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Abstract. Due to the non-linear factors of the single loop gear system and the inter-tooth system, 
is sometimes difficult to establish an accurate nonlinear dynamic model, which leads to the large 
deviation between the dynamic characteristics and the actual situation. According to the structural 
characteristics and dynamic mechanism of nonlinear factors, the bond graph power junction with 
switching characteristics is adopted. This method is used to establish the model of the single loop 
gear system and the inter-tooth system respectively. On this basis, the amplitude-phase-frequency 
characteristics of PX single loop gear systems are obtained by numerical simulation analysis. 
Eventually, the dynamic stability of single loop gear system is judged based on this characteristic 
index. The study shows that the dynamic stability of PX type single loop gear system is unsteady 
in the nonlinear state. In addition, it is concluded that when the whole single loop gear system is 
unstable, its system module also has the same unstability. 
Keywords: single loop gear system, non-linear factors, bond graph method, dynamic 
characteristics. 

1. Introduction 

Under the rapid development of science and technology, the requirements of mechanical 
equipment for the transmission system are getting higher and higher, such as multi-power source 
input and output, the transmission system with power diversion, confluence and other functions 
[1-3]. A certain gear system can make the structure of the transmission system more complex, 
such as a single-loop gear system, a double-loop gear system, or a multi-loop gear system. With 
the increase of loops number, the motion and dynamic characteristics have become extremely 
complex, which makes it difficult to control the dynamic characteristics of the loop gear system 
[4, 5]. In addition to the intricate structure of the transmission system, the diversity of transmission 
forms, such as mechanical, electromagnetic and fluid transmission modes, which leads to the 
modeling of the dynamic characteristics is particularly complicated. However, the traditional 
modeling method is extremely difficult to establish mechanical models of various transmission 
modes, and it cannot guarantee the presentation of real dynamic characteristics among various 
systems [6-8]. 

In the transmission system, the gear transmission is the most basic component unit. The 
nonlinear factors of the inter-tooth system have significant influence on the dynamic 
characteristics, such as time-varying mesh stiffness, tooth surface sliding friction, meshing 
damping and steady-state transmission error [9-12]. Considering the influence of the above 
nonlinear factors, the dynamic characteristics of the system are more similar to the actual 
transmission one. However, the dynamic modeling and solution of the transmission system has 
also brought many difficulties owing to the introduction of nonlinear factors. Usually, the 
spring-mass-damping element method and the lumped-parameter method are used to establish the 
mathematical model of the inter-tooth system [13, 14]. Because these methods adopt equivalent 
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modeling, the overall influence of nonlinear factors in the system is ignored, so that the calculation 
results have a certain narrow sense. In these aspects, a lot of achievements have been accumulated. 
For example, the influence of flexible support added to a large fan tower on the dynamic 
characteristics of the wind motor gear transmission system. The nonlinear dynamic model 
including tower stiffness, time-varying meshing stiffness, meshing damping, backlash and other 
factors has been established using the vibration mechanics. Finally, the vibration characteristics 
of this system have been achieved through calculation and analysis [15, 16]. Some scholars have 
used the lumped-parameter method to establish a nonlinear dynamic model of wind motor gear 
transmission system including time-varying meshing stiffness, composite meshing error and 
backlash, and obtained the response of nonlinear factors to the system through calculation and 
analysis. Scholars have considered the nonlinear factors such as tooth-side clearance, time-varying 
engagement stiffness and comprehensive error of inclined gear, and established a coupled 
nonlinear dynamic model with three degrees of freedom. Based on the "piece-wise linear" 
backlash function, the nonlinear dynamic response results under different backlash functions are 
calculated by numerical method [17, 18]. There are plenty of research results in this field, but 
these research methods all solve the macroscopic dynamic characteristics of the transmission 
system, and the authenticity of the inter-tooth system, the dynamic characteristics coupling 
between multiple energy domains is not deeply involved. 

In view of the problems existing in the dynamic research of the complex multi-energy 
transmission system, the bond graph method can solve them well [19, 20]. The bond graph theory 
is utilized to study the dynamic performance of systems in various engineering fields. Compared 
with other mechanical analysis methods, it has several unique features. Bond graph can be a 
natural development of block diagram. It can not only represent the signal flow direction of 
components in the system, but also indicate the power flow direction and the causal relationship 
of control signals. In addition, in the bond graph method, the causative relationship is determined 
by certain rules. The appearance and shape of the bonding diagram are basically the same for the 
same engineering system, so that it can display the composition characteristics of the transmission 
system very intuitively. 

2. Structural model of the single loop gear system 

As shown in Table 1, there is one typical structure of single-loop gear transmission system: 
PX type, which is composed of a group of single-degree-of-freedom fixed shaft gear train 𝑃 and 
two-degree-of-freedom turnover differential gear train 𝑋. 𝐽଴, 𝐽ଵ refer to mechanical connection 
points; 𝐼 and 𝑂 are input and output terminals; Other characters represent the drive shaft. 

Table 1. Structural graph of single loop gear transmission system 
Name Structural drawing Feature 

PX 

 

Input shunt type 

3. Modeling principle of the inter-tooth nonlinear system 

3.1. Time-varying mesh stiffness 

3.1.1. Single-tooth meshing stiffness 

There are four kinds of energy stored in the gear teeth during meshing transmission: Hertz 
contact energy, radial compression deformation energy, bending potential energy and shear 
deformation energy. According to the calculation principle of energy method, combined with the 
force of the gear tooth shown in Figure 1, the calculation relationship of Hertz contact stiffness 
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𝐾௛, radial compression stiffness 𝐾௔, bending stiffness 𝐾௕ and shear stiffness 𝐾௦ of the gear tooth 
can be obtained respectively (the number of teeth is less than 41), as shown in Eq. (1). When the 
number of the gear teeth is greater than 41, remove the non-integral term and change the upper 
limit from 𝛼ଶ to 𝛼ସ: 1𝐾௛ = 4(1 − 𝜇ଶ)𝜋𝐸𝐵 , 1𝐾௔ = (𝑅௕cos𝛼ଶ − 𝑅௙cos𝛼ଷ) sinଶ 𝛼ଵ2𝐸𝐵𝑅௕ sin𝛼ଶ + න (𝛼2 − 𝛼)cos𝛼 sinଶ 𝛼ଵ2𝐸𝐵[sin𝛼 + (𝛼ଶ − 𝛼) cos𝛼]ఈଶ

ିఈଵ 𝑑𝛼, 
1𝐾௕ = ቈ1 − ൫𝑅௕cos𝛼ଶ − 𝑅௙cos𝛼ଷ൯cos𝛼ଵcos𝛼ଷ𝑅௕ ቉ଷ − (1 − cos𝛼ଵcos𝛼ଶ)ଷ2𝐸𝐵cos𝛼ଵsinଷ𝛼ଶ      +න 3(𝛼2 − 𝛼)cos𝛼{1 + cos𝛼ଵ[(𝛼ଶ − 𝛼ଵ)sin𝛼 − cos𝛼]}ଶ2𝐸𝐵[sin𝛼 + (𝛼ଶ − 𝛼)cos𝛼]ଷఈమିఈభ 𝑑𝛼,  
1𝐾௦ = 1.2(1 + 𝜇)(𝑅௕cos𝛼ଶ − 𝑅௙cos𝛼ଷ)cosଶ𝛼ଵ𝐸𝐵𝑅௕sin𝛼ଶ + න 1.2(1 + 𝜇)(𝛼ଶ − 𝛼)cos𝛼cosଶ𝛼ଵ𝐸𝐵[sin𝛼 + (𝛼ଶ − 𝛼)cos𝛼]ఈଶ

ିఈଵ 𝑑𝛼, 
(1)

where, 𝜇 is the Poisson ratio; 𝐸 is the elastic modulus; 𝐵 is the tooth width; 𝛼 is the pressure 
angle; 𝛼ଶ = (𝜋 2Z⁄ ) + tan𝛼 − 𝛼; 𝛼ଷ = arcsin(𝑅௕sin𝛼ଶ 𝑅௙⁄ ); 𝛼ସ = [(𝑅௙ଵ 𝑅௕ଵ⁄ )ଶ − 1]ଵ ଶൗ . 

Using the energy method, the Hertz contact stiffness, radial compression stiffness, bending 
stiffness, shear stiffness and the flexible deformation of the gear tooth are considered. The 
calculation relationship of the flexible deformation 𝛿௙ is shown in Eq. (2): 

𝛿௙ = 𝐹cosଶ𝛼௠𝐵𝐸 ൝𝐿∗൫ℎ௙,𝜃௙൯ ቆ𝑢௙𝑆௙ቇଶ + 𝑀∗൫ℎ௙,𝜃௙൯ ቆ𝑢௙𝑆௙ቇ       +𝑃∗൫ℎ௙,𝜃௙൯ൣ1 + 𝑄∗൫ℎ௙,𝜃௙൯tanଶ𝛼௠൧ൟ, (2)

where, 𝐵 is tooth width, 𝛼௠ is engagement angle, 𝐿∗, 𝑀∗, 𝑃∗, 𝑄∗ are all represent polynomial 
coefficient, and satisfy the function relationship of Eq. (3): 

𝑋௜∗൫ℎ௙௜ ,𝜃௙൯ = 𝐴௜𝜃௙ଶ + 𝐵௜ℎ௙௜ଶ + 𝐶௜ℎ௙௜𝜃௙ + 𝐷௜𝜃௙ + 𝐸௜ℎ௙௜ + 𝐹௜ , (3)

where, 𝑋∗ = {𝐿∗,𝑀∗,𝑃∗,𝑄∗}, the flexible stiffness 𝐾௙ can be obtained from Eq. (4): 1𝐾௙ = 𝛿௙𝐹 = cosଶ𝛼௠𝐵𝐸 ൝𝐿∗(ℎ௙,𝜃௙)ቆ𝑢௙𝑆௙ቇଶ + 𝑀∗൫ℎ௙,𝜃௙൯ ቆ𝑢௙𝑆௙ቇ       +𝑃∗(ℎ௙,𝜃௙)[1 + 𝑄∗(ℎ௙,𝜃௙)tanଶ𝛼௠]}. (4)

When the driving and driven gears mesh in the single meshing area, according to the stiffness 
series principle of mechanical system, the comprehensive time-varying meshing stiffness 𝐾௦௚௟௘ 
can be calculated, as shown in Eq. (5): 
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𝐾௦௚௟௘ = 11𝐾௛ + ∑ ( 1𝐾௔,௜ + 1𝐾௕,௜ + 1𝐾௦,௜ + 1𝐾௙,௜)ଶ௜ୀଵ      = 11𝐾௛ + 1𝐾௔,ଵ + 1𝐾௕,ଵ + 1𝐾௦,ଵ + 1𝐾௙,ଵ + 1𝐾௔,ଶ + 1𝐾௕,ଶ + 1𝐾௦,ଶ + 1𝐾௙,ଶ . (5)

When 𝑖 is 1, it means driving wheel. 𝑖 = 2 represents the driven wheel. 

 
Fig. 1. Force graph of single tooth engagement 

3.1.2. Double-tooth meshing stiffness 

Similarly, when the corresponding gear teeth of the driving and driven gears mesh in the 
double meshing area, they can be calculated according to the parallel stiffness principle. The 
calculation relationship of the comprehensive time-varying meshing stiffness 𝐾௧௧௔௟ of the gear 
teeth mesh is shown in Eq. (6): 

𝐾௧௧௔௟ = ෍ 11𝐾௛,௜ + 1𝐾௔ଵ,௜ + 1𝐾௕ଵ,௜ + 1𝐾௦ଵ,௜ + 1𝐾௙ଵ,௜ + 1𝐾௔ଶ,௜ + 1𝐾௕ଶ,௜ + 1𝐾௦ଶ,௜ + 1𝐾௙ଶ,௜
ଶ
௜ୀଵ , (6)

where, when 𝑖 is 1, it means the first pair of meshing teeth. When 𝑖 is 2, it indicates the second 
pair of meshing teeth. 

3.1.3. Time-varying meshing stiffness of single and double teeth 

According to Eqs. (5) and (6), the comprehensive time-varying meshing stiffness 𝐾(௧) of the 
gear transmission system is obtained, as shown in Eq. (7): 

𝐾(௧) = ቐ𝐾௧௧௔௟ ,      𝑛𝑇 ≤ 𝑡 ൏ 𝑛𝑇 + 𝑡ଵ,𝐾௦௚௟௘ ,     𝑛𝑇 + 𝑡ଵ ≤ 𝑡 ≤ 𝑛𝑇 + 𝑡ଶ,𝐾௧௧௔௟ ,     𝑛𝑇 + 𝑡ଶ ≤ 𝑡 ൏ (𝑛 + 1)𝑇, (7)

where, the period of gear teeth from the beginning to completely out of meshing is denoted 𝑇. 𝑛 is the sequence number of gear teeth. The time when the teeth of the second pair of driving and 
driven gears enter into mesh is 𝑡ଵ, 𝑡ଵ = 𝑇 𝜀⁄ . The time when the teeth of the third pair of driving 
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and driven gears enter the meshing stage is 𝑡ଶ, 𝑡ଶ = 1 − 1 𝜀⁄ . 𝜀 is the gear coincidence, and its 
value is within the range of (1, 2). 

3.1.4. Bond graph model of time-varying meshing stiffness 

Due to the nonlinear characteristics of gear tooth meshing stiffness, some signal channels that 
control nonlinear parameters to participate in system operation can be added to the static bond 
graph model, namely the switch type bonding graph element. The switch element is the 
characteristic mode that this system can open or close the information path on a key channel by 
control signals under specific conditions, so that the system has diverse states at different stages. 
Switch components, such as clutches in mechanical systems, electrical control switches and 
various control valves in hydraulic control systems, play a vital role in the precise control of 
system status. When the working state of these components changes in various systems, the 
working characteristics of this system will change from one state to another. 

3.1.4.1. Modeling principle of switched power junctions (SPJ) 

The method of switched power junctions (SPJ) is to add two mutually exclusive potential and 
flow ports on the basis of elementary 0s-junction and 1s-junction, as shown in Fig. 2. 𝜇ଵ and 𝜇ଶ 
represent two mutually exclusive Boolean parameters on key 1 and key 2, which control the 
working status of corresponding switches, such as on or off, as shown in Table 2. The signal flow 
in which the control parameters 𝜇ଵ and 𝜇ଶ are in the state type is also called the control key. 

The control key is the key represented by the double arrow in the bond graph, which is also a 
power key. However, there is an essential difference between the control key and the other keys 
in the bond graph. The difference is that the control key controls the power variable of the 
corresponding key in the bond graph, while the control key itself has the function of the power 
variable, but the effect is small, so small that it can be ignored. In practical application, such as an 
ideal ammeter (voltmeter) only indicates the current value (voltage value) in the circuit, without 
causing the voltage value (current value) in the circuit to drop. In mechanical systems, for 
example, an ideal tachometer indicates only the value of the angular velocity on the rotating shaft, 
without consuming the power input from the spindle to the system, etc. These indicate that there 
is indeed a single signal connection in a local or subsystem of a system, and that the signal does 
not generate another power variable due to the power flow in the system (that is, the power 
response phenomenon). Therefore, the control key is indeed a power key in the various ports of 
the bond graph. However, the power consumption generated by the control key can be neglected 
when analyzing the system characteristics in general. 

Table 2. Boolean variable control mode 

Component name The way Status type 
Put through / On Break / Off 

Switch 1 𝜇ଵ 1 0 Switch 2 𝜇ଶ 

It can be seen from Fig. 2(a) that there are two input potential ports 𝑒ଵ and 𝑒ଶ and two output 
flow ports 𝑓ଵ and 𝑓ଶ on the copotential 0s-junction. If the signal flow on the 0s-junction activates 
a Boolean switch in the key path, the corresponding variable on the key path takes effect in the 
system. If key 1 is activated when 𝜇ଵ = 1 and 𝜇ଶ = 0, the flow quantity 𝑓ଵ and potential variables 𝑒ଵ on key 1 become effective. At this point, the bond path connected on the co-potential 
0s-junction is the bond 1-3, and there is a unique inflow flow quantity 𝑓ଷ and potential variable 𝑒ଵ 
at the junction. Similarly, It can be seen from Fig. 2(b) that when key 2 is activated at  𝜇ଵ = 0 and 𝜇ଶ = 1, flow quantity 𝑓ଶ and potential variable 𝑒ଶ on key 2 become effective. In 
addition, the bond path connected on the 1s-junction of the co-current junction is the bond 2-3, 
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and there is a unique inflow flow quantity 𝑓ଷ and potential variable 𝑒ଶ at the junction. The 
calculation relationship between the co-potential 0s-junction and the co-current 1s-junction is 
shown in Eq. (8) and Eq. (9) respectively: 

 
a) 0s-junction 

 
b) 1s-junction 

Fig. 2. The bond graph model of power junction 

Co-potential junction: 0s-junction: 

൞𝑒ଷ = 𝜇ଵ𝑒ଵ + 𝜇ଶ𝑒ଶ,𝑓ଵ = 𝜇ଵ𝑓ଷ,𝑓ଶ = 𝜇ଶ𝑓ଷ,𝑓ଵ + 𝑓ଶ − 𝑓ଷ = 0.  (8)

Co-current junction: 1s-junction: 

൞𝑓ଷ = 𝜇ଵ𝑓ଵ + 𝜇ଶ𝑓ଶ,𝑒ଵ = 𝜇ଵ𝑒ଷ,𝑒ଶ = 𝜇ଶ𝑒ଷ,𝑒ଵ + 𝑒ଶ − 𝑒ଷ = 0. (9)

3.1.5. Bond graph model of time-varying stiffness 

It can be seen from Eq. (7) that the time-varying stiffness 𝐾(𝑡) of gear tooth mesh is a 
piecewise function. According to the working principle of power junction and the conditions of 
state control distribution (Table 3), a bond graph model of gear mesh time-varying stiffness can 
be established, as shown in Fig. 3. 𝜇ଵ, 𝜇ଶ and 𝜇ଷ represent Boolean variables, which control the 
state of time-varying meshing stiffness system. At any time, only one boolean variable can be 1, 
and the other two boolean variables must be 0. Among them, the capacitive elements simulating 
time-varying meshing stiffness are 𝐶ଵ, 𝐶ଶ and 𝐶ଷ respectively. Where, 𝐶ଵ = 𝐶ଶ = 𝐶ଷ = 1 / 𝐾(௧). 
And the calculation relationship between each key path is shown in Eq. (10): 

⎩⎪⎨
⎪⎧𝑒ସ = 𝜇ଵ𝑒ଵ + 𝜇ଶ𝑒ଶ + 𝜇ଷ𝑒ଷ,𝑓ଵ = 𝜇ଵ𝑓ଵ,𝑓ଶ = 𝜇ଶ𝑓ଶ,𝑓ଷ = 𝜇ଷ𝑓ଷ,𝑓ସ − 𝑓ଵ − 𝑓ଶ − 𝑓ଷ = 0.  (10)

Table 3. Control state table of time-varying meshing stiffness 
Element 

name 
Representation 

way 
Status type 𝑛𝑇 ≤ 𝑡 < 𝑛𝑇 + 𝑡ଵ 𝑛𝑇 + 𝑡ଵ ≤ 𝑡 ≤ 𝑛𝑇 + 𝑡ଶ 𝑛𝑇 + 𝑡ଶ ≤ 𝑡 < (𝑛 + 1)𝑇 

Switch 1 𝜇1 1 0 0 
Switch 2 𝜇2 0 1 0 
Switch 3 𝜇3 0 0 1 
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Fig. 3. The bond graph model of time-varying stiffness 

3.2. Teeth surface sliding friction 

3.2.1. Friction mechanism 

When studying the friction mechanism of tooth surface, the influence of tooth side clearance 
and oil film on friction performance is not considered, and the tooth surface friction is regarded 
as Coulomb friction. In the process of gear transmission, the meshing teeth produce a sliding form 
of dry friction on the tooth surface. This form of friction has nothing to do with the contact area, 
but is proportional to the normal positive pressure at the contact surface, and the direction of 
friction is opposite to the relative sliding direction. When the meshing point of each pair of 
meshing gear teeth is at the upper and lower sections of the pitch circle, the direction of the sliding 
velocity of the tooth surface will change at the meshing point of the pitch circle, and the direction 
of the sliding friction force will also change. In addition, due to the fact that the geometric structure 
of the gear itself is not very ideal and is affected by the surrounding transmission environment, 
the position of each pair of gear teeth is different, and the meshing force will also change with the 
change of the meshing position, which results in the normal positive pressure at the meshing point. 
The size and direction of the tooth surface friction value will change periodically. According to 
the Coulomb sliding friction principle, the calculation relationship of basic friction is shown in 
Eq. (11): 𝐹௙ = 𝐹′௙ × 𝑠𝑖𝑔𝑛(𝑉ఒ) = 𝜇𝐹ே × 𝑠𝑖𝑔𝑛(𝑉ఒ), (11)

where, 𝐹′௙ is the Coulomb friction force on the tooth surface, 𝜇 is the viscosity friction coefficient, 𝐹ே is the positive pressure, 𝑠𝑖𝑔𝑛(𝑉ఒ) is a symbolic function, 𝑉ఒ is the direction control variable of 
the friction force, as shown in Eq. (12): 𝑠𝑖𝑔𝑛(𝑉ఒ) = ൜1,      𝑉ఒ ≥ 0,−1,     𝑉ఒ < 0, (12)

where, 𝑉ఒ is the relative sliding speed of the engagement point, as shown in Eq. (13): 𝑉𝜆 = 𝜔ଵ[(𝑟௕ଵ + 𝑟௕ଶ)tan𝛼 − ඥ(𝑟௔ଶ)ଶ − (𝑟௕ଶ)ଶ + 𝑡𝜔ଵ𝑟௕ଵ]      −𝜔ଶ ቂඥ(𝑟௔ଶ)ଶ − (𝑟௕ଶ)ଶ − 𝑡𝜔ଶ𝑟௕ଶቃ ,  (13)

where, 𝛼 is the gear pressure angle, 𝑟௔ଵ is the addendum circle radius of the driving gear, 𝑟௕ଵ is 
the addendum circle radius of the driving gear, 𝑟௔ଶ is the addendum circle radius of the driven 
gear, 𝑟௕ଶ is the addendum circle radius of the driven gear, 𝜔ଵ is the rotational speed of the driving 
gear, and 𝜔ଶ is the rotational speed of the driven gear. 

3.2.2. Friction bond graph model of tooth surface 

Friction is an energy-consuming system in gear transmission system, which can be simplified 
as an energy-consuming element 𝑅 to describe. The friction effect of tooth surface is simulated 



DYNAMIC CHARACTERISTICS OF PX SINGLE LOOP GEAR TRAIN CONSIDERING WEAK NONLINEAR FACTORS OF INTERTOOTH SYSTEM.  
WENTING ZHANG, JIAMIN LIU, XINTAO ZHOU, YAHUI CUI 

1442 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460  

with 0s-junction and SPJ switch; The relationship between the direction of the friction force on 
the tooth surface and the relative meshing speed is simulated by using 1s-junction and SPJ switch. 
The friction coefficient 𝜇 is simulated by using the adjustable resistance conversion element 
(MR). 𝐹ே represents control key of parameter signals. In addition, 𝜇ଵ and 𝜇ଶ are two mutually 
exclusive Boolean variables. Only one variable can be activated in the same time period to control 
the direction of friction, as shown in Table 4. 

Table 4. Boolean variable assignment table 𝑠𝑖𝑔𝑛(𝑉ఒ) function Boolean variable 𝜇ଵ 𝜇ଶ 
1 1 0 
–1 0 1 

Combined with the modeling principle of switch type bond graph, the bond graph model of 
gear tooth surface friction can be obtained, as shown in Fig. 4. 

Namely, the characteristic equation of the gear tooth surface friction system is shown in 
Eq. (14): 𝐹௙ = [𝜇𝐹ே𝑠𝑖𝑔𝑛(𝑉ఒ)]𝜇ଵ + [𝜇𝐹ே𝑠𝑖𝑔𝑛(𝑉ఒ)]𝜇ଶ. (14)

3.3. Engagement damping 

The gear tooth meshing damping 𝜓 is approximately calculated by empirical formula, as 
shown in Eq. (15): 

𝜓 = 2𝜉 ቈ𝐾௠𝑟௕ଵଶ 𝑟௕ଶଶ 𝐽ଵ𝐽ଶ𝑟௕ଵଶ 𝐽ଵ + 𝑟௕ଶଶ 𝐽ଶ቉ଵଶ, (15)

where, 𝜉 is damping ratio, 𝐾௠ is the average meshing stiffness, 𝐽ଵ is the rotational inertia of the 
driving wheel, 𝐽ଶ is the rotational inertia of driven wheel, 𝑟௕ଵ and 𝑟௕ଶ respectively represent the 
dividing circle radius of the driving and driven wheels. 

Meshing damping is an energy dissipation system, which is simulated by resistive elements 𝑅. 
The bond graph model of gear tooth meshing damping is shown in Fig. 5. 

 
Fig. 4. Bond graph model of tooth surface friction 

 
Fig. 5. Bond graph model of meshing damping 

3.4. Steady-state transmission error 

3.4.1. Source of steady-state transmission error 

There are many kinds of gear transmission error, mainly including manufacturing errors, 
installation errors and improper operating conditions, which often lead to different forms of 
damage to gears. These damage forms will cause vibration or noise in the system during gear 
operation. It not only worsens the system’s operating environment and reduces the transmission 
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efficiency, but also decreases the service life of transmission components. Since steady-state 
transmission error generates a periodic excitation source for the gear system, it is described by a 
harmonic function 𝑒(௧), shown in Eq. (16): 𝑒(௧) = 𝑒଴ + 𝑒௥sin(𝜔௛𝑡 + 𝜙௘), (16)

where, 𝑒଴ is the mean steady-state transmission error, 𝑒௥ is the amplitude of steady-state 
transmission error fluctuation, 𝜔 ೓ is the meshing frequency, 𝜔 ೓ = 𝑛ଵ𝑧ଵ 30⁄  ,𝑛ଵ and 𝑧ଵ are the 
rotational speed and teeth number of the driving wheel, respectively, 𝜙௘ is the initial phase angle. 

The derivative form of steady-state transmission error, whose derivative form is shown in 
Eq. (17): 𝑒ሶ(௧) = 𝑒௥𝜔௛cos(𝜔௛𝑡 + 𝜙௘), (17)

where, 𝑒௥ is the fluctuation amplitude, 𝜔 ೓ is the meshing frequency, 𝜙௘ is the initial phase angle. 

3.4.2. Bond graph model of steady-state transmission error 

The steady-state transmission error of the gear teeth is a displacement excitation, and its 
derivative form is the rotational speed characteristic of the system. Flow source 𝑆𝑓 is adopted for 
simulation, and its bond graph model is shown in Fig. 6. 

 
Fig. 6. The bond graph model of steady-state transmission error 

4. Establishment of dynamic model of wheel system nonlinear system 

The nonlinear dynamic bond graph model of PX single-loop gear train is shown in Fig. 7.  

5. Study on dynamic characteristics of nonlinear single loop gear system 

5.1. Dynamic characteristics of the single-loop ring system of PX type 

Fig. 8(a) shows the phase trajectory diagram of PX single-loop gear system. The trajectory 
line circles point (0,0) clockwise, but does not surround point (–1, 0𝑗), and passes through the 
negative real axis from the right side of the point. Therefore, the analysis shows that the stable 
state of PX single loop gear system is unstable. As shown in Fig. 8(b), the amplitude-phase 
characteristic diagram of PX single-loop gear system shows that the amplitude margin of this 
system 𝐾௚ = 11.6 dB > 0 (0.136 rad/s). 

5.2. X-type subsystem 

Fig. 9 shows the amplitude-phase characteristic diagram. The subsystem is cutoff from the 
input end to type X, and the stable state of X-type subsystem inside the single-loop system is 
studied. The analysis demonstrates that the dynamic characteristics of this subsystem in PX single 
loop gear system are unstable. 
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Fig. 7. Nonlinear bond graph model for single-loop gear system of PX type 

5.3. P-type subsystem 

Similarly, Fig. 10(a) shows the amplitude-phase characteristics of the subsystem, which is cut 
off from the input to the P-type. From Fig. 10(b), it can be concluded that the amplitude margin 𝐾௚ = 59.6 dB > 0 (2.13 rad/s). 
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a) Phase diagram 

 
b) The amplitude-phase-frequency characteristic 

Fig. 8. Characteristic phase diagram of PX-type single loop gear system 

 
a) Phase diagram 

 
b) The amplitude-phase-frequency characteristic 

Fig. 9. Characteristic phase diagram of the X-type subsystem 

 
a) Phase diagram b) The amplitude-phase-frequency characteristic 

Fig. 10. Characteristic phase diagram of the P-type subsystem 

6. Conclusions 

In this research, study on nonlinear dynamic characteristic of single-loop gear system based 
on bond graph method. Simulation has been conducted to prove the efficiency of this method. The 
conclusions are listed as follows: 

1) Based on the mechanism study of nonlinear factors in the gear meshing system, such as 
time-varying meshing stiffness, tooth surface friction, gear tooth damping and steady-state 
transmission error, the bond graph model of these nonlinear factors is obtained. 

2) According to the structural characteristics of the single loop gear system, the dynamic 
characteristics and modeling methods are studied. The nonlinear mathematical models of the PX 
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are established by using the bond graph method. Then, the amplitude-phase-frequency 
characteristics are obtained respectively to study the stability of the single loop gear system. 

3) According to the dynamic characteristics of PX single loop gear system, it is concluded that, 
when the whole single loop gear system is unstable, its system module also has the same 
unstability. 
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