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Abstract. Compared with finite element method (FEA) and statistical energy method (SEA), the 
energy finite element method (EFEA) is a promising and more suitable method to predict the high-
frequency vibration response and radiated noise of mechanical structures, due to its advantages of 
both computational efficiency and ability to get detail information. In recent years, researchers 
have made great progress in EFEA, due to the urgency of engineering application. This paper aims 
to comprehensively summarize historical and latest development of energy finite element analysis 
from two aspects of theory and engineering, to furtherly promote its application in the engineering 
field. Firstly, the development history of EFEA in basic structures is summarized, and the 
theoretical development direction of energy finite element in recent years is further analyzed. After 
that, the application of EFEA in aerospace, ship and vehicle engineering are summarized. Finally, 
the problems that need to be furtherly studied in EFEA are presented, and it is pointed out that it 
is an urgent research work to continue to improve the energy finite element analysis theory and 
software and apply it to engineering. 
Keywords: energy finite element analysis, mechanical structure, high-frequency dynamic 
response prediction. 

1. Introduction 

With the development of science and technology, the vehicles have gradually developed 
toward the direction of high speed and lightweight, so in the mechanical design stage of the 
vehicles, in addition to the low-frequency dynamic response prediction, the medium and 
high-frequency vibration of the structure has to be considered. Therefore, the vibration response 
analysis of the mechanical structure in the high frequency domain is also an important problem 
that must be solved in the structural design of modern vehicles. Numerical analysis is usually used 
to solve complex structural vibration problems. Finite Element Analysis (FEA) is a powerful tool 
to study the vibration response of a structure. It discretizes the complex structures into several 
elements and discretizes the governing equations according to the element nodes to form matrix 
equations and solve them in combination with boundary conditions. However, in the middle and 
high-frequency vibration analysis, it is necessary to divide more and finer meshes to reflect the 
real vibration response results of the structure, so it requires more time and cost. In the case of 
large scale structures, the number of meshes required is too large, often the time cost is usually 
unacceptable, and beyond what existing computers can afford [1]. On the other hand, in the 
low-frequency band, the wavelength in the system is large, and the response is not sensitive to the 
parameter perturbation, so the finite element method can effectively predict the low-frequency 
response. At high frequencies, the wavelength is short, and with the increase of the analysis 
frequency, the energy density of the vibrating structure tends to be uniform, so it is generally 
difficult to accurately predict the high-frequency vibration response characteristics of complex 
structures by the finite element method. Since mid-high frequency, especially high frequency, 
tends to describe the response in the average sense, Statistical Energy Analysis (SEA) can be 
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widely used in mid-high frequency analysis. The statistical energy method is based on sub-
structure division, regards energy as a variable in the sub-structure, establishes an energy equation, 
and obtains the energy response of each sub-structure, avoiding the large amount of calculation 
caused by medium and high frequencies. However, this method can only reflect the average energy 
level of the substructure, and cannot accurately describe the detail information of the energy 
response within the substructure. 

EFEA takes the time-space average energy density as the variable of the governing differential 
equation and then uses the finite element method to solve the governing differential equation so 
that the energy density of all nodes in the structure can be obtained, the energy finite element 
analysis is usually used to analyze the vibration and noise problems of medium and high-frequency 
structures. This method can not only overcome the upper-frequency limit problem of the finite 
element method due to the dense structural modes in the middle and high-frequency analysis but 
also avoid the problem that the statistical energy method loses the spatial variable information of 
the substructure and cannot accurately describe the energy response in the substructure. The 
energy finite element analysis can use fewer elements to analyze large scale and complex 
structures and obtain the response results in a shorter time, which greatly shortens the product 
design time [2]. 

This paper traces the development history of the energy finite element analysis and analyzes 
the engineering application fields of EFEA in recent years, as well as the theoretical research 
direction of EFEA, which has a certain role in promoting the wide application and theoretical 
maturity of the energy finite element analysis. 

2. The basic theory of EFEA 

In EFEA, the variable of the governing differential equation is the time and space-averaged 
energy density, and the energy density is obtained by solving this equation by using the finite 
element method. The basic theory of EFEA for an isotropic plate will be introduced as follow. 

When the isotropic thin plate structure is subjected to harmonic excitation, the equation of 
motion of the bending wave in the plate is as follow: 

𝐷 1 + 𝑖𝜂 ∇ 𝑤 − 𝜌ℎ 𝜕 𝑤𝜕𝑡 = 𝐹𝑒 , (1)

where ℎ is the thickness of the plate, 𝜌 is the density of the plate material, 𝜂 is the hysteretic 
damping coefficient, 𝐹𝑒  is the harmonic excitation of the isotropic thin plate, and 𝐷 is the 
Bending stiffness, 𝐷 = 𝐸ℎ 12(1 − 𝑣 )⁄ , 𝐸 is the Young’s modulus of the material, 𝑣 is 
Poisson’s ratio, ∇ is the Laplace operator whose expression is as follow: 

∇ = 𝜕𝜕𝑥 + 𝜕𝜕𝑦 . (2)

Using the general solution form of Eq. (1), the expressions of energy density and intensity can 
be obtained, and the relationship between the time-space average energy density and intensity can 
be obtained by further observation as follows: 

⟨𝐼⟩̅ = − 𝑐𝜂𝑤 ∇⟨�̅�⟩. (3)

The wave group velocity 𝑐  in Eq. (3) is as follow: 
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𝑐 = 2 × 𝑤 𝐷𝜌ℎ = 2 × 𝑤 𝐸ℎ12𝜌(1 − 𝑣 ). (4)

According to the conservation of energy is as follow [3]: 𝜋 = 𝜋 + ∇𝐼.̅ (5)

where, 𝜋  represents the input of energy in the system; 𝜋  represents the dissipation of energy 
in the system. The energy density equation can be obtained: 

− 𝑐𝜂𝑤 ∇ ⟨�̅�⟩ + 𝜂𝑤⟨�̅�⟩ = ⟨𝜋 ⟩. (6)

where, 𝜋  is the input power. According to the Galerkin weighted residual method, the above 
equation is discretized, and the equation matrix form of the energy finite element analysis is 
obtained: 𝐾 𝑒 = 𝐹 + 𝑄 . (7)

In Eq. (7): 

𝐾 = 𝑐𝜂𝑤 ∇𝑁 ∇𝑁 + 𝜂𝑤𝑁 𝑁 𝑑𝑥𝑑𝑦, (8)𝐹 = 𝑁 𝜋 (𝑥,𝑦)𝑑𝑥𝑑𝑦, (9)𝑄 = 𝑁 (𝑛 ⋅ ⟨𝐼⟩̅)𝑑Γ , (10)𝑒 = 𝑒 𝑒 𝑒 … … 𝑒 . (11)

Solving Eq. (7), the energy density at each node can be obtained. 

3. The development history of EFEA for the basic structures 

EFEA originated from the study of energy flow. In 1975, Belov and Rybak [4] first proposed 
the Power Flow Analysis (PFA) method, which uses differential equations in the form of heat 
conduction to describe the energy flow distribution in a vibrating structure. In 1977, Belov [5] et 
al. on the premise of introducing the wave theory, assumed that the waves generated by the 
structural vibration were uncorrelated, and the energies of several waves could be superimposed 
on each other without affecting each other and used differential equations to analyze flexural and 
longitudinal wave energy flow transfer in beam-slab structures. In 1983, Butlitskaya [6] et al. 
studied the noise and vibration problems of ventilation duct structures using differential equations 
in the form of heat conduction developed by Belov and Rybak (1979). At that time, Belov and 
Rybak’s research was not based on strict continuum mechanics, but only theoretically applied the 
structural heat conduction method to structural vibration problems. 

The basic structure refers to the structure without the sudden change of geometric parameters 
and material parameters. In the process of energy finite element analysis of the basic structure, the 
energy density governing equation of the corresponding basic structure only needs to be derived, 
and the energy density governing equation can be solved by finite element method, without 
solving the problem of energy density mutation at the coupling. Basic structures, such as ordinary 
bars, beams, plates, membranes, shells, etc. 
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3.1. Development of EFEA for beam structures 

In 1989, Nefske and Sung [7] obtained the energy density governing equation of beam 
structures from the intrinsic relationship between energy flow and energy density, the functional 
expression of power loss and energy density, and the relationship between power input and output 
in micro-elements, and compared with the traditional modal analysis, it proves that the method is 
simpler. However, some of the assumptions they propose differ from traditional wave mechanics. 
In 1990, Burrell et al. [8] used the finite element analysis to solve the energy flow governing 
equation established by Nefske and Sung, then compared it with the traditional modal analysis 
method. The results show that the finite element analysis is faster to solve the energy flow control 
equation. However, the stationarity of the response results cannot be explained by the above 
method. In 1992, Wohlever et al. [9] artificially proved that the power flow method is theoretically 
established. Through the wave solution of the equation of motion and the basic dynamic theory, 
the relationship between the structural energy (kinetic energy and potential energy) and the 
intensity was established, and the energy density was deduced. The governing equation taking the 
energy density as variable for a bar-beam structure is as follow: 𝑑 ⟨�̅�⟩𝑑𝑥 − ∅ ⟨�̅�⟩ = 0, (12)

where, ∅ = 𝜂𝑤/𝑐 . In the same year, Lase [10] proposed that the boundary conditions were 
represented by energy flow, and the vibration response of each position on the beam structure was 
represented by the magnitude of the energy density. In 2006, Park et al. [11] used the energy flow 
model to analyze the influence of the moment of inertia and shear deformation, deduced and 
solved the energy density governing equation of the Timoshenko beam, and obtained the energy 
density distribution on the Timoshenko beam. A functionally graded material is a heterogeneous 
composite material whose overall properties show gradient changes by continuously changing the 
distribution of component materials [12]. In 2008, Yang et al. [13] based on the classical Euler 
beam theory, studied the vibrational properties of FGM beam structures with different boundary 
conditions. In 2013, Zhang M. et al. [14] proposed energy finite element analysis for structures 
with random parameters. They used the expectation and variance formulas of continuous random 
variables and the traditional energy finite element analysis to obtain the response of the beam 
structure at any position in the random parameter system. Variance, mean and analytical solutions 
of the energy density response for this structure were obtained, and compared to Monte Carlo 
simulation results for the energy density modal solution. In 2016, Deng H. et al. [15] analyzed the 
theoretical model of the functionally graded material Timoshenko beam based on the theory of 
dynamics and variable substitution. In 2018, Lin Z. L. et al. [16] introduced a formula to solve the 
energy density discontinuity problem at the junction with stepped thickness beams. In addition, 
several design examples at different frequencies and damping loss factors were used to verify the 
feasibility of the EFEA. Wang D. et al. [17] used EFEA to obtain the energy flow of the 
functionally graded material beam structure and obtained the energy distribution of the coupled 
functionally graded material beam structure by solving the energy density and energy flow in the 
structure. In March, 2021, Liu N. [18] established the energy balance equation of functionally 
graded beam based on Euler-Bernoulli beam theory by using the characteristics of functionally 
graded structure, and combined with Galerkin weighted residual method, established the EFEA 
model of functionally graded beam structure. In May, Liu Z. H. et al. established the energy flow 
of thermal gradient beams to analyze the temperature difference between the inner and outer 
surfaces of aerospace structures caused by aerodynamic heating during high-speed flight, resulting 
in the dynamic response of beams containing temperature gradients under high-frequency 
excitation [19]. In these works, researchers investigate different types of beam structures and 
provide a theoretical basis for analyzing the vibration behaviour of complex structures including 
beams using EFEA. In September, Chen X. F. [20] and others deduced the wave number, energy 
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density and power of composite laminated beams based on Timoshenko beam theory. The 
relationship between energy density and power was obtained by time average and local space 
average methods, and the energy density equation of symmetric laminated beams was established. 
According to the Galerkin weighted residual method in the finite element method, the equation is 
solved, and the energy finite element model is obtained. By comparing the EFEM solution and 
WPA solution of the density distribution of laminated beams through an example, the EFEM 
solution can accurately predict the energy density distribution of symmetric laminated beams 
under medium and high frequency excitation. In 2022, Miaoxia Xie et al. established the energy 
flow model of the tapered beam with variable thickness, derived the equivalent wave group 
velocity in the tapered beam using acoustic approximation method, and numerically solved the 
energy density governing equation of the tapered beam. This research will promote the application 
of energy finite element method to variable thickness structures [21]. 

3.2. Development of EFEA for rod structures 

In 1990, Jezequel and Lase [22] used a method similar to Sung [7] to establish the energy 
density governing equation for the longitudinal vibrating rod structure and realized the spatial 
distribution of energy density to represent the entire response of the longitudinal vibrating rod. In 
2004, Sun L P derived the energy density governing equation of the rod structure under simple 
harmonic excitation, obtained a simplified solution of the equation, and verified the similarity 
between the energy flow and heat flow of the vibration-noise structure proposed by Nefske and 
Sung [23]: 𝑐𝜂𝑤 𝑑 ⟨�̅�⟩𝑑𝑥 − 𝜋 = 0. (13)

3.3. Development of EFEA for plate structures 

In 1992, Bouthier O. M. and Bernhard R. J. [24] derived the governing equation of the energy 
density of the thin plate structure. They solved the governing equation of the energy density of the 
plate structure by the finite element analysis, and found that the maximum energy density is at the 
excitation position of the plate structure. With the distance from the excitation position, its energy 
density gradually decreases, and the energy flow spreads around the excitation position. In 1995, 
Bouthier O. M. and Bernhard J. R. [25] derived approximate energy models for infinite and finite 
plates using the relationship between energy balance loss coefficients, damping models, and 
approximate energy transfer models. Eq. (14) is the energy density governing equation of the plate 
structure: 

− 𝑐𝜂𝑤 ∇ ⟨�̅�⟩ + 𝜂𝑤⟨�̅�⟩ = ⟨𝜋 ⟩. (14)

In 2008, Yan [26] developed a new EFEA model for composite laminates, and verified the 
results of the EFEA equation by comparing it with the results of the dense mesh finite element 
model. The governing equation for the composite laminate is: 

−𝑐∗𝜂𝑤 ∇ ⟨�̅�⟩ + 𝜂𝑤⟨�̅�⟩ = ⟨𝜋 ⟩. (15)

where, 𝑐∗ is a function of the wave propagation angle 𝜃: 
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𝑐∗ = 𝑐 𝑑𝜃. (16)

In the same year, Moraveji [27] applied the energy finite element analysis to the trim panel 
structure. In 2014, Zhu W. H. [28] decoupled the in-plane motion and out-of-plane motion of the 
thin-plate structure from the thin-plate theory, established a finite element energy flow model of 
these two motions, and obtained the bending factor of the plate structure through the energy 
balance equation. In 2019, He L. et al. [29] from Xi’an Jiaotong University discretized the energy 
density governing equation of anisotropic plate structures, deduced the energy finite element 
equation for anisotropic plate structures, then used numerical examples to compare EFEA with 
traditional models. The calculation results of the state method were compared to verify the 
correctness of the energy density governing equation of the orthotropic thin plate structure. After, 
He L. et al. solved the energy finite element equation to obtain the structural sound intensity, and 
finally analyzed the influence of local damping distribution at different positions on vibrational 
energy transfer characteristics of orthotropic thin-plate structures. In 2021, based on thin plate 
theory, Liu N [18] established the relationship between sound intensity and energy density after 
Spatio-temporal averaging processing and far-field approximation assumption, and then deduced 
the governing equation of energy density for functionally gradient plates. Then, in order to 
establish the high frequency vibration analysis method of the functionally gradient plate structure 
in contact with the average flow by EFEA, the fluid dynamic pressure model was established by 
using the velocity potential function and Bernoulli equation, and the governing equation of energy 
density was derived by considering the bending wave number of the plate in different directions 
along the bending wave and the average flow. In 2022, Zhidong Cai [30] deduced the energy 
equation of the in-plane free vibration of rectangular laminated plates based on the energy method 
solution framework, and then established the numerical analysis model of rectangular laminated 
plates on the premise that Legendre polynomials and artificial spring technology represent the 
allowable function of structural displacement and boundary conditions. Then the correctness of 
this method is verified by comparing the solution results with the finite element results. 

3.4. Development of EFEA for membrane structures 

In 1990, Bouthier O. M. studied the relationship between the spatially averaged energy density 
and the structural strength of membrane structures. He assumed that when the damping in the 
structure is small, the strength of the structure is proportional to the gradient of the spatially 
averaged energy density [31]. In 1995, Bouthier O. M. and Bernhard J. R. [32] explored the 
corresponding power flow method for two-dimensional structures based on previous studies. They 
considered the tension factor in the 2D film and derived the governing equation of the energy 
density for the 2D film. In 2022, Kun Wang et al. [33] proposed an analytical formula for the 
average energy of large-scale spatial membranes with deterministic parameters based on the 
Green's kernel of vibrating membranes and using the average free path to describe the propagation 
distance of energy waves, which is applicable to membranes of various shapes. After that, the 
vibration energy formula of large membrane with random parameters is developed and its 
correctness is verified by the accurate energy response of the traditional displacement scheme. 
The vibration analysis from the energy angle is further promoted. 

3.5. Development of EFEA for shell structures 

In 2008, Miaoxia Xie [34] predicted the energy density distribution of a cylindrical shell under 
axisymmetric loads based on the thin shell theory. In the same year, Dong H. [35] derived the 
axial and hoop displacement equations based on the motion equation of the free vibration of the 
cylindrical shell, and then from the relationship between energy density and strength, the energy 
density governing equation of the cylindrical shell structure is constructed. In 2014, Kong [36] 
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obtained the governing equation of out-of-plane vibrational energy for thin shells and gave the 
energy density distribution of hyperbolic shells. 

To sum up, the development overview of energy finite element analysis for basic structures 
such as rods, beams, membranes, plates, and shells is shown in Fig. 1. It can be seen from the 
figure that the energy finite element analysis of the basic structure kept to develop in the past 
10 years. 

 
Fig. 1. Development of energy finite analysis for the basic structure 

4. The development direction of EFEA theory 

With the development of the energy finite element analysis theory of basic structures, the 
energy finite element analysis has attracted the attention of many scholars. According to the 
documents obtained from the SCI database and CNKI, the author summarizes the number of 
papers on the energy finite element analysis over the years (as shown in Fig. 2). 

 
Fig. 2. The numbers of paper on EFEA over years 

It can be seen from the number of works of literature on the energy finite element analysis over 
the years that from 1995 to 2022, the energy finite element analysis has received more and more 
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attention from scholars. 
Based on the development of energy finite element analysis for the basic structural, the energy 

finite element analysis has also achieved remarkable results in other branches. Such as the field of 
acoustic-vibration coupling, vibration analysis of cracks and other damaged structures, prediction 
of vibration response under thermal environment, prediction of vibration response under random 
excitation, topology optimization, and simplified energy finite element and energy finite element 
software development, etc. 

4.1. EFEA for coupled structures (structure-structure coupled structure and 
acoustic-vibration coupled structure) 

A coupled structure is defined as a structure where there is a sudden change in geometry or 
material property, such as a combined structure in which two substructures with different 
thicknesses are connected, or two substructures with different material properties are connected, 
it also includes vibration-acoustic coupling problems. At the joint of the coupling structure, due 
to the discontinuous energy density, the energy transfer coefficient at the joint needs to be studied, 
and the energy transfer relationship needs to be reflected in the overall stiffness matrix. This is the 
difference between the energy finite element analysis and the finite element analysis in solving, 
and it is also one of the problems that need to be solved in the theoretical research and engineering 
practice research of the energy finite element analysis. 

The research on structure-structure coupling has always been a problem that must solve for 
practical engineering applications. In 1974, Nikiforov [37, 38] conducted researches on the energy 
flow of stiffened rib structures and established a second-order partial differential equation with 
energy density as a variable. In 1980, Buvailo and Ionov [39] used the finite element analysis to 
calculate the partial differential equation established by Nikiforov but did not involve the coupling 
problem at the joint. In 1998, Cho P. E. and Bernhard R. J. [40] first proposed to apply the energy 
finite element analysis to the coupling structure. They creatively used the virtual element for the 
coupling boundary, that is, the node where the two structures contacted at the joint were 
disassembled into two nodes, which effectively solves the problem caused by the discontinuous 
energy density at the joint during the numerical solution. In 2013, Niu J. and Li K. [41] considered 
three kinds of waves existing in the plate and analyzed the energy flow and energy density 
distribution of the “N” type plate coupled at any angle. In 2015, Jiang M. S. [42] used triangular 
elements to divide the grid for any plate structure, and obtained the energy density distribution 
and energy flow distribution of any plate and its coupled structure. In 2016, Liu Z. H. [43] used 
the energy finite element analysis to analyze the dynamics of the multi-plate coupled structure and 
obtained the energy transfer coefficient at the coupling and the overall finite element equation of 
the multi-plate coupled structure. The constructed analytical model can be used to predict energy 
densities of in-plane and bending waves for multi-plate coupled structures. In 2017, Liu Z. H. [44] 
also used the method of establishing the corresponding energy density vector with triangular and 
quadrilateral elements and applied it to the energy response prediction of closed cavity structure 
and the energy prediction of the coupling plate of the carriage. Zeng J. et al. [45] introduced and 
extended the hybrid energy finite element analysis (Hybrid-EFEM) to general coupling 
conditions. In the same year, Ge Y. [46] et al. studied the influence of different coupling angles, 
different plate thicknesses and other factors on the energy reflection and transmission coefficient 
in the plate. In 2018, EFEA was successfully applied to linear and “L” joint sandwich structures 
containing mass blocks to obtain the energy densities of the structures at different frequencies by 
Xu P. F. [47] et al. In the same year, Liu Z. [48] et al. considered that the power transfer coefficient 
in traditional EFEA could not capture the filtering effect, and can only provide accurate 
predictions when the damping effect is weak, then inspired by the power coupling concept of 
statistical energy analysis, an alternative and improved method for EFEA coupled structures 
(iEFEA) is proposed, that is, using coupling loss factors and considering direct alternative method 
of wave field. In 2018, He L. [49] et al. calculated the energy density of flexural waves of thin-
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plate structures through EFEA, and compared it with the statistical energy method to judge its 
accuracy. In 2021, Liu N. [18] simplified the stiffened plate structure into a plate-beam coupling 
structure, deduced the energy transfer coefficient by using the continuous principle of energy flow, 
and solved the model by MATLAB programming. In addition, when calculating the energy 
transfer coefficient at the coupling of the stiffeners with the presence of the fluid load effect and 
the stiffeners, the influence of the fluid at the coupling of the plate and the stiffeners on the energy 
transfer coefficient is analyzed and discussed. 

Another structure-structure coupling method is for a combined structure that includes both 
rigid components and flexible components. Rigid components are calculated by the finite element 
method, and flexible components are calculated by the EFEA. Compatibility conditions between 
the two components need to be established where the rigid and flexible components are connected. 

In the field of acoustic vibration coupling, EFEA also has many applications. In 1996, Bitsie 
[50] used the EFEA to analyze the plate-acoustic coupling structure. From 2005 to 2010,  
Zhang W. G. and Raveendra S. T. [51-55] and others conducted a series of analyses of the 
acoustic-vibration coupling structure using EFEA. They analyzed the ship structure with both 
structural elements and acoustic space by using EFEA. In 2006, Raymond F and Boroditsky L. et 
al. [56] expounded on the advantages and disadvantages of EFEA and SEA Vibro-Acoustic 
Models, and further emphasized the respective characteristics of SEA and EFEA in predicting the 
habitable noise of surface ship platforms. It has been shown that EFEA has outstanding 
capabilities in terms of detailed analysis of the acoustic environment and surface response under 
different excitation sources. From 2005 to 2007, Manning, Hong [57-59], and others used the 
EFEA to analyze the acoustic and vibration characteristics of vehicles. From 2008 to 2009, 
Lima D. et al. [60, 61] applied EFEA in the study of the acoustic-vibration coupling problem of 
aircraft structures. In 2010, Xie M. X. et al. [62] used plate shell elements to simulate the 
high-frequency structure-acoustic coupling characteristics of aircraft cabins and used a new 
method to obtain the detailed distribution of the flexural wave energy density on the cabin surface 
and the interior space of the cabin under the coupling conditions. In 2017, Wang S. [63] conducted 
a noise prediction study on a car and predicted the acoustic-vibration response of the interior cavity 
and plate elements of the car. In 2019, Wang H. Z. [64] and others established an EFEA model of 
an instrument cabin and predicted the acoustic and vibration environment of an instrument cabin 
structure. Finally, they compared EFEA and SEA with the test results and found that EFEA can 
predict results in more detail and match actual results. In 2021, Li A. [65] conducted a detailed 
analysis of the energy transfer coefficient of the one-dimensional coupled beam structure, then 
based on the energy transfer analysis of the two-dimensional isotropic plate-shell coupled 
structure, based on the typic laminate theory, solved the composite structure energy transfer 
properties of material laminate-beam coupled systems. In 2022, Zhu L. J. et al. [66] proposed an 
analytical model of the dynamics of a floating foundation vibration reduction system supported 
by elastic components through Lagrange equation of motion based on the energy method and 
combined with six-DOF rigid body small deformation mechanics, and deduced the mass matrix, 
stiffness matrix and damping matrix of the system. In March, Liu Jun [67] used the finite element 
method, energy method and Hamilton variational principle to establish the multi field coupling 
nonlinear vibration characteristics of the lifting pipe with longitudinal vibration and other 
nonlinear factors for the vibration of the lifting pipe in deep-sea mining, and studied the vibration 
response of different positions of the pipe string, analyzed the impact of the mass of the buffer 
station on the vibration response of the lifting pipe, and finally discussed the vibration response 
and nonlinear behaviour of the lifting pipe under different wave parameters. In May, Li A. [68] 
solved the wave-number curve based on the displacement assumption of wave method and 
Langley proposed the wave stiffness matrix method to solve the energy transfer coefficient of the 
orthogonal anisotropic laminate and shell coupled structure, and improved the theory related to 
high-frequency vibration of laminate and shell coupled structure. 
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4.2. EFEA for structures serving in thermal environment 

Uneven temperature distribution or temperature change will cause thermal stress inside the 
structure, which will cause axial force in the beam structure, and the temperature will also change 
the material properties, which makes the EFEA for structures serving in the thermal environment 
is difficult. In 2014, Zhang W. et al. [69] considered that the temperature would indirectly change 
the wavenumber and group velocity, thereby affecting the energy governing equation. They used 
the energy flow analysis to predict the vibration response of the beam structure in the thermal 
field. In 2015, Wang D. et al. [70] studied the high-frequency energy response of two-dimensional 
plate structures and coupled plates in thermal environments. It has been shown that temperature 
distribution not only change the film stress state and temperature-dependent material properties 
but also affect the energy reflection coefficient and energy transmission coefficient of the coupled 
structure. In the same year, Wang D. proposed a method similar to EFEA based on a homogeneous 
thermal environment and analyzed the energy response of the coupled plate in a non-homogeneous 
thermal environment. In 2018, Chen Z. L. et al. [71] developed an EFEA to predict the 
high-frequency vibration response of beams with axial force, which verified the feasibility and 
correctness of EFEA. 

4.3. EFEA for structures with cracks or other damaged structures 

Cracks or various damages will reduce the structural stiffness and increase the damping, which 
will affect the propagation of vibration waves and the distribution of vibration energy. According 
to the calculation results, when the Young’s modulus value is lower and the damping value is 
higher, the difference of energy flow in the damaged part will obviously increase, and the sudden 
change of energy density will occur at the node of the damaged element. Therefore, the damaged 
parts in the structure can be identified according to the calculation results of the energy finite 
element analysis. In 2012, Xu F. H. [72] predicted the vibration response of beam and plate 
structures with cracks based on the EFEA then analyzed the influence of the crack location and 
its size on the energy density distribution. In 2017, Wang D. et al. [73] used the EFEA to calculate 
the vibration response of the plate and coupled plate structures with crack and compared it with 
the results of the finite element analysis to verify the accuracy of the EFEA. In 2019, Shang B. Y. 
et al. [74] used the EFEA to predict the vibration response of the liquid-filled pipeline and tried to 
identify the damaged part through the two indicators of energy density change and energy flow 
difference. 

These studies provided a reference for using the EFEA to predict the vibration response of 
engineering structures with cracks and other damage and to identify the damaged parts of the 
engineering structure. 

4.4. EFEA for structures under random excitation 

In 2009, You J. et al. [75] studied the energy and energy flow distribution of beam structures 
subjected to several uncorrelated random excitations based on the energy flow method. In 2010, 
You J. [76-78] studied the energy density and energy flow distribution of the “L”-shaped coupling 
plate under random excitation, analyzed the influence of the correlation between random 
excitations on it, and verified its correctness with traditional SEA. In 2018, Yuan K. [79]and others 
applied the EFEA to the randomly excited plate structure. In 2019, Dai W. Q. [80]and others used 
EFEA to simultaneously study the sound insulation effect of the car body on the high-speed train 
acoustic cavity and car body structure, and constructed a high-speed train model, then obtained 
the relevant parameters through simulation calculation and experiments. In 2020, Navazi H. M. 
[81] and others used EFEA to analyze the high-frequency vibration of the perforated stiffened 
plate under random vibration. Combined with the high-frequency vibration experiment and the 
compilation of codes, it was concluded that the EFEA can be used as a method for analyzing 
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high-frequency vibration. 

4.5. Uncertainty analysis of interval parameters by using of EFEA 

In 2021, Li Z. [82] proposed a corresponding interval analysis method based on the energy 
flow model of beams and slabs. On this basis, the influence of excitation frequency, wave type, 
interval parameters, and other factors on the structural response was considered. Since then, the 
EFEA has begun to develop into the field of interval parameters. 

4.6. Simplified EFEA 

In the simplified energy finite element analysis, the geometric model is discretized into several 
governing bodies, and the governing body is taken as the element of research object, and then the 
finite volume method and the difference method are used to discretize the governing equation, and 
the energy density and power are obtained at the coupling joint. Finally, a matrix equation similar 
to the statistical energy method is get, as shown below. Solving this equation, the energy density 
of each governing body can be obtained: (𝜂 + 𝜂 ) −𝜂 𝜔 0−𝜂 𝜔 (𝜂 + 𝜂 + 𝜂 ) −𝜂 𝜔0 −𝜂 𝜔 (𝜂 + 𝜂 )𝜔 ⋅ 𝐸𝐸𝐸 = 𝜋𝜋𝜋 . (17)

In 1999, Wang S. and Bernhard R. J. [83] derived a simplified energy finite element equation 
based on EFEA and the finite volume method (FVM), and proposed the simplified energy finite 
element analysis (EFEA0). In 2008, Y. G. Wu [84] of Wuhan University of Technology studied 
the zero-order energy finite element analysis under the guidance of Professor Wu W. G. In 2015, 
Zhou H. W. et al. [85] proposed an improved zero-order energy finite element analysis based on 
the governing equations of the plate and acoustic domain energy flow analysis. This improved 
EFEA can be easily used to model structures with arbitrary shapes. Then improved EFEA was 
used to solve a simplified car shell and an "L"-shaped coupling plate. The energy density 
distribution of the corresponding wave field in space is obtained, and the results are compared 
with SEA and EFEA to verify the correctness of the improved zero-order energy finite element 
analysis. When using the simplified energy finite element analysis to analyze the vibration 
response of the coupled structure, there is no need to add nodes at the joint, the model is simpler 
and the calculation speed is faster, which is beneficial to the application of the EFEA to complex 
coupled structures. 

4.7. The progress of EFEA in software development 

(1) In 2007, Hong S. Y. et al. [57] developed an EFEA software for ship structures. 
(2) EFEA also attract some commercial software company. For example, in 2012, MSC  

[86, 87] developed the integrated EFEA analysis module in Nastran software, which can analyze 
some simple acoustic-vibration couplings by modifying the “*.bdf” file. In 2020, Zhang S. S. [88] 
of Peking Jiaotong University introduced the characteristics of the EFEA module in Nastran, 
conducted a noise simulation analysis of a simple cylindrical structure, then she verified the noise 
simulation. The results show the feasibility of EFEA. Moreover, EFEA can display the sound 
pressure level profile of the acoustic cavity, which lays a foundation for the subsequent simulation 
analysis of the EFEA model of the pantograph vehicle. However, this EFEA module in Nastran 
software can only perform simple structural analysis, such as structures including rib with an 
annular section, circular section, and rectangular section, it is laboured for more complex 
structures. 

(3) Pera Corporation Ltd has developed the software named Pronas based on the simplified 
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energy finite element analysis. When predicting the vibration response of the coupled structure, 
the software does not need to set up repeated nodes at the coupling joint, which can solve the 
high-frequency dynamic response problem of the coupled structure more conveniently and save 
time, but there is no significant improvement in calculation accuracy. 

4.8. Combination of EFEA and topology optimization 

In the past 10 years, topology optimization of structural dynamics has also received great 
attention, and some research work has been carried out successively [89-99]. However, these 
topology optimization studies are based on the finite element analysis to calculate the dynamic 
response of the structure, which is very laborious and sometimes even impossible for large-scale 
plate-shell structures excited by high-frequency. 

Owing to high-frequency dynamic topology optimization research is an important means to 
realize the reliability and safety design of large-scale shell and shell structures, and also an 
important breakthrough in the integrated design of functional structures in the future, topology 
optimization research based on EFEA has gradually attracted researcher’s attention in recent 
years. In 2006, Cho S. et al. [100] deduced the weak form of power flow, using the adjoint 
sensitivity analysis method, and proposed a density-based topology optimization method (DSA) 
for the steady-state power flow problem. Design variables is material density, and parameter, such 
as Young's modulus, density, and damping coefficient, is relative to the material density. The 
generalized compliance of the structure is taken as the objective function. In 2013, Xue X. G. [91] 
proposed a topology optimization method for two-material plate structures based on a method 
similar to Cho S. The goal is to find an optimal material layout to minimize the power flow 
response for a given load amplitude and frequency. In 2019, Zhao H. T. [101] of Harbin 
Engineering University proposed a topology optimization method for constrained damped 
laminates by combining the topology optimization and power flow. 

 
Fig. 3. The branch of EFEA theoretical development 

In 2021, Liu H. L. et al. [102] established a topology optimization framework based on explicit 
level sets, in this framework, dynamic response of structure is predicted by EFEA. Finally, the 
proposed optimization method was used in classical stiffened plates, it has been shown that the 
proposed EFEA-based topology optimization framework can improve the dynamic performance 
of high-frequency vibration structural systems by 20 %-80 %. 

According to the literature Statistics, the EFEA branch of theoretical development is shown in 
Fig. 3. It can be seen from the figure that there is large percent in the research for coupled structure 
(structure-structure coupled structure and acoustic-vibration coupled structure). It may be shown 
that EFEA is using to more complex structures. 
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5. Practical applications of EFEA 

With the development of the industrial technology, many industrial products tends to be made 
of light and thin plate or shell, such as automobiles, ships, and aerospace vehicles. The problem 
of high-frequency vibration and noise is becoming more and more prominent, so the EFEA has 
gradually gained more and more applications in the fields of aerospace, ships, and automobiles. 

5.1. Application of EFEA in Aerospace 

From 2008 to 2009, Lima D. et al. [60, 61] began to apply the EFEA to the study of the 
acoustic-vibration coupling problem of aircraft structures. In 2010, Lee S. M. et al. [103] used the 
EFEA to analyze the vibration response of a rotorcraft composed of a multi-layer composite 
laminate structure. In the same year, Xie M. X. et al. [62] analyzed the acoustic-vibration coupling 
characteristics of the instrument cabin under point source excitation through the developed energy 
finite element solver. The sound pressure distribution in the instrument cabin and the vibration 
characteristics of the instrument cabin under the conditions is obtained. 

 
Fig. 4. The finite element model of the instrument cabin[64] 

In 2011, Vlahopoulos et al. [104] proposed an equation for simulating composite laminate 
structures. In the same year, Xie M. X. et al. [105] combined EFEA with energy boundary element 
analysis (EBEA) analyzed the sound field inside and outside the instrument cabin of the aircraft; 
Lin Y. [106] researched the missile cabin structure using EFEA, he derived the energy density 
governing equation of the finite plate structure and the infinite plate structure. The energy density 
governing equation of the coupled structure is simulated and analyzed for the two structures. By 
comparing the simulation results with the exact solution, the correctness of the energy density 
governing equation of the two structures is verified. Finally, the response prediction of the missile 
cabin in engineering practice is carried out and the correctness and effectiveness of the prediction 
are verified, which provides a reference value for the follow-up study of the energy finite element 
method. In 2019, Wang H. Z. et al. [64] analyzed the energy finite element model (as shown in 
Fig. 4) of the instrument cabin structure established by the EFEA module in NASTRAN to obtain 
the energy density distribution of the structure and the sound pressure level distribution of the 
acoustic cavity. Comparing the results of the sound pressure level of the internal cavity predicted 
by EFEA with the predicted results of SEA and the experimental test results, the results shown in 
Fig. 5 show that the energy finite element can better predict the structure in a certain frequency 
band, which is closer to the measured value than SEA, verifying the upper limit of the frequency 
that EFEA exists. At the same time, compared with SEA, EFEA can obtain the spatial distribution 
of the predicted results. 

Considering the mechanism characteristics and working environment of aircraft engine blade 
disc, in 2022, Gao F et al. [107] created the continuous mechanical parameter law of hard coating 
based on the EFEA considering the strain-dependent complex modulus theory and the composite 
Mindlin plate theory. An iterative calculation process based on Newton-Raphson method is 
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proposed to solve the nonlinear dynamic characteristics of hard coated monolithic blade disk. 
Finally, the reliability of the nonlinear dynamic model is verified by numerical and experimental 
data, and the influence of hard coating and strain dependence on the vibration characteristics of 
hard coated monolithic blade disk is analyzed. 

In the aerospace field, as the structural model becomes more and more complex, compared 
with finite element and statistical energy models, the use of EFEA modelling to predict the details 
of the structure is more comprehensive and detailed. 

 
Fig. 5. The sound pressure inside the instrument cabin[64] 

5.2. Application of EFEA in ships 

In 1999, Vlahopoulos [108] et al. analyzed the application of EFEA in marine engineering 
structures and verified the feasibility of EFEA in marine engineering structures by comparing the 
results of EFEA and SEA. In 2003, Sun L. P. and Nie W. [109] analyzed two representative 
high-frequency dynamic response analysis methods for ship structures: EFEA and SEA. By 
comparing the advantages and disadvantages of the two methods, it was concluded that EFEA can 
simulate marine engineering and ship structure vibration. It is a more effective method when 
EFEA is used, which lays the foundation for the subsequent application of EFEA to ships. From 
2004 to 2006, Wu K. C. et al. [110-112] further studied the application of EFEA in ship vibration 
analysis and carried out corresponding experiments. In 2008, Sun L. P. and Nie W. [3] conducted 
related research on the simplified structure of a frigate’s base using EFEA. From 2005 to 2010, 
Zhang W. G. and Raveendra S. T. et al. [51-55] used the EFEA to conduct a series of 
acoustic-vibration coupling analyses on the ship structure with both acoustic space and structural 
elements. In 2008, Wu Y. G. [84] researched EFEA0 and studied the application of EFEA0 to ship 
acoustic-vibration coupling and radiation noise. In 2013, Stritzelberger B. et al. [113] introduced 
a wave-based EFEA, which uses a finite element mesh to map the energy density of the structures 
generated by harmonic excitation to the model, because it is based on the low-frequency FEA 
model, and this method is expected to be integrated into the actual ship design process. Both EFEA 
and SEA can be coupled in Vinas software, in 2016, Zhang X. W. et al. [114] studied the global 
noise prediction of a large ship 6700 PCTC based on this kind of vibro-acoustic calculation 
software and predicted the vibration of all cavity and plate members. Comparing the measured 
data with the predicted results, they demonstrated the enormous engineering advantages of the 
EFEA-SEA hybrid technique for ship noise analysis. In September 2021, Jin H. et al. [115] took 
a large dual-fuel vehicle carrier as an example, used energy finite element and statistical energy 
hybrid algorithm to predict noise and proposed a noise optimization design scheme under the 
requirements of MSC.337 (91) and HAB 2016. After that, the effectiveness and accuracy of the 
prediction results are verified by comparing the noise prediction results with the measured data of 
the actual ship trial, which has reference significance for the noise optimization design of related 
similar structures in the future. 
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The application of the EFEA in ships has become more and more complicated from the gradual 
complication of the structural model to the structural radiation noise, and then to the field of 
acoustic-vibration coupling. 

5.3. Application of EFEA in the automotive field 

In 1999, Vlahopoulos et al. [116] identified a method for modelling spot-welded joints and 
introduced the development, implementation, and validation of a numerical procedure for 
evaluating EFEA power transfer coefficients corresponding to spot-welded joints, and applied this 
method to automobiles. In 2009, Wang A. M. et al. [117] combined EBEA and EFEA methods to 
predict the noise level inside a vehicle due to external sound sources and provided a complete 
EBEA/EFEA simulation process for airborne vehicle simulation. From 2005 to 2007, Hong M. N. 
and others [55-57] used the EFEA to analyze the acoustic and vibration characteristics of vehicles. 
In 2018, Lin Z. L. [2] studied the energy density of thin plates and their coupled structures. Based 
on these studies, Lin Z. L. also studied the energy density distribution of automobile body 
structures. The geometric model of the simplified body was established by commercial 3D design 
software, as shown in Fig. 6. 

 
Fig. 6. Schematic diagram of body structure [2] 

Lin Z. L. properly cleaned and simplified the entire car body to obtain the main structure of 
the car body, imported the geometric model into the finite element pre-processing software for 
cleaning and repair, obtained the element node values of the car body structure, then used the 
above element node values to establish the EFEA model. The flexural wave energy density 
distribution under the engine excitation condition and the unilateral wheel excited torsion 
condition are discussed. The four bending conditions involved in the unilateral wheel excited 
torsion condition are: left front wheel, right front wheel left rear wheel and right rear wheel. The 
vertical direction of the rear wheel and the right rear wheel is raised by 200 mm. In 2020,  
Zhang S. S. [88] used EFEA to simulate and analyze the noise inside the car. Zhang S. S. verified 
the superiority of the EFEA by comparing the EFEA and SEA results of a simple cylindrical shell. 
The conclusion is that the application of EFEA in the automotive field pays more attention to the 
noise level in the car, external sound field excitation, engine excitation, etc. 

With the further research on the thin plate energy finite element equation, coupling junction 
energy transfer coefficient and composite materials, the energy finite element research on complex 
vehicle models, body structures and interior noise in the automotive field will gradually be 
simplified and improved. 

6. Conclusions 

In short, after more than 30 years of development, EFEA has achieved fruitful research results, 
and the research on the basic structure has gradually tended to more complex geometric structure 
forms, more complex material property patterns, and more complex excitation patterns. To apply 
EFEA to engineering practice, EFEA has also derived several research branches and has gradually 
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been applied in the fields of aerospace, ships, and vehicles. However, there is still a lot of work 
worth studying to promote the further maturity of EFEA. 

1) Although EFEA is based on the traditional discretization method, it needs to use wave 
theory to establish the relationship between energy density and energy intensity in the structure, 
which is a very complicated work for structures with changing material parameters and geometric 
parameters. 

2) The current EFEA is based on the linear vibration equation, but in fact, the real structure 
will inevitably involve nonlinear problems. To use the EFEA to accurately simulate the actual 
engineering structure, it is necessary to consider geometric nonlinearity and material nonlinearity, 
and other factors. 

3) When the EFEA is applied to a complex coupled structure, the coupling matrix equation 
can be calculated at the coupling point, and then the required energy transfer coefficient can be 
solved, and the energy transfer coefficient of different types of coupled structures is also different. 
This solution is somewhat difficult. To obtain the precise energy density distribution of the 
coupled structure, the finite element theory of energy at the coupling must be improved or 
simplified, and the energy transfer coefficient at the connection of the coupled structure must be 
reasonably characterized so that the energy finite element can be better applied in engineering 
practice.  

4) There are also many problems to be solved in topology optimization based on EFEA, such 
as how to improve the optimization efficiency under high-frequency excitation of large structures. 
The setting of different single optimization objective functions and multi-objective functions, 
optimization problems for different types of structure. And the lack of convenient and practical 
software that integrates topology optimization and EFEA dynamic response calculation methods. 

5) Although the EFEA has outstanding advantages in predicting high-frequency vibration 
response, however, it is still necessary to consider mid-frequency vibration responses problem that 
there are both high-frequency vibration components and low-frequency vibration components in 
the actual composite structure. On the other hand, since the frequency of most vibration problems 
is below 500 Hz in engineering practice, to effectively predict the vibration response of the 
structure in the full frequency domain, it is necessary to study how to integrate the EFEA and the 
finite element method to develop solutions to the full frequency system application software. 
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