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Abstract. This paper presents a study on improving the estimation accuracy and convergence rate 
of hysteresis modeling of MFC actuators using mutation enhanced differential evolution (MEDE) 
algorithm, a modified version of the differential evolution algorithm. The proposed MEDE 
algorithm uses three mutation strategies, i.e., best, rand, and pbest. To model the secondary path 
of a smart flexible beam with MFC actuators, a Hammerstein model that combines an asymmetric 
Bouc-Wen model with an ARX model connected in series is proposed. The fitness function values 
of the Hammerstein model are compared with evolutionary algorithms. 
Keywords: ARX model, asymmetric Bouc-Wen model, Hammerstein model, MFC actuators, 
mutation enhanced differential evolution algorithm. 

1. Introduction 

MFC is a popular piezocomposite transducer with high-performance characteristics, widely 
used in various applications [1]. However, the performance of MFC actuator is limited by its 
nonlinear and hysteretic behavior [2]. 

Bouc-Wen model is popular for describing hysteresis nonlinearity of piezoelectric materials 
[3-5], but it can only account for symmetric hysteresis. Since MFC actuators exhibit asymmetric 
hysteresis, alternative model needs to be developed. Wang Geng [6] suggested a modified 
Bouc-Wen (MBW) model to capture the asymmetric hysteresis nonlinearity of the piezoelectric 
actuator. Since the actual hysteretic nonlinear curve of MFC actuator is related to rate. To tackle 
the aforementioned challenge, one approach is to connect the hysteretic nonlinear model in series 
with a linear model, resulting in a Hammerstein model [7]. For example, Konstantinos Krikelis 
proposed a Hammerstein model that integrates the Prandtl-Ishlinskii hysteresis model with a linear 
recursive neural network [8]. 

The aim is to enhance the model estimation accuracy and convergence rate in hysteresis 
modeling of MFC actuators without explicitly identifying the model parameters. Instead of 
identifying the model parameters, we use the fitness function output, including fitnessbestX, favg, 
fmax, fmin, and fstd, to compare the performance of different optimization algorithms. In this 
study, the MEDE algorithm based on multiple mutation strategies is used to optimize the fitness 
of the proposed Hammerstein model. Section 2 provides a detailed description of the proposed 
Hammerstein model. Section 3 presents the methodology for applying the MEDE algorithm. The 
results are presented in Section 4. Section 5 finally describes the conclusion. 
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2. Model for hysteresis characterization in MFC actuators 

2.1. Bouc-Wen hysteresis model 

A classical Bouc-Wen model defined by the following equations, can characterize the dynamic 
behavior of MFC actuators [9, 10]: 𝑍 𝑡 𝑀𝑥 𝑡 𝐷𝑥 𝑡 𝐾𝑥 𝑡 𝐾 𝐿𝑢 𝑡 − ℎ 𝑡 , (1)ℎ 𝑡  𝛼𝐿𝑢 𝑡 − 𝛽|𝑢 𝑡 |ℎ 𝑡 − 𝛾𝑢 𝑡 |ℎ 𝑡 |, (2)

where, the linear Eq. (1) relating the input voltage (𝑢  to the output displacement (ℎ  and nonlinear 
differential Eq. (2) describing the displacement change over time. 𝛼 𝛽 and 𝛾 are hysteresis loop 
parameters; 𝑀, 𝐷, 𝐾 and 𝐿 are the mass, damping coefficient, stiffness and piezoelectric 
coefficient respectively. It can describe symmetric hysteresis due to its assumption that the 
nonlinearity is symmetric about the origin. This mathematical formulation results in symmetric 
hysteresis loops for both loading and unloading cycles as shown in Fig. 1. The Bouc-Wen model 
is specifically designed to account for the hysteresis phenomenon, which is a characteristic 
property of MFC actuators. 

 
Fig. 1. Symmetry of Buc-Wen model 𝑍 𝑡  is made up of two components: a hysteretic component 𝐾ℎ 𝑡  with memory and 

non-hysteretic component 𝑝 𝑡 𝐾𝐿𝑢 𝑡  without memory. As a result  𝑍 𝑡 𝑝 𝑢 𝑡 − 𝐾ℎ 𝑡 . 

2.2. Asymmetric Bouc-Wen model in discrete form  

The MFC actuator exhibits asymmetric hysteresis, so the model needs to improve. This paper 
proposes a modification in Eq. (1) of the classical Bouc-Wen model with the non-hysteretic 
component 𝑝 𝑡  to the polynomial 𝑝 𝑢 𝑡 : 𝑝 𝑢 𝑡 𝑑 𝑢 𝑡 𝑑 𝑢 𝑡 , (3)

where, 𝑑1 and 𝑑2 are the parameters. Thus, the asymmetric Bouc-Wen model can be given by: 𝑍 𝑡 𝑀𝑥 𝑡 𝐷𝑥 𝑡 𝐾𝑥 𝑡 𝐾 𝑢 𝑡 𝐾 𝑢 𝑡 , (4)ℎ 𝑡  𝛼𝐿𝑢 𝑡 − 𝛽|𝑢 𝑡 |ℎ 𝑡 − 𝛾𝑢 𝑡 |ℎ 𝑡 |. (5)

Before being employed in digital control systems, the asymmetric Bouc-Wen model must be 
discretized. As a result, we use the Laplace transform and bilinear transform, as shown below: 𝑟 𝐾 − 1𝑒 𝑓 𝑟 𝐾 − 1 𝑔 𝑟 𝐾 − 2 − 𝑒ℎ 𝐾 − 𝑓ℎ 𝐾 − 1 − 𝑔ℎ 𝐾 − 2 , (6)ℎ 𝐾 𝑑 𝑢 𝐾 𝑑 𝑢 𝐾 − ℎ 𝐾 , (7)ℎ 𝐾  𝛼 𝐿𝑢 𝐾 − 𝛽|𝑢 𝐾 |ℎ 𝐾 − 1 − 𝛾𝑢 𝐾 |ℎ 𝐾 − 1 | ℎ 𝐾 − 1 . (8)
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From the Eq. (6); 𝑒 = 𝑇 , 𝑓 = 2𝑇 , 𝑔 =  𝑇 , 𝑒 = 4𝑀 + 2𝐷𝑇 + 𝐾𝑇 , 𝑓 = 2𝐾𝑇 − 8𝑀, 𝑔 = 4𝑀 − 2𝐷𝑇 + 𝐾𝑇 . The variable 𝑇  denotes the sample time. 

2.3. Development of a Hammerstein model for improved modeling of MFC actuators 

To improve the model of MFC actuators further, a novel approach using a Hammerstein model 
that combines a discrete asymmetric Bouc-Wen model with a linear component with dynamic 
behavior is proposed. The model accounts for the rate-dependent hysteresis nonlinearity of MFC 
actuators. The proposed model comprises two modules: a static nonlinear component represented 
by the asymmetric Bouc-Wen model, and a dynamic linear component represented by the ARX 
model. The input signal first passes through the static nonlinearity block, which captures the 
actuator’s asymmetric behavior. The output of this block is then fed into the linear dynamic system 
block, which is modeled using a second-order ARX model as shown in Fig. 2. The ARX model is 
as follows: 

𝑄 𝑧 = 𝑟 𝑧𝑟 𝑧 = 𝑎𝑧 + 𝑏𝑧𝑐𝑧 + 𝑑𝑧 + 1, (9)𝑟 𝐾 = 𝑎𝑟 𝐾 − 1 + 𝑏𝑟 𝐾 − 2 − 𝑐𝑟 𝐾 − 1 − 𝑑𝑟 𝐾 − 2 , (10)

where, 𝑎, 𝑏, 𝑐 and 𝑑 are the parameters of an ARX model.  

 
Fig. 2. Proposed Hammerstein model structure 

3. Methodology 

3.1. The traditional differential evaluation (DE) algorithm  

DE algorithm is a widely used optimization method belonging to evolutionary algorithms 
family. It involves maintaining a population of candidate solutions and improving them iteratively 
by combining their features [11]. It is divided into the following parts: 

3.1.1. Initialization 

To initialize the DE algorithm, a population of target vectors of size 𝑁𝑃 is generated. Each 
target vector is a row vector of dimension 𝐷, denoted as 𝑋 , = 𝑥 , , 𝑥 , , 𝑥 , , … , 𝑥 , . 𝑋  
and 𝑋  represent the lower and upper bounds of the solution space for each dimension. A 
common method is to generate initial population using a uniform distribution where each element 
is generated as 𝑋 , =  𝑋 + 𝑟𝑎𝑛𝑑 0,1 ∗ (𝑋 − 𝑋 ), where 𝑗 ranges from 1 to 𝐷; 𝑟𝑎𝑛𝑑(0,1) is a random number between 0 and 1. 

3.1.2. Mutation 

The DE algorithm mutates the current population to generate new candidate solutions. The 
mutation operator perturbs a target vector 𝑋 ,  to create a mutant vector 𝑉 ,  using a customizable 
parameter called, mutation factor denoted as 𝑚𝐹. The mutation techniques are presented as [12]. 

DE / rand/ 1: 𝑉 , = 𝑋 , + 𝑚𝐹 ∗ 𝑋 , − 𝑋 , . (11)
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DE / best / 1: 𝑉 , = 𝑋 , + 𝑚𝐹 ∗ 𝑋 , − 𝑋 , . (12)

DE / current-to-best / 1: 𝑉 , = 𝑋 , + 𝑚𝐹 ∗ 𝑋 , − 𝑋 , + 𝑚𝐹 ∗ 𝑋 , − 𝑋 , , (13)

where, 𝑋 , , 𝑋 , , and 𝑋  are three randomly selected base vectors, 𝑎 , 𝑎 , and 𝑎  are indices 
of different vectors in the population, and 𝑎 ≠ 𝑎 ≠ 𝑎 ≠ 𝑖. 𝑋 ,  is the best vector in the 
population. Mutation factor 𝑚𝐹 is a positive value normally varies between 0 and 2. 

3.1.3. Crossover 

Crossover, combine the mutant vector with the target vector. The crossover operation 
randomly selects a dimension of the mutant vector and replaces it with the corresponding 
dimension of the target vector to form a trial vector. The binomial crossover as follows: 

𝐻 , = 𝑉, ,     𝑟𝑎𝑛𝑑 ≤ 𝐶𝑅 𝑜𝑟 𝑗 = 𝑗 ,𝑋 , ,    otherwise,                           (14)

where, 𝐶𝑅 is a positive value between 0 and 1, 𝑟𝑎𝑛𝑑  ∈ [0, 1] is a uniform random number, and 𝑗  is a randomly selected index within the range of dimensions of the vectors. 

3.1.4. Selection 

In selection, each candidate vector competes with its corresponding target vector based on their 
fitness value. The most common selection method in DE algorithm is the greedy selection, as 
follows: 

𝑋 , = 𝐻 , ,     𝑓 𝐻 , ≤ 𝑓 𝑋 , ,𝑋 , ,    otherwise,               (15)

where, 𝑓 𝐻 ,  and 𝑓(𝑋 , ) are the objective functions to be minimized.  

3.2. The mutation enhanced differential evolution (MEDE) algorithm 

The MEDE algorithm is a modified version of the DE algorithm, which incorporates multiple 
mutation strategies and a dynamic mutation factor range. The multiple mutation strategies allow 
the algorithm to explore different regions of the search space simultaneously, while the dynamic 
mutation factor range helps to balance the global and local search abilities of the algorithm. Each 
individual in the population is mutated using one of the three mutation strategies: ‘best’, ‘rand’, 
or ‘current-to-pbest’ selected randomly. ‘best’ uses the best solution identified so far as the base 
vector, ‘rand’ uses a randomly selected solution as the base vector, and ‘current-to-pbest’ uses a 
set of pbest solutions and a randomly selected solution as the base vector. The modified mutation 
factor and mutation strategies describe as follows: 𝑚𝐹 = 𝐹 + 𝑟𝑎𝑛𝑑( ) ∗ (𝐹 − 𝐹 ). (16)

DE / best / 1: 
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𝑉 , = 𝑋 , + 𝑚𝐹 ∗ 𝑋 , − 𝑋 , . (17)

DE / rand / 1: 𝑉 , = 𝑋 , + 𝑚𝐹 ∗ 𝑋 , − 𝑋 , . (18)

DE / current-to-pbest / 1: 𝑉 , = 𝑋 , + 𝑚𝐹 ∗ 𝑋 , − 𝑋 , + 𝑚𝐹 ∗ (𝑋 , − 𝑋 , ), (19)

where, 𝐹𝑚𝑖𝑛 and 𝐹𝑚𝑎𝑥 are the lower bond and upper bond mutation factors respectively. 𝑋 ,  
is picked at random as one of the top 100p% of the present population with 𝑝 ∈ (0, 1]. The MEDE 
algorithm can be used to optimize in case of fitness of Hammerstein. The fitness function for a 
proposed model, can be expressed mathematically as: 

𝑓 =  (𝑠 − 𝑠 ) , (20)

where 𝑠  is the measured output, 𝑠  is the predicted output. The smaller the fitness function 
value, the closer the match between the predicted output and the actual experimental data. 

4. Experimental setup and results 

4.1. Experiment setup 

The experimental platform utilized in this study is an active vibration control (AVC) 
experimental platform built in the Advanced Perception and Control laboratory, Shanghai 
University. It consists of a robust cantilever beam system equipped with MFC actuators and 
sensors, along with a power amplifier, charge amplifier, target PC, and host PC. The MFC 
actuators used were M5628-P2, while the sensors used were M0714-P2. Fig. 3 presents a photo 
of the experimental setup, which was captured by our team in February 2023.  

 
Fig. 3. Experimental setup for the cantilever beam system 

4.2. Results 

Table 1 displays the results.  
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Table 1. Fitness function results 
Algorithms Best fitness value f  f  f  f  Iteration (xx) 

DE 0.1596 0.2055 5.1557 –1.0198 0.8903 100 
GA 0.1565 0.3082 1.000 1.3339e-13 0.3616 100 

DETVSF 0.1083 –0.3767 69.8311 –8.4037 2.8881 100 
MEDE 0.0860 0.8026 75.6401 –8.5651 8.0847 100 

Fig. 4(a) compares the hysteresis curves of real data (actual experiment) with identification 
findings (Hammerstein model). Fig. 4(b) compares the greatest fitness value for various 
algorithms. MEDE’s best fitness value is more consistent with the experimental response than DE, 
GA, and DETVSF. As a result, the proposed MEDE algorithm produces significantly superior 
results. 

 
a) Hysteresis curve comparison 

 
b) Best fitness value comparison 

Fig. 4. Comparison of real data and identification results hysteresis curves and best fitness values 

5. Conclusions 

This paper proposes an improved hysteresis model that combines an asymmetric Bouc-Wen 
model with an ARX model connected in series to form a Hammerstein model and an optimization 
algorithm called MEDE. The proposed model accurately describes the Hammerstein hysteresis 
loop, while the MEDE algorithm optimizes the model’s performance. The comparison of MEDE 
with other algorithms shows that it provides more satisfactory optimal performance in terms of 
the fitness function. 
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