and 𝑎𝑙  are the quartic parabola 

coefficient in Table 4. 

Table 4. Double-crowned (quartic parabola) 

Modification parameters 
Double-crowned (4) 

Case 9 Case 10 Case 11 Case 12 

Parabola coefficient 𝑎𝑝 0.000015 0.000015 0.000015 0.000025 

Vertex position 𝑢0 (mm) 2.0 2.0 2.5 2.5 

Parabola coefficient 𝑎𝑙 5×10-8 8×10-8 8×10-8 8×10-8 

Shaft angle error ∆𝛾 (') 0.3 0.3 0.3 0.3 

Compared with Fig. 12, taking the quartic parabola longitudinal modification, the contact 

points at the entry and exit ends do not change significantly. The contact point transitions smoothly 

and in a straight line in the middle of the tooth width. While the length of the major axis of the 

contact ellipses near the middle of the tooth width increase. In Case 10, With the increase of 𝑎𝑙, 
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the contact points at the entry and exit ends deviate along the tooth width direction, and the contact 

path in the middle of the tooth width is basically unchanged. 

The function of transmission error in Fig. 13(b) is flatter than it in Figs. 11-12. This shows that 

the quadric parabolic longitudinal modification further reduces the sensitivity of gear transmission 

to installation error. It is very beneficial to reduce the vibration and impact of gear transmission 

under light load. In Fig. 13(d), With the increase of 𝑎𝑙, the value of transmission error increases. 

The vertex parameters 𝑢0 is changed from 2.0 to 2.5 in case 11, 𝑎𝑝 is increased in case 12. The 

simulation results are shown in Fig. 14. It can be seen that the change of 𝑢0 affects the position of 

the contact point, and the increase of 𝑎𝑝 makes the long axis of the contact ellipse shorter. When 

the double-crowned is generated considering the quadric parabola, the function of transmission 

error under the given cases has a slight change in shape, but a small difference in numerical value. 
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Fig. 13. Tooth contact mark and transmission errors (Case 9, Case 10) 
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Fig. 14. Tooth contact mark and transmission errors (Case 11, Case 12)  
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3.1.5. Double-crowned (six times parabola) 

Cases 13-16 in Table 5 are analyzed to study the influence of the six times parabolic 

modification of tooth surface on gear meshing. 

Table 5. Double-crowned (six times parabola) 

Modification parameters 
Double-crowned (6) 

Case 13 Case 14 Case 15 Case 16 

Parabola coefficient 𝑎𝑝 0.00000035 0.00000035 0.00000035 0.0000006 

Vertex position 𝑢0 (mm) 2.0 2.0 2.5 2.5 

Parabola coefficient 𝑎𝑙 3×10-11 1×10-10 1×10-10 1×10-10 

Shaft angle error ∆𝛾 (') 0.3 0.3 0.3 0.3 
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Fig. 15. Tooth contact mark and transmission errors (Case 13, Case 14) 

The contact points in Fig. 15(a) transitions smoothly in the tooth root and the middle area of 

the tooth width, and the contact path is flat and almost straight compared with its in Fig. 13 and 

Fig. 14. When the amount of modification for quartic parabola and six times parabola is roughly 

the same, the long axis of the instantaneous contact ellipse becomes significantly longer at the 

entry and exit ends, and the total length of the long axis of each instantaneous contact ellipse is 

longer than that of the quartic parabola modification, and the meshing is smoother.  

The functions of transmission error in Fig. 15 are high-order curves, which are conducive to 

reducing vibration and impact of gears under light load. The value is smaller when the six times 

parabolic modification is adopted. With the increase of 𝑎𝑙 , the value of transmission error in 

Fig. 15(d) increases. 

The vertex parameters 𝑢0 is changed from 2.0 to 2.5 in case 15, 𝑎𝑝 is increased to 0.0000006 

in case 16. The simulation results are shown in Fig. 16. It can be seen that the influence 

characteristic of the parameters on the results is the same as that of quartic parabola modification. 

3.2. Summary of contact  

From the above analysis of case 1 to case 16, it is obvious that the use of high-order parabolic 

modification can achieve better contact mark than quadratic parabolic modification. When a 

high-order modification curve is used, the path of contact changes obviously compared with taking 

quadratic parabolic modification, the path is generally flat, and tends to be straight in the middle 
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of the tooth surface. The contact area is significantly increased, which further improves the bearing 

capacity and stability of the gear transmission. It is beneficial to reduce the vibration and noise of 

transmission. The summary of contact paths and area under different combinations of modification 

is shown in Fig. 17. 

(a) 
(c)  

(d)  (b)  

Case15          0.00000035

T
E

Pinion angle

/(
″

)

/(°)

T
E

Pinion angle

/(
″

)

/(°)

       0.0000006            Case16

Profile  parabola coefficient

-60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60

-8

-6

-4

-2

0

-10

-8

-6

-4

-2

0

 
Fig. 16. Tooth contact mark and transmission errors (Case 15, Case 16) 

Double-crowned(quadratic parabola)

Double-crowned (quartic parabola)

profile (quartic parabola) 

 longitudinal (quadratic parabola)

Double-crowned (six times parabola)

  
Fig. 17. Contact paths under different modification methods 

For case 2, case 6, case 10 and case 14, when the calculation step is unified, if there are 18 

contact lines on the tooth surface, the total length of contact lines on the tooth surface with 

different modification combinations are shown in Fig. 18. It can be seen that the total length of 

contact lines increases with the continuous increase of modification curve order. Compared with 

the double-crowned (quadratic parabola) gears, the length of all contact lines increases to 255 mm 

when taking the profile (quartic parabola) and longitudinal (quadratic parabola), the rate of 

increase is 4.2 %. When taking the double-crowned (quartic parabola) modification, the length of 
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all contact lines increases obviously to 301.1 mm, the rate of increase is 23.2 % compared with 

the double-crowned (quadratic parabola) gears. For the double-crowned (six times parabola) 

gears, it increases by 8.4 % compared with taking the quartic parabola modification, the rate of 

increase has dropped significantly. 
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Fig. 18. The total length of contact lines on tooth surface 

3.3. Model validation 

A finite element method is applied to validate the proposed model. The parameters of example 

are the same as case 2, case 10 and case 14 respectively. The entire tooth surface is divided into 

three sections along the tooth width direction: 0-15 mm, 15 mm-35 mm, 35 mm-50 mm, and the 

contact lines on the tooth surface are obtained by the finite element method and the proposed 

model respectively. 

In the above three sections, for double-crowned (quadratic parabola) gears, the contact lines at 

the same meshing position are selected for comparison. The results are shown in Fig. 19(a). It can 

be seen that there are small differences for the directions of the first contact line and third one 

using the two methods. The direction of second one is virtually identical. And compared with the 

results of the proposed model, the length of contact line of the first and third ones by the finite 

element analysis are slightly shorter, but the second one is slightly longer. 
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Fig. 19. Double-crowned (quadratic parabola) 

The contact lines on the tooth surface were added separately according to the three sections, 

the length of them are shown in Fig. 19(b). The sum of the length of contact lines is 55.5 mm, 
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125.9 mm and 63.2 mm in the three sections by the proposed model, and 53.6 mm, 128.7 mm, 

61.1 mm respectively by the finite element analysis. The results obtained by the proposed model 

are basically consistent with its by finite element analysis, the maximum error is within 3.5 %. 

Compared with the results of the proposed model, the total length of contact lines of the first 

section (0-15 mm) and third ones (35 mm-50 mm) by the finite element analysis are slightly 

shorter, while in the second section (15 mm-35 mm) is slightly longer. 
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b) The length of contact lines 

Fig. 20. Double-crowned (quartic parabola) 

Fig. 20(a) shows the contact lines by the finite element analysis and the proposed model of 

double-crowned (quartic parabola) gears. It can be observed that the comparative characteristics 

of the direction and length of the contact line at the same meshing position obtained by the two 

methods are consistent with those in Fig. 19(a). The sum of the length of contact lines in the three 

sections are shown in Fig. 20(b), the maximum errors of the results by the two methods are still 

within 3.5 %. Compared with the results of double-crowned (quadratic parabola) gears by the 

proposed model, in the 0-15 mm section, the sum of the length of contact line decreases by about 

7.9 %, in the 15 mm-35 mm section, the value increases more obviously by about 39.7 %, and in 

the 35 mm-50 mm section, which increased by 17.2 %. It is obvious that the contact area in the 

middle of the tooth surface is enlarged, the transmission is more stable. 
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b) The length of contact lines 

Fig. 21. Double-crowned (six times parabola) 

Fig. 21(a) show the results of double-crowned (six times parabola) gears by the two methods. 

The results obtained by the proposed model are still consistent with its by finite element analysis, 
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the first contact line and third one obtained by the two methods have small differences in 

directions. The length of contact line of them by the finite element analysis are slightly shorter, 

while the second one is longer. In Fig. 21(b), compared with the results of double-crowned (quartic 

parabola) gears by the proposed model, the total length of contact line increases by about 27 % in 

the 0-15 mm section. While in the 15 mm-35 mm section, it decreases significantly by about 

45.8 %. In the 35 mm-50 mm section, the total length of contact lines is 166.1 mm and 161.1 mm 

by the two methods with an obvious increase of about 124.2 %. Although the total length of 

contact lines on the tooth surface is increased compared with the double-crowned (quartic 

parabola) gears, but the sum of length of contact line in the middle section (15 mm-35 mm) of the 

tooth width decreased significantly, which is not good for the bearing capacity of gears. 

4. Conclusions 

This paper presents a tooth contact analysis model to study the tooth contact marks and 

transmission errors of gears, considering misalignments and different combinations of high-order 

topological modification. The tooth surface equation with double-crowned by using worm 

grinding wheel is derived using the generation principle of gear. Based on the gear meshing theory, 

the tooth contact model of cylindrical gear with errors and high-order topological modification is 

established. The effects of errors and different combinations of modification curves on the tooth 

surface contact and transmission error are analyzed. The proposed model is validated by taking 

the finite element analysis. It can be seen that compared with the double-crowned (quadratic 

parabola) gears, when the profile modification is generated by worm considering the quartic 

parabola, the shape of the contact path and area has changed significantly. When the longitudinal 

modification also taking quartic parabola, the contact points in the middle of the tooth width are 

almost a straight line, and the total length of the contact line on the tooth surface increases 

significantly, especially in the middle section. In practical applications, the results can be further 

optimized by adjusting the parameters of the parabolic curves. For the double-crowned (six times 

parabola) gears, the shape of the contact path and area on the tooth surface is further changed, 

although the total length of the contact line on the tooth surface increases, but the increase is not 

large, and the length of the contact line in the middle section of the tooth width decreases too 

much, which is not conducive to the bearing of the gear. 

On the basis of the above analysis in this paper, we conducted a dynamic analysis of the 

modified cylindrical gear and found that compared with the use of quadratic modification, when 

the quartic modification parameters were reasonably selected, the root mean square (RMS) of the 

vibration acceleration of the gear transmission decreased significantly. It can even decrease by 

more than 30 %. When using the six times parabola curve, compared with the double-crowned 

(quartic parabola) gears, the decrease in the RMS of the vibration acceleration is not very obvious. 

A detailed analysis will be presented further in our next papers. 
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