
 

 ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627 81 

On the effect of vibrational capture of rotation of an 
unbalanced rotor 

Nikolay Yaroshevich1, Vitalij Grabovets2, Тetjana Yaroshevich3, Irina Pavlova4,  
Irina Bandura5 
Lutsk National Technical University, Lutsk, 43018, Ukraine 
1Corresponding author 
E-mail: 1yaroshevichmp@gmail.com, 2vgrabovets@ukr.net, 3tyaroshevych@gmail.com, 
4iruna_pavlova@ukr.net, 5bandura1975@i.ua 
Received 13 March 2023; accepted 18 April 2023; published online 26 June 2023 
DOI https://doi.org/10.21595/mme.2023.23273 

Copyright © 2023 Nikolay Yaroshevich, et al. This is an open access article distributed under the Creative Commons Attribution License, 
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract. The dynamics of an unbalanced rotor with a vibrating suspension axis and driven by an 
asynchronous electric motor of limited power is considered. Stationary (near stationary) modes of 
rotation of the rotor with a frequency equal to the vibration frequency of the axis are investigated. 
An explanation of the phenomenon of vibrational capture of rotation of an unbalanced rotor is 
given. The proposed mechanical interpretation of the effect allows deeper understanding of the 
classical results and conclusions. The obtained condition for the existence of a stationary mode 
allows us to estimate the frequency capture interval of the rotor. The case when the mode of 
vibration capture of rotation is not set is considered. For such a case, an expression for the 
vibrational moment is obtained, as well as an equation for slow motions. Attention is drawn to the 
possibility of occurrence in the considered modes of motion of slow (relative to the rotation 
frequency) rotor oscillations with sufficiently large amplitudes. It is demonstrated that the 
vibrational capture mode has the property of self-regulation; allows to stabilize the rotation 
frequency of an unbalanced rotor during load oscillations. Attention is drawn to the fact that in 
this mode of motion, there is certainly a transfer of energy either from the source of vibration to 
the rotor, or vice versa. The Sommerfeld effect in an oscillatory system with an inertial vibration 
exciter is represented by vibration capture of rotation of the vibration exciter by resonant 
oscillations of the carrier body. The theoretical results are confirmed by numerical modelling. 
Keywords: unbalanced rotor, axis oscillation, vibration moment, vibrational capture, slow 
oscillations, Somerfeld effect. 

1. Introduction 

The effects and patterns of behavior of an unbalanced rotor, the axis of which performs 
specified periodic oscillations, are of great theoretical interest and wide practical use. It is 
important that a barely noticeable vibration of the axis of an unbalanced rotor can significantly 
affect its dynamics.  

A large number of works are devoted to the analysis of these effects. An overview and 
generalization of the main research results are given, for example, in monographs [1, 2]. The vast 
majority of the results obtained relate to the main mode in which the rotor rotates with an average 
angular velocity equal to the vibration frequency. The study of stationary modes of rotation of the 
rotor with a frequency multiple of the vibration frequency of its axis is given in [3, 4]. Practically 
important issues related to the determination of the field of attraction of certain stationary modes 
of rotation of the rotor under the action of axis vibration were considered in [5, 6]. 

Among the recent works devoted to the practical use of the effect, we can note the articles  
[7-11]. In [7] a mathematical model was found, and numerical results obtained for the pendulum 
behavior when coupled to a DC generator. A simple pendulum is vertically excited on its support 
and consequently exhibiting oscillations and rotations. Nonideal interactions of a DC motor with 
a pendulum by a crank-shaft-slider mechanism is analyzed and compared with an ideal excitation 
of the pendulum. The paper [10] analyzes the possible motion modes of an unbalanced rotor with 
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an auto-balancing device. It is shown that for given parameters of the system, there are several 
qualitatively different stable motion modes. A qualitative analysis of the stability ranges of all 
possible motion modes of the system was performed. This article [11] presents the synthesis of 
design parameters of a two frequency inertial vibrator according to the specified power 
characteristics. 

The proposed work is devoted to the further development of studies of the effect of vibration 
capture of the rotation of an unbalanced rotor, given in [1, 2, 12]. In [1, 2], the main attention is 
paid to: determination of vibrational moments; finding possible stationary modes of rotation of a 
rotor and studying their stability. At the same time, a detailed analysis of the basic equations of 
vibrational mechanics was not carried out. The practical importance of such studies was pointed 
out in the report [12]. However, the results presented in [12] are incomplete. 

In this article, a more detailed analysis of the equations of slow and fast movements of an 
unbalanced rotor is made. In addition, an expression for the vibrational moment is obtained for 
the case when the vibrational capture mode is not established. The work uses the approach of 
vibrational mechanics and the method of direct separation of motions of prof. Blekhman [1, 2]. 
The advantages of this approach and method are relative simplicity and physical interpretability. 
This made it possible to formulate more applied findings and conclusions than in known works.  

2. Statement of the problem and equation of motion 

Consider an unbalanced rotor (unbalanced vibration exciter) with a vibrating suspension axis. 
Let the rotor axis make a given harmonic oscillations excited by an ideal energy source according 
to the law 𝑥 = 𝐴௫cos𝜔𝑡, where 𝐴௫ and 𝜔 are the amplitude and frequency of the oscillations of 
the rotor axis, respectively (Fig. 1). For the sake of concreteness, let's assume that the rotor axis is 
horizontal, and its oscillations occur in a horizontal direction. Note that such a scheme of the 
dynamic system was chosen for a convenient comparison of the obtained results with the results 
of classical studies [1, 2]; consideration of more general cases of axis vibration does not lead to 
fundamentally new results, but requires more cumbersome calculations. At the same time, the 
simplest example under consideration allows us to find out the features of the dynamics of an 
unbalanced rotor with a vibrating axis. 

The equation of motion of an unbalanced rotor is represented as [1]: 𝐼𝜑ሷ = 𝐿ሺ𝜑ሶ ሻ − 𝑅ሺ𝜑ሶ ሻ − 𝑚𝜀ሺ𝜔ଶ𝐴௫sin𝜑cos𝜔𝑡 − 𝑔cos𝜑ሻ, (1)

where 𝐼, 𝑚, 𝜀 are accordingly, the moment of inertia, mass and eccentricity of the unbalanced 
rotor; 𝜑 is the angle of rotation of the rotor, counted clockwise; 𝐿ሺ𝜑ሶ ሻ is torque transmitted from 
the electric motor; 𝑅ሺ𝜑ሶ ሻ is the moment of the forces of resistance to rotation of the rotor; 𝑔 is 
acceleration of free fall.  

 
Fig. 1. Unbalanced rotor with vibrating axis 

We believe that the moment 𝑅ሺ𝜑ሶ ሻ in the general case can take into account not only the 
resistance in the rotor bearings, but also the payload; the rotor is driven by an asynchronous type 
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electric motor. Taking into account that stationary (near stationary) modes of rotor motion are 
studied below, the moment of the electric motor will be taken into account using its static 
characteristics. We investigate the rotation of an unbalanced rotor with a frequency 𝜑ሶ  equal to (or 
close to) the frequency of uniform rotation 𝜔. 

3. Equations of slow and fast movements of an unbalanced rotor and their analysis 

Using the method of direct separation of movements, we consider the movements of the rotor 
of the form 𝜑 = 𝜔𝑡 + 𝛼ሺ𝑡ሻ + 𝜓ሺ𝑡,𝜔𝑡ሻ, where – 𝛼(𝑡) slow, and – 𝜓(𝑡,𝜔𝑡) small fast 2𝜋-periodic 
function, the average value of which is zero for the period. Following this method, we write down 
the equations for the functions 𝛼(𝑡) and 𝜓(𝑡,𝜔𝑡) in the form [1, 12]: 𝐼𝛼ሷ + 𝑘𝛼ሶ = 𝐿(𝜔) − 𝑅(𝜔) + 𝑉, (2)𝐼𝜓ሷ + 𝑘𝜓ሶ = 𝑊(𝛼,𝜓,𝜔𝑡) − 𝑉, (3)

where 𝑘 = 𝑘ଵ + 𝑘ଶ is the total damping coefficient, and 𝑘ଵ = −(𝑑𝐿(𝜑ሶ ) 𝑑𝜑ሶ⁄ )ఝሶ ୀఠ,  𝑘ଶ = (𝑑𝑅(𝜑ሶ ) 𝑑𝜑ሶ⁄ )ఝሶ ୀఠ; 𝑊(𝛼,𝜓,𝜔𝑡) = −𝑚𝜀(𝜔ଶ𝐴௫sin𝜑cos𝜔𝑡 − 𝑔cos𝜑); 𝑉 = ⟨𝑊(𝛼,𝜓,𝜔𝑡)⟩. 
Let us note: the coefficients 𝑘ଵ > 0, 𝑘ଶ > 0 are obtained as a result of the linearization of 

moments 𝐿(𝜑ሶ ), 𝑅(𝜑ሶ ) near the frequency 𝜑ሶ = 𝜔; angle brackets ⟨… ⟩ indicate the averaging of the 
expression contained in them over a period 2𝜋 𝜔⁄  of fast time 𝜏 = 𝜔𝑡; the expression 𝑉 is the 
so-called vibration moment [1; 13, 14] – the average value of the additional moment caused by 
vibration. 

To determine the vibration moment with sufficient accuracy for most applications, the 
equation of rapid motion can be solved approximately. To do this, as in [1], we represent Eq. (3) 
in the form: 𝐼𝜓ሷ = 𝜇Ψ, where 𝜇 is a small parameter; Ψ = 𝑊(𝛼,𝜓,𝜔𝑡) − 𝑉 − 𝑘𝜓ሶ . In the zero 
approximation (𝜓 = 𝜓଴ = 0) we have: 𝑉 = 𝑉(𝛼) = −𝑉୫ୟ୶sin𝛼, (4)

where 𝑉୫ୟ୶ = ଵଶ𝑚𝜀𝜔ଶ𝐴௬ is maximum value (modulus) of vibration moment.  
As can be seen, with equal rotational frequencies of the rotor and the vibration of the axis, the 

“fast” moment due to the portable force of inertia leads to the appearance of a vibration moment 
in the equation of slow movements. 

Eq. (2) leads to the following relation for determining the phase shift in stationary modes of 
vibrational capture of rotor rotation (𝛼 = 𝑐𝑜𝑛𝑠𝑡): 𝐿(𝜔) − 𝑅(𝜔) = 𝑉୫ୟ୶sin𝛼. (5)

The condition for the possibility of the existence of these modes has the form: |௅(ఠ)ିோ(ఠ)|௏ౣ ౗౮ ≤ 1 
[1]. When the speeds 𝜔 and 𝜑ሶ  are not too different from each other, this condition can be 
represented in the form ௞|୼ఠ|௏ౣ ౗౮ ≤ 1, where Δ𝜔 = 𝜔଴ − 𝜔 is the rotor frequency capture interval; 𝜔଴ – the speed of steady rotation of the rotor in the absence of axis vibration. For cases where the 
moment of resistance 𝑅 to rotation is mainly due to the resistance in the bearings, the above 
inequalities can be written in an approximate form: 𝐿௡𝑉୫ୟ୶ |Δ𝜔|(𝜔௖ − 𝜔௡) ≤ 1, (6)

where 𝐿௡, 𝜔௡, 𝜔௖ rated torque, rated and synchronous motor speed, respectively.  
Note that when obtaining condition Eq. (6), it is taken into account the significant difference 
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between the dependences of moments 𝐿(𝜑ሶ ) and 𝑅(𝜑ሶ ) on the rotor speed, as well as the expression 𝑘ଵ = ௅೙ఠ೎ିఠ೙ [13]. 
Condition Eq. (6) is convenient to use for a rough assessment of the possibility of the existence 

of a vibrational capture mode of rotation; it allows you to estimate the frequency capture interval Δ𝜔 of the rotor. It is obvious that: inequality (6) physically means the requirement of limited 
engine power; when the rotor rotates with a frequency 𝜑ሶ  close to the frequency of axis oscillations 𝜔, condition Eq. (6) is necessarily fulfilled. Consequently, even a relatively small vibration with 
a frequency equal to the frequency of the rotor (close enough to it) can lead to the emergence of a 
mode. 

From relations obtained it follows that vibration: can lead both to a decrease in the average 
speed of the steady rotation of the rotor, and to its increase; seeks to change the rotor frequency to 
the vibration frequency and maintain a certain phase shift 𝛼. Moreover, the vibration can stabilize 
the stationary rotation frequency of the rotor under the sudden load changes. Changes in load 
(within condition Eq. (6)) are compensated by changes in the vibration moment Eq. (4). 

When inequality Eq. (6) is fulfilled, Eq. (5) has two significantly different solutions:  𝛼ଵ,ଶ = ±arcsin ቀ௞୼ఠ௏ౣ ౗౮ቁ. The condition for the stability of these solutions is reduced to the 
fulfillment of the inequality 𝑉୫ୟ୶cos𝛼 > 0 [1]. In case when the rotor frequency 𝜔଴ coincides 
with the oscillation frequency of the axis 𝜔, the stationary solutions of Eq. (2) will be: 𝛼ଵ = 0 and 𝛼ଶ = 𝜋. The other solutions differ from 𝛼ଵ,ଶ on 2𝜋𝑛, where 𝑛 = 0, ±1, ±2, …; at the same time, 
the solution 𝛼ଵ = 0 is stable. 

It follows from expression Eq. (4) that the slightest deviation of the angle 𝛼 from a stable value 𝛼 = 0 leads to the appearance of a vibrational moment (restoring moment). At the same time, the 
vibration moment takes either a negative or a positive value. Consequently, in the stationary mode, 
the action 𝑉(𝛼) becomes quite definite: only braking or only rotating. Hence, the nature of the 
vibration effect is determined, first of all, by the steady phase shift between rotational and 
oscillatory movements. The magnitude of the phase shift 𝛼 will be greater with a longer capture 
interval Δ𝜔, more engine power and less vibration moment modulus. 

It is not difficult to establish that when the frequencies 𝜔଴ and 𝜔 coincide, the effect of the 
vibration moment is reduced to the establishment and subsequent maintenance of a stable phase 
shift 𝛼ଵ. Fig. 2 shows a graphical interpretation of the above. The stationary modes of vibrational 
capture of the rotor rotation correspond to the abscissae of the intersection points of the graphs of 
the functions 𝑦ଵ = 𝐿(𝜔) − 𝑅(𝜔) and; 𝑦ଶ = 𝑉୫ୟ୶sin𝛼; for the case 𝜔଴ = 𝜔, the graph 𝑦ଵ is a 
straight line coinciding with the axis of the abscissae. Naturally, an increase in the ordinate 𝑦ଶ 
indicates an increase in the vibrational moment; at the same time, above the abscissa axis there is 
a delayed braking moment, below it there is a torque (respectively, the horizontal arrows on the 
graph of the moment change are directed to the left and right). This means that when the rotor is 
removed from a stable position (𝛼ଵ = 0) in the direction of increasing the angle 𝛼 (𝛼 > 𝛼ଵ, i. e. 
the rotor “overtakes” (outstrips) the vibration), the vibration moment will slow down the rotor. 
And vice versa, when the rotor is removed from a stable position in the direction of decreasing the 
angle 𝛼 (the rotor “lags behind” the vibration) – 𝑉(𝛼) push the rotor. When the rotor moves near 
an unstable position (𝛼ଶ = 𝜋), the vibration moment tends to remove the rotor from this position.  

It should be noted that the above interpretation allows better understanding of the effect of 
vibrational braking of the inertial vibration exciter during the “slow” passage of the oscillatory 
system resonance (Fig. 3). It is known that during the run-up of the vibration exciter, a phase shift 
between the disturbing force and the carrier body oscillations arises and increases (in Fig. 2, the 
run-up corresponds to the change in angle 𝛼 from zero to a value close to 𝜋). Consequently, during 
the run-up, the vibration exciter “overtakes” (outstrips) the axis vibration. Accordingly, a braking 
vibrational moment arises and increases. In case of limited engine power, this circumstance can 
lead to a “stuck” of the vibration exciter speed, i.e. to the Sommerfeld effect. After passing the 
natural frequency of the oscillatory system (phase shift 𝛼 exceeds 𝜋 2⁄ ), the braking vibration 
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moment rapidly decreases. Naturally, in case of a “fast” passage through the resonance zone, the 
significant braking effect of the vibration will be short-lived.  

 
Fig. 2. Graphical interpretation of stationary rotor motion modes and their stability: 1 – 𝑦ଵ = 𝐿(𝜔) −𝑅(𝜔), case 𝐿(𝜔) − 𝑅(𝜔) = 0; 2 – 𝑦ଶ = 𝑉୫ୟ୶sin𝛼; 3 – 𝑦ଵ = 𝐿(𝜔) − 𝑅(𝜔), case 𝐿(𝜔) − 𝑅(𝜔) > 0 

 
Fig. 3. Diagram of vibration machine with inertial vibration exciter 

Let us consider the equations of fast movements of an unbalanced rotor Eq. (3). 
Applying the approach used in the article [15], the Eq. (3) is transformed to the form (the action 

of gravity is neglected): 𝐼𝜓ሷ + 𝑘𝜓ሶ + 𝑐ట𝜓 = −𝑉୫ୟ୶sin2𝜔𝑡, (7)

where 𝑐ట = 𝑉୫ୟ୶cos𝛼. 
It follows from the foregoing that in stable stationary modes the stiffness coefficient 𝑐ట will 

be constant and positive; when 𝜔 ≈ 𝜔଴ the value of the function sin𝛼 will be close to one. It 
appears that the moment 𝑉୫ୟ୶ can be quite large. Thus, in the mode of vibrational capture of 
rotation, the equation of rapid movements takes the form of an equation of an oscillatory type. It 

is easy to make sure that the natural frequency 𝑝ట = ට− ௏ౣ ౗౮ூ cos𝛼 ≈ 𝜔ට௠ఌ஺ೣଶூ  is several times 

less than the frequency 𝜔. Note that the last expression for the frequency 𝑝ట coincides with that 
obtained in [1, 2]. At the same time, in contrast to the one given in [1, 2], Eq. (7) describes an 
oscillatory process that is superimposed on the main movement of the rotor in the vibratory 
rotation capture mode.) 

Consequently: in the case of equal (close) frequencies of rotation of the rotor and vibration, 
when the vibration capture mode is established, a pronounced transient process with the main slow 
frequency 𝑝ట will take place; in the steady state, the amplitude of oscillations of the rotor speed 
will be relatively small; at the same time, their value will significantly depend on the vibrational 
moment modulus; as the interval Δ𝜔 increases, the stiffness coefficient 𝑐ట (frequency 𝑝ట) 
decreases rapidly. Note that in the vibration capture mode, only high-frequency oscillations of the 
rotor.  
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Let us consider the case when the rotor rotates with a certain frequency 𝜑ሶ  close to the 
frequency of uniform rotation 𝜔଴; moreover, the frequencies 𝜔଴ and 𝜔 satisfy the condition |𝜔଴ − 𝜔| ≪ 𝜔଴ + 𝜔. Using the method of direct separation of movements, we again come to the 
equation of slow rotor movements in the form Eq. (2), where 𝑉 = −𝑚𝜀𝜔଴ଶ𝐴⟨sin(𝜔𝑡 + 𝛾)cos𝜔𝑡⟩; 𝛾 = (𝜔଴ − 𝜔)𝑡 + 𝛼. Obviously, the phase shift can 𝛾 be considered a slowly changing function 
of time. Taking into account the basic assumption of the method used that all slow variables can 
be considered constants (“frozen”) [1], is 𝑉 = 𝑉(𝛾) = −𝑉୫ୟ୶sin𝛾. Then Eq. (2) can be 
represented as: 𝐼𝛼ሷ + 𝑘𝛼ሶ = 𝐿(𝜔) − 𝑅(𝜔) − 𝑉୫ୟ୶sinΔ𝜔𝑡. (8)

As it can be seen, in the considered approximation, changes in the vibrational moment will 
occur according to the harmonic law; the average value 𝑉(𝛾) for the period will be equal to zero. 
However, since the changes 𝑉(𝛾) will be slow, the average effect of vibration can be discussed. 
Consequently, for a sufficiently long time 𝑡 = 𝑇௏ 2⁄  (𝑇௏ = 2𝜋 Δ𝜔⁄ ≫ 𝑇ఠ), the rotor will 
alternately be affected by a rotating, then a braking vibration moment. Note that the maximum 
value of such a moment (𝑉୫ୟ୶) can be very significant [1]. 

Obviously, due to slow periodic changes in the vibration moment, there will be fluctuations in 
the rotor speed 𝛼ሶ  with frequency Δ𝜔. The amplitudes of these oscillations 𝐴ఈ can be 
approximately determined by the expression: 𝐴ఈ = 𝑉୫ୟ୶ 𝐼Δ𝜔⁄ . From Eq. (3), taking into account 
the first approximation, it is not difficult to obtain an expression for the amplitude of the fast 
oscillations of the rotor speed: 𝐴ట = 𝑉୫ୟ୶ 2𝐼𝜔⁄ . As it can be seen, 𝐴ఈ ≫ 𝐴ట. Therefore, if the 
vibration capture mode is not established (condition Eq. (6) is not fulfilled), then the rotor speed 
oscillations will be significantly greater than in the case of such a mode being established. If 
condition Eq. (6) is true, the oscillations described by Eq. (8) will be short-term since when the 
frequency of the rotor coincides with the vibration frequency, the vibration capture mode will 
certainly be established. 

4. Results and discussion 

An analysis of the basic equations of vibrational mechanics allows us to draw the following 
conclusions. It is convenient to evaluate the impact of vibration using the vibrational moment. 
From Eq. (4) it follows that with the parameters of the rotor and the vibration of the axis fixed for 
a certain mechanism (characterized, respectively, by static torque 𝑚𝜀 and vibration acceleration 𝜔ଶ𝐴), the vibration effect is determined only by the magnitude of the phase shift 𝛼. 

Consequently, in the case of establishing a stationary mode of vibrational capture of rotation 
(𝛼 = 𝑐𝑜𝑛𝑠𝑡), the effect of vibration, on average, becomes unambiguous: only braking when the 
vibration frequency of the rotor is less than the frequency of its rotation; or only rotational – when 𝜔 > 𝜔଴. As you can see, vibration can change the moment of resistance to rotation of the rotor, 
and, consequently, lead to a change in the speed of steady motion; at the same time, both reducing 
and increasing it. 

Thus, at equal (close) rotational frequencies of the rotor and vibration, the action of the latter 
leads to the appearance of a vibrational moment – directed (defined), on average, the vibration 
effect on the rotor. It is important that in this case only high-frequency vibrations of the rotor take 
place; at the same time, their amplitudes will be relatively small. 

If the vibration capture mode of rotation is not set, there will be no unambiguous effect of 
vibration on the movement of the rotor. The moment of portable inertia forces alternately either 
slows down or pushes the rotor. The average vibration action is zero. At the same time, along with 
high-frequency oscillations of the rotor, its low-frequency oscillations take place. 

In addition, with the proximity of frequencies 𝜔଴ and 𝜔, a rotor motion mode may occur, 
characterized by relatively slow (rocking) oscillations of the dynamic (vibrational) moment. 
Despite the fact that, on average, the vibration effect is zero, slow changes in the vibration moment 
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can cause large oscillations of the drive. 
The possibility of a vibrational capture mode occurrence can be estimated by comparing 

simultaneously the values of moments 𝑉୫ୟ୶ and 𝐿௡, and frequency intervals 𝜔௖ − 𝜔௡ and Δ𝜔. 
Obviously, the greater the vibration moment and the smaller the capture band, the milder is the 
condition for the existence of the mode; even a relatively small vibration with a frequency equal 
to (fairly close to) the frequency of the rotor can affect its movement.  

This means that in an oscillatory system with an inertial vibration exciter (Fig. 3), the effect of 
vibration capture will certainly manifest itself (the frequencies of the vibration exciter and axis 
oscillations are the same). The occurrence and increase of the phase shift between the disturbing 
force and oscillations during start-up is accompanied by the occurrence and increase of the braking 
vibration moment. As a result, the increase in the frequency of the rotor when approaching the 
natural frequency slows down. If the phase shift exceeds the value 𝜋 2⁄ , it entails a rapid decrease 
in the braking vibrational moment. The consequence of a rapid decrease in load is a rapid increase 
in the frequency of the exciter. As it can be seen, the Sommerfeld effect in an oscillatory system 
with an inertial vibration exciter can be explained by the vibration capture of its rotation by 
resonant oscillations of the carrier body. 

The vibratory rotation capture mode has the property of self-regulation: changes in the load on 
the rotor are compensated by changes in the vibration moment, thereby maintaining the rotor 
frequency at the level of the vibration frequency. This circumstance makes it possible to use 
vibration rotation capture to stabilize the rotor rotation speed. 

Eq. (4) is the equation of equilibrium of the average moments acting on the rotor. It is also an 
equation of the energy balance in the system. This means that in the mode of vibrational capture 
of the rotation of the rotor, there is certainly a transfer of energy. Depending on which of the 
frequencies 𝜔଴ or 𝜔 turns out to be higher, energy will be transferred either from the rotor (motor) 
to the vibration source, or vice versa. Note that there is not a periodic exchange of energy between 
the rotor and the vibration source, but its transmission in one direction. In the stationary mode of 
vibration capture, the vibration of the base on which the rotor is mounted acts as a power 
transmission channel. The “bandwidth” of such a channel can be relatively large [1]. 

Analysing the oscillatory process, which is superimposed on the uniform rotation of the rotor, 
it can be concluded that the vibration moment is the restoring moment. It occurs at the slightest 
displacement of the rotor from the position corresponding to a steady phase shift 𝛼, and is directed 
so as to return the rotor to this position. As it can be seen, the role of the restoring force for the 
rotor, along with the forces of gravity, can be performed by the vibrational force. Consequently, 
the vibrational moment determines the intrinsic vibrational properties of the dynamic system “an 
unbalanced rotor with a vibrating axis”. The occurrence of “slow” (in comparison with 𝜔) rotor 
speed oscillations in the occurrence of stationary modes is associated with the excitation of its 
own oscillations. It is noteworthy that the amplitudes of such oscillations can be large. The 
frequency 𝑝ట can be considered critical for an unbalanced rotor with a vibrating axis. It is obvious 
that an increase in the intensity of vibration (𝜔ଶ𝐴) and the unbalance of the rotor (𝑚𝜀) leads to an 
increase in the frequency of “slow” oscillations of the rotor. It should be noted that such 
oscillations have found practical application to facilitate the start-up of vibration machines with 
an inertial drive [2, 16].  

It follows from the foregoing that the vibration moment is the synchronizing moment for the 
rotor. It seeks to coordinate the rotation of the rotor with the axis oscillations; to change the 
frequency of the rotor to the frequency of vibration; at the same time, to maintain a certain phase 
shift. Thus, vibrational capture can be considered as a limiting special case of frequency and phase 
self-synchronization. As it can be seen, the tendency to synchronization for an unbalanced rotor 
can manifest itself with minimal axis vibration. This circumstance explains the possibility of 
vibration capture for multiple modes of rotor rotation and vibration. As is known, in such modes 
the vibrational moments are significantly less than in the main mode.  
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5. Comparison with the results of computer simulation of the effect of vibration capture 
rotation of an unbalanced rotor 

The numerical solution of Eq. (1) was carried out in the mathematical package Maple 14 using 
a dynamic model of an asynchronous electric motor ([17], as well as described in the author’s 
article in the book [18]). The basic parameters in equation (1) were set as follows: 𝑚 = 20 kg; 𝜀 = 0,02 m; 𝐼 = 0,05 kg⋅m2; 𝐴௫ = 0,002 m; an electric motor 𝑃 = 1,5 kW with a synchronous 
speed 𝑛௖ =1500 rt m was used. After starting the electric motor and establishing a stationary 
rotation mode, the rotor axis begins (𝑡 = 1,1 s) to make vertical harmonic oscillations according 
to the law 𝑦 = 𝐴௫cos𝜔𝑡. 

The establishment of the vibration capture mode is demonstrated for cases when the vibration 
frequency 𝜔 is greater (Figs. 4 and 5) or less (Figs. 6 and 7) than the rotor rotation speed before 
vibration occurs 𝜔଴. 

 
a) From the moment of start 

 
b) From the moment of time 𝑡 = 1 s 

Fig. 4. Changes over time of rotor frequency (case 𝜔 < 𝜔଴) 

 
a) Phase shift α 

 

 
b) Moments: 1 – 𝐿; 2 – 𝑅;  

3 – 𝑀௜ = 𝑚𝜀𝜔ଶ𝐴௫ sin𝜑 cos𝜔𝑡; 4 – 𝑉 
Fig. 5. Changes over time (case 𝜔 < 𝜔଴) 

It is clearly seen from the graphs that after the establishment of a stationary mode: the average 
rotor rotation frequency stabilizes at a level equal to the vibration frequency (Fig. 4: 𝜔 = 140 s-1 
and Fig. 6(a): 𝜔 =155 s-1, when 𝜔଴ =148,9 s-1); the phase shift 𝛼 becomes constant Fig. 5(а):  𝛼 = 5,34 rad > 𝛼ଶ and Fig. 7(а): 𝛼 = 4,32 rad < 𝛼ଶ); the effect of vibration, on average, becomes 
unambiguous - braking (Fig. 5(b): 𝑉 = –4,5 Nm-1) or rotational (Fig. 7(b): 𝑉 = 3,5 Nm-1). When 
establishing a stationary mode, a short transient process with a large amplitude of oscillations and 
frequency 𝑝ట can be observed (in Fig. 4: 𝑝ట ≈ 10,5 s-1; according to formulas: 𝑝ట = 11,3 s-1; in 
Fig. 6(b), curve 1: 𝑝ట ≈ 15,3 s-1, curve 2: 𝑝ట ≈19 s-1; according to formulas 𝑝ట = 17 s-1 and  
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𝑝ట = 19,6 s-1 respectively). It is important that in the steady–state mode of motion, only 
high-frequency vibrations of the rotor (with frequency 314 s-1 ≈ 2𝜔) take place, and 
low-frequency ones are absent. 

 
a) 𝐴௫ = 0,002 m 

 
b) 1: 𝐴௫ = 0,003 m; 2: 𝐴௫ = 0,004 m 

Fig. 6. Changes over time of rotor frequency (case 𝜔 > 𝜔଴) 

Figs. 8 and 9 demonstrate the possibility of stabilizing the rotor speed with load changes. 
Despite the fact that the moment of resistance 𝑅 increased or decreased by half (𝑡 = 1,5 s, Fig. 9(a) 
and (b), curve 2), the rotor rotation speed (after a short transient process) remained equal to the 
vibration frequency (𝜔 = 140 s-1), Fig. 8). The torque of the electric motor also remained the same 
(Figs. 9(a) and (b), curve 1). As follows from the graphs (Fig. 9), the load change is compensated 
by the corresponding changes in the vibration moment. 

In the case when the vibration capture mode of rotation has not been established (the vibration 
amplitude has been reduced 𝐴௫ = 0,0002 m), the relatively slow (with frequency 9,1 s-1 ≈ Δ𝜔) 
oscillations of the rotor speed (Fig. 10(a), curve 1), electric motor moments and inertia forces 
(Fig. 10(b), curves 1, and 3) take place; phase shift is variable. It should be noted that, despite a 
significant decrease in the vibration amplitude, the amplitudes of the rotor speed oscillations 
increased noticeably. 

 
a) Phase shift 𝛼 

 
b) Moments: 1 – 𝐿; 2 – 𝑅; 3 – 𝑀௜; 4 – 𝑉 

Fig. 7. Changes over time (case 𝜔 > 𝜔଴) 

Fig. 10(а) demonstrates the possibility of a vibration capture mode with minimal vibration 
amplitudes (𝐴௫ = 0,0002 m) in the case of sufficiently close frequencies 𝜔଴ and 𝜔 (𝜔 = 149,5 s-1, 𝜔଴ = 148,9 s-1). As it can be seen, after 𝑡 = 2,5 s the frequency of rotation of the rotor becomes 
equal to the vibration frequency (Fig. 10(a), curve 2), at the same time the phase shift becomes 
constant and close to a stable value. It seems important that the consequence of the establishment 
of the vibration capture mode is a significant reduction in rotor vibrations. 
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Fig. 8. Rotor frequency changes over time for the following cases:  

1 – increase in the moment of resistance forces 𝑅; 2 – torque reduction 𝑅 

 
a) Increasing of 𝑅 

 
b) Decreasing of 𝑅 

Fig. 9. Changes over time of the moments: 1 – 𝐿; 2 – 𝑅; 3 – 𝑀௜ for the cases 

 
a) Rotor frequency: 1 – vibration capture mode is  

not established, 𝐴௫ = 0,0002 m, 𝜔 = 140 s-1;  
2 – 𝐴௫ = 0,002 m, 𝜔 = 147,5 s-1; 3 – 𝐴௫ = 0,002 m, 𝜔 = 140 s-1 (basic mode, Fig. 3(b)) 

 
b) moments acting on the rotor  

(case 𝐴௫ = 0,0002 m):  
1 – 𝐿(𝜑ሶ ); 2 – 𝑅(𝜑ሶ ); 3 – 𝑀௜ 

 
Fig. 10. Changes over time 

6. Conclusions 

Vibration of the axis of an unbalanced rotor with a frequency close to the rotation frequency 
can lead to the appearance of special modes of motion, among which is the vibrational capture of 
the rotor rotation. In addition to the rotation of the rotor with the vibration frequency, the 
characteristic features of this mode are: establishment of a certain phase shift between the 
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rotational motion of the rotor and the axis oscillations; on average, a certain (braking or rotating) 
vibration effect on the rotor; transfer (not exchange) of energy from an unbalanced rotor to a 
vibration source, or vice versa.  

When the vibrational capture mode of rotation occurs, slow (pendulum) oscillations of the 
rotor speed with its own frequency can be excited. The initial amplitudes of such oscillations can 
be large.  

Vibration of the rotor axis with a frequency close to (equal to) the frequency of its rotation can 
lead to stabilization of the rotor frequency, with load changes; to a decrease in unbalanced rotor 
speed fluctuations. 

In the case of non-establishment of the vibration capture mode, a motion mode may occur 
characterized by slow (pulsating) fluctuations in the rotor speed (dynamic moment) with large 
amplitudes. Such a mode of motion may pose a danger to the drive of mechanisms containing an 
unbalanced rotor. 
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