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Abstract. In the dynamic processes taking place in manipulators and robots, impact interactions 
play an important role. Among them two sided impacts are important. In this paper investigation 
of dynamic regimes of a system with two impacting surfaces, one of which is in the position of 
equilibrium is performed. Dynamics in steady state regime for typical parameters of the 
investigated system having one degree of freedom is investigated. Displacements as functions of 
time as well as velocities as functions of time for various positions of the impacting surface are 
presented. Non symmetric impacts enable to reduce the dimensions of the vibrator and to achieve 
increase of effectiveness of useful impacts of a manipulator. Investigations of the conservative 
system as well as of the system with forced harmonic excitation are performed. 
Keywords: nonlinearity of impact type, harmonic excitation, two sided impacts, nonlinear 
dynamics. 

1. Introduction 

In the dynamic processes taking place in manipulators and robots, impact interactions play an 
important role. Among them two sided impacts are important. In this paper investigation of 
dynamic regimes of a system with two impacting surfaces, one of which is in the position of 
equilibrium is performed. Such systems represent the case of a pipe robot. Also, they represent 
systems attached to a mass with a self-stopping mechanism in precise robots used for vibrational 
transportation. Dynamics in steady state regime for typical parameters of the investigated system 
having one degree of freedom is investigated. 

Similar problems are investigated in the field of physics of nonlinear systems. In those 
problems chaotic dynamics and bifurcations are observed. This paper is not devoted to chaotic 
dynamics and bifurcations as well as physics of nonlinear systems, but to the investigation of 
recommended for practical applications in engineering and robotics regimes of motion. 

Displacements as functions of time as well as velocities as functions of time for various 
positions of the impacting surface are presented. Investigations of the conservative system as well 
as of the system with forced harmonic excitation are performed. Investigation of dynamics for 
various frequencies of excitation enables to determine optimal frequency of excitation. 

Resonances in nonlinear systems are described in [1]. Systems with impacts are investigated 
in [2]. Stabilization of dynamical systems is presented in [3]. Impacts in vibrating systems are 
investigated in [4]. Periodic orbits are analyzed in [5]. Vibro-impact energy sink is investigated in 
[6]. Particle impact with a wall is presented in [7]. Frequencies of a multibody system are analyzed 
in [8]. Pendulum and its dynamics are investigated in [9]. Piecewise linearity is analyzed in [10]. 
Resonant zones are investigated in [11]. Sommerfeld effect is presented in [12]. Isolated 
resonances are investigated in [13]. 

A number of contemporary publications are devoted to the bouncing ball problem. Bouncing 
ball model is analyzed in [14]. Bouncing ball system with nonlinear limiter is investigated in [15]. 
Stability of bouncing ball system is analyzed in [16]. 
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Applications in robotics and manufacturing are described in a number of books and papers. 
Contemporary problems in the design of robots are described in [17]. Positioning system with 
high resolution in manufacturing technology is investigated in [18]. Automatic positioning stage 
is analyzed in [19]. Piezo-driven stage in integrated manufacturing is investigated in [20]. 
Precision positioning stage is analyzed in [21]. 

Basic theory of vibro-impact systems is presented in [22]. Dynamics and impacts in 
transmissions are investigated in [23]. Vibrations in elements of robots are analyzed in [24]. This 
paper is the continuation of investigations presented there. 

First the model of the investigated system is described. Then the results of calculation of 
impact interactions are presented. Graphical results for recommended parameters of the system 
are described in detail. 

2. Model of the system with two sided impacts 

The investigated system is shown in Fig. 1. Equations of dynamics of the system shown in 
Fig. 1 are the following ones: 𝑚𝑥 + 𝐻𝑥 + 𝐶𝑥 = 𝐹sin𝜔𝑡,     𝑥 ∈ 𝑥 , 0 . (1)

 
Fig. 1. Model of the system with two sided impacts: 𝑚 is the mass of the investigated system, 𝐻 is the 

coefficient of viscous damping, 𝐶 is the coefficient of stiffness, 𝑥 is the displacement of the mass 𝑚, 1 and 
2 denote the impacting surfaces, 𝑥  is the position of the impacting surface 1, while it is assumed that the 

position of the impacting surface 2 is the position of equilibrium and is equal to zero 

Motion is divided into two intervals according to the time: 𝑡 ∈ 𝑡 , 𝑡 ,     𝑡 ∈ 𝑡 , 𝑡 , (2)

when: 𝑡 = 𝑡 ,     𝑥 = 0,𝑡 = 𝑡 ,     𝑥 = 𝑥 ,𝑡 = 𝑡 ,     𝑥 = 0,  (3)

when: 𝑡 = 𝑡 − 0,      𝑥 > 0,      𝑡 = 𝑡 + 0,      𝑥 = −𝑅𝑥 < 0,𝑡 = 𝑡 − 0,      𝑥 < 0,      𝑡 = 𝑡 + 0,       𝑥 = −𝑅𝑥 > 0,𝑡 = 𝑡 − 0,      𝑥 > 0,      𝑡 = 𝑡 + 0,       𝑥 = −𝑅𝑥 < 0, = 𝑑𝑑𝑡 .  (4)
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Here as usual it is assumed that impacts take place in a moment according to the time, that is 
at 𝑡 − 0 velocity before impact is denoted as 𝑥  and at 𝑡 + 0 velocity after impact is denoted as 𝑥 . 

About the positions 𝑥 = 0 and 𝑥 = 𝑥  separately series of one directional impacts takes place, 
that is there exist: 𝑡 = 𝑡 ...,      𝑡 = 𝑡 ...,       𝑡 = 𝑡 .... (5)

Equations of dynamics of the system are Eq. (1)-(5). By introducing the changes in the 
previous equations with the notations: 𝜏 = 𝑝𝑡,      𝑝 = 𝐶𝑚 ,      2ℎ = 𝐻√𝑚𝐶 ,      𝑓 = 𝐹𝐶 ,      𝜈 = 𝜔𝑝 ,  ′ = 𝑑𝑑𝜏 ,       𝑥 = 𝑝𝑥,      𝑥 = 𝑝 𝑥,      ′ = 𝑑𝑑𝜏, (6)

where on the basis of Eq. (6) by taking into account the Eqs. (2-5) it is obtained: 𝑥 + 2ℎ𝑥 + 𝑥 = 𝑓sin𝜈𝜏,      𝑥 ∈ 𝑥 , 0 . (7)

Motions according to the non-dimensional time 𝜏: 𝜏 ∈ 𝜏 , 𝜏 ,     𝜏 ∈ 𝜏 , 𝜏 , (8)

where: 𝜏 = 𝜏 ,       𝑥 = 0,  𝜏 = 𝜏 ,       𝑥 = 𝑥 , 𝜏 = 𝜏 ,       𝑥 = 0, (9)

when: 𝜏 = 𝜏 − 0,       𝑥′ > 0,       𝜏 = 𝜏 + 0,       𝑥′ = −𝑅𝑥′ < 0,𝜏 = 𝜏 − 0,       𝑥 < 0,       𝜏 = 𝜏 + 0,       𝑥′ = −𝑅𝑥′ > 0,𝜏 = 𝜏 − 0,       𝑥 > 0,       𝜏 = 𝜏 + 0,       𝑥′ = −𝑅𝑥′ < 0. (10)

3. Investigation of dynamics of the conservative system 

Conservative system takes place when: ℎ = 𝑓 = 0,       𝑅 = 1, (11)

and the equations of the system according to the previous equations are the following ones: 𝑥 + 𝑥 = 0,     𝑥 ∈ 𝑥 , 0 . (12)

Motion according to the non-dimensional time takes place according to the two intervals: 𝜏 ∈ 0, 𝜏 ,      𝜏 ∈ 𝜏 , 𝜏 , (13)

where: 
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𝜏 = 0,     𝑥 = 0, 𝜏 = 0 − 0,     𝑥 > 0,  𝜏 = 0 + 0,     𝑥 = −𝑥 < 0, (14)

where: 𝜏 = 𝜏 ,     𝑥 = 𝑥 ,  𝜏 = 𝜏 − 0,      𝑥 < 0,  𝜏 = 𝜏 + 0,      𝑥′ = −𝑥 > 0, (15)

where: 𝜏 = 𝜏 ,      𝑥 = 0,  𝜏 = 𝜏 − 0,      𝑥 > 0, 𝜏 = 𝜏 + 0,      𝑥′ = −𝑥′ < 0. (16)

In the interval 𝜏 ∈ 0, 𝜏  motion according to the Eq. (12) is the following one: 𝑥 = 𝐶 sin𝜏 + 𝐷 cos𝜏, (17)

where 𝐶  and 𝐷  are found from the initial conditions of motion according to the Eq. (14): 𝑥 = −𝑥 sin𝜏,      𝑥′ = −𝑥 cos𝜏, (18)

and at the end of the interval at 𝜏 = 𝜏 − 0: 𝑥 = −𝑥 sin𝜏 ,      𝑥′ = −𝑥 cos𝜏 , (19)

and at 𝜏 = 𝜏 + 0: 𝑥′ = 𝑥 cos𝜏 . (20)

In the interval 𝜏 ∈ 𝜏 , 𝜏  according to the Eq. (12), (13) motion takes place: 𝑥 = 𝐶 sin 𝜏 − 𝜏 + 𝐷 cos 𝜏 − 𝜏 , (21)

where constant quantities are found from the initial conditions of motion in the interval: 𝐶 = 𝑥 cos𝜏 ,     𝐷 = 𝑥 = −𝑥 sin𝜏 , (22)

and by substituting into the Eq. (21) it is obtained: 𝑥 = 𝑥′ cos𝜏 sin 𝜏 − 𝜏 + 𝑥 cos 𝜏 − 𝜏 ,𝑥′ = 𝑥′ cos𝜏 cos 𝜏 − 𝜏 − 𝑥 sin 𝜏 − 𝜏 . (23)

At the end of the interval 𝜏 = 𝜏 = 2𝜏  it is obtained: 𝑥 = 0,      𝑥′ = 𝑥′ . (24)

From the first equation of the Eq. (19) τ1 is determined, that is = −sin𝜏  is valid only at 
the conditions of existence of one impact to the support 1 and one impact to the support 2 in the 
period of motion according to the time, that is: 
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−1 < 𝑥𝑥 = −sin𝜏 < 0. (25)

Non dimensional period 𝑇 and frequency 𝜔 of existing motions of the conservative system 
are: 𝑇 = 2𝜏 ,      𝑇 = 2𝜋𝜔 ,      𝜔 = 𝜋𝜏 . (26)

3.1. Investigation of dynamics of the conservative system for various initial velocities 

Calculations from zero initial displacement and for a given position of the impact surface are 
performed: 𝑥 0 = 0,      𝑥 = −0.75. (27)

Results for various initial velocities were obtained. Further they are presented for two typical 
initial velocities. Two periods of motion are shown in the figures. 

Results of investigation of dynamics of the system with two sided impacts for: 𝑥′ 0 = −0.75, (28)

are presented in Fig. 2. It is seen that minimum value of displacement is approximately equal to 
the position of the lower impact surface, that is for larger (smaller in absolute value) initial 
velocities impacts to the lower surface do not take place, while for smaller (larger in absolute 
value) initial velocities impacts to the lower surface take place. Results of investigation of 
dynamics of the system with two sided impacts for: 𝑥′ 0 = −1, (29)

are presented in Fig. 3. This is a typical regime of motion when impacts to both surfaces take 
place. Period of vibrations as function of the initial velocity is represented in Fig. 4. 

 
a) 𝑥 = 𝑥 𝜏  

 
b) 𝑥′ = 𝑥′ 𝜏  

Fig. 2. Dynamics of the system with two sided impacts for 𝑥′ 0 = −0.75 

Amplitudes of the first three harmonics of displacement as functions of period of vibrations 
are presented in Fig. 5. Amplitudes of the first three harmonics of velocity as functions of period 
of vibrations are presented in Fig. 6. In both figures vertical lines correspond to motions when 
impacts to the lower surface do not take place, while substantial influence of impacts to the lower 
surface to the period of vibrations is observed. Constant part and amplitudes of the first three 
harmonics of displacement as functions of frequency are presented in Fig. 7. Constant part and 
amplitudes of the first three harmonics of velocity as functions of frequency are presented in 
Fig. 8. In both figures vertical lines correspond to motions when impacts to the lower surface do 
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not take place, while substantial influence of impacts to the lower surface to the frequencies of 
vibrations is observed. The obtained graphical representations enable to understand the behavior 
of the investigated conservative vibro-impact system. 

 
a) 𝑥 = 𝑥 𝜏  

 
b) 𝑥′ = 𝑥′ 𝜏  

Fig. 3. Dynamics of the system with two sided impacts for 𝑥′ 0 = −1 

 
Fig. 4. Period of vibrations as function of the initial velocity 

 
Fig. 5. Amplitude of displacement – period 

according to τ characteristics 

 
Fig. 6. Amplitude of velocity – period  

according to τ characteristics 
 

 
Fig. 7. Amplitude of displacement – frequency 

characteristics 

 
Fig. 8. Amplitude of velocity – frequency 

characteristics 
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3.2. Investigation of dynamics of the conservative system for various positions of the impact 
surface 

Calculations from the following initial conditions are performed: 𝑥 0 = 0,      𝑥′ 0 = −1.5. (30)

Results for various positions of the impact surface were obtained. Variations of velocities 
before impact as functions of the position of the impacting surface for the first impacting surface 
are presented in Fig. 9. Variations of velocities after impact as functions of the position of the 
impacting surface for the first impacting surface are presented in Fig. 10. Velocities before impact 
as functions of the position of the impacting surface for the second impacting surface are 
approximately equal to 𝑥′ = 1.5. Velocities after impact as functions of the position of the 
impacting surface for the second impacting surface are approximately equal to 𝑥′ = −1.5. The 
obtained graphical representations enable to understand the behavior of the investigated 
vibro-impact system. 

 
Fig. 9. Variations of velocities before impact as 

functions of the position of the impacting surface  
for the first impacting surface 

 
Fig. 10. Variations of velocities after impact as 

functions of the position of the impacting surface  
for the first impacting surface 

4. Investigation of impact interactions in the system with two sided impacts for forced 
harmonic excitations 

Further the exciting force is denoted as: 𝑓̅ = 𝑓sin𝜈𝜏. (31)

Calculations from zero initial conditions are performed: 𝑥 0 = 0,      𝑥′ 0 = 0. (32)

Two periods of steady state motions are shown in the figures. 

4.1. Investigation of dynamics of the system for various coefficients of restitution 

Typical parameters of the investigated system with two sided impacts were assumed: 𝜈 = 1,      𝑓 = −1,      ℎ = 0.1,      𝑥 = −1. (33)

Results for various values of coefficient of restitution were obtained. Further they are presented 
for three typical values of coefficient of restitution. 

Results of investigation of dynamics of the system with two sided impacts in steady state 
regime of motion for: 
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𝑅 = 0.9, (34)

are presented in Fig. 11. In a period of vibrations one impact to the lower surface and two impacts 
to the upper surface are observed. Results of investigation of dynamics of the system with two 
sided impacts in steady state regime of motion for: 𝑅 = 0.7, (35)

are presented in Fig. 12. In a period of vibrations one impact to the lower surface and three impacts 
to the upper surface are observed. Results of investigation of dynamics of the system with two 
sided impacts in steady state regime of motion for: 𝑅 = 0.5, (36)

are presented in Fig. 13. In a period of vibrations one impact to the lower surface and a number of 
impacts to the upper surface are observed. From the presented results the influence of the value of 
coefficient of restitution to the behavior of the investigated system is observed. 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 11. Dynamics of the system with two sided impacts in steady state regime of motion  
for 𝜈 = 1, 𝑓 = −1, ℎ = 0.1, 𝑥 = −1, 𝑅 = 0.9 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  
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c) 𝑥′ = 𝑥′ 𝜏  

Fig. 12. Dynamics of the system with two sided impacts in steady state regime of motion  
for 𝜈 = 1, 𝑓 = −1, ℎ = 0.1, 𝑥 = −1, 𝑅 = 0.7 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 13. Dynamics of the system with two sided impacts in steady state regime of motion  
for 𝜈 = 1, 𝑓 = −1, ℎ = 0.1, 𝑥 = −1, 𝑅 = 0.5 

4.2. Investigation of dynamics of the system for various positions of the impact surface 

Typical parameters of the investigated system with two sided impacts were assumed: 𝜈 = 1,      𝑓 = −1,      ℎ = 0.1,      𝑅 = 0.7. (37)

Results for various positions of the impact surface were obtained. Further they are presented 
for four typical positions of the impact surface. 

Results of investigation of dynamics of the system with two sided impacts in steady state 
regime of motion for: 𝑥 = −0.75, (38)

are presented in Fig. 14. The characteristic feature of this regime of motion is that in the period of 
steady state motion there is one impact to the lower surface and several impacts to the upper 
surface. Results of investigation of dynamics of the system with two sided impacts in steady state 
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regime of motion for: 𝑥 = −1, (39)

are presented in Fig. 15.  

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 14. Dynamics of the system with two sided impacts in steady state regime of motion  
for 𝜈 = 1, 𝑓 = −1, ℎ = 0.1, 𝑅 = 0.7, 𝑥 = −0.75 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 15. Dynamics of the system with two sided impacts in steady state regime of motion  
for 𝜈 = 1, 𝑓 = −1, ℎ = 0.1, 𝑅 = 0.7, 𝑥 = −1 
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The characteristic feature of this regime of motion is that in the period of steady state motion 
there is one impact to the lower surface and several impacts to the upper surface, but the number 
of impacts to the upper surface has decreased when compared with the previous case. Results of 
investigation of dynamics of the system with two sided impacts in steady state regime of motion 
for: 𝑥 = −1.25, (40)

are presented in Fig. 16. The characteristic feature of this regime of motion is that one period of 
steady state motion corresponds to two periods of the exciting force. Results of investigation of 
dynamics of the system with two sided impacts in steady state regime of motion for: 𝑥 = −1.5, (41)

are presented in Fig. 17. The characteristic feature of this regime of motion is that in the steady 
state regime of motion impacts to the lower surface do not take place. 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 16. Dynamics of the system with two sided impacts in steady state regime of motion  
for 𝜈 = 1, 𝑓 = −1, ℎ = 0.1, 𝑅 = 0.7, 𝑥 = −1.25 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  
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c) 𝑥′ = 𝑥′ 𝜏  

Fig. 17. Dynamics of the system with two sided impacts in steady state regime of motion  
for 𝜈 = 1, 𝑓 = −1, ℎ = 0.1, 𝑅 = 0.7, 𝑥 = −1.5 

5. Investigation of steady state dynamics for various frequencies of excitation 

Typical parameters of the investigated system with two sided impacts were assumed: 𝑓 = −1,      ℎ = 0.1,      𝑅 = 0.7. (42)

Results of investigation of dynamics in steady state regime of motion for: 𝑥 = −1.5, (43)

are presented in Fig. 18. In this case impacts to the first surface do not take place. Results of 
investigation of dynamics in steady state regime of motion for: 𝑥 = −1.4, (44)

are presented in Fig. 19. Results of investigation of dynamics in steady state regime of motion for: 𝑥 = −1.3, (45)

are presented in Fig. 20. From the obtained results optimal frequency of excitation is determined. 

 
a) Minimum displacements  

 
b) Maximum velocities before impact  

to the second surface 
Fig. 18. Dynamics in steady state regime for 𝑓 = −1, ℎ = 0.1, 𝑅 = 0.7, 𝑥 = −1.5 
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a) Minimum displacements  

 
b) Minimum velocities before impact  

to the first surface 

 
c) Maximum velocities before impact to the second surface 

Fig. 19. Dynamics in steady state regime for 𝑓 = −1, ℎ = 0.1, 𝑅 = 0.7, 𝑥 = −1.4 

 
a) Minimum displacements  

 
b) Minimum velocities before impact  

to the first surface 

 
c) Maximum velocities before impact to the second surface 

Fig. 20. Dynamics in steady state regime for 𝑓 = −1, ℎ = 0.1, 𝑅 = 0.7, 𝑥 = −1.3 

6. Conclusions 

In the dynamic processes taking place in manipulators and robots, impact interactions play an 
important role, among them two sided impacts are important. First the model of the investigated 
system is described. Then the results of calculation of impact interactions are presented. Graphical 
results for recommended parameters of the system are described in detail. 
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Dynamics in steady state regime for typical parameters of the investigated system having one 
degree of freedom is investigated. Displacements as functions of time as well as velocities as 
functions of time for various positions of the impacting surface are presented. The characteristic 
feature of the first regime of motion is that in the period of steady state motion there is one impact 
to the lower surface and several impacts to the upper surface. The characteristic feature of the 
second regime of motion is that in the period of steady state motion there is one impact to the 
lower surface and several impacts to the upper surface, but the number of impacts to the upper 
surface has decreased when compared with the previous case. The characteristic feature of the 
third regime of motion is that one period of steady state motion corresponds to two periods of the 
exciting force. The characteristic feature of the fourth regime of motion is that in the steady state 
regime of motion impacts to the lower surface do not take place. Investigation of dynamics for 
various frequencies of excitation enables to determine optimal frequency of excitation. Proposed 
vibrator with non-symmetric impacts enables to reduce the dimensions of the system and to 
achieve increase of effectiveness of useful impacts of a manipulator. The results are used in the 
process of design of elements of robots in which impact interactions take place. 
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