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Abstract. As a key component of the turbo machine rotor in harsh operating conditions, high 
cycle fatigue failure and even cracks are common in bladed disks. In this paper, modal analysis 
was carried out for a single cracked bladed disk system, the effects of crack depth, crack height 
and rotating speed on its vibration characteristics were studied by the method of both numerical 
simulation and orthogonal test, and the effects of crack distribution on the vibration characteristics 
of multi-crack bladed disk systems were also studied. Finally, some conclusions have been drawn, 
they provide a fundamental understanding of blade health monitoring and fault prediction, and are 
important to improve the reliability and safety of turbine operation. 
Keywords: bladed disk system, crack depth, crack distribution, orthogonal test method, natural 
frequency. 

1. Introduction 

The bladed disk is an important energy conversion component in the turbine, and due to its 
harsh working environment, it is often subjected to alternating mechanical and thermal stresses 
and is therefore prone to fatigue failure [1], [2]. Fatigue failure is generally manifested as the blade 
fatigue cracks [3]-[4]; crack generation and expansion will lead to a change in the vibration 
characteristics of the bladed disk, which will lead to a serious blade fracture [5]-[7]. With the 
development of turbine and gas turbine technology, due to its increasing capacity and speed, the 
requirements for its core component blade structure performance also increased [8]-[10]. 
Therefore, it is necessary to study the vibration characteristics of the bladed disk system with 
cracks. 

In recent years, many scholars have conducted in-depth studies on the vibration characteristics 
of bladed disks with cracks. Petyt [11] studied the change of natural frequency with crack depth 
through experiments and finite element method, which laid the foundation for the research on the 
aspect of vibration problems of plates with cracks. Ma et al. [12] studied the vibration of cantilever 
square plates with cracks at the edges using amplitude fluctuation electronic speckle pattern 
interferometry (AFESPI) set out of the plane and pointed out that the natural frequencies and 
relevant vibration modes of square plates will also change with the change of crack depth. Huang 
et al. [13] used numerical simulation to study the effect of crack depth and location on the vibration 
characteristics of a cantilevered bladed disk structure with a crown ring. Chen et al. [14] 
investigated the vibration and stability of thick rotating blades with single-edge cracks using finite 
element models. Hou et al. [15] developed a blade root model with penetrating cracks using the 
theory of concentration mass beam and used the flexibility matrix method to analyze the dynamic 
characteristics of bladed disks with different depth of crack detuning systems and found that the 
presence of cracked blades leads to a significant increase in the response amplitude of other 
uncracked blades. Hadjileontiadis et al. [16] investigated the dynamic characteristics of a 
cantilever beam with cracks under simple harmonic excitation and showed that the natural 
frequency oscillates between the frequencies corresponding to the open and closed states, 
revealing the crack breathing problem and demonstrating that the depth of cracks can be judged 
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by the degree of harmonic distortion. Fang et al. [17] derived the intrinsic relationship between 
the vibration characteristics of a detuned bladed disk structure containing a single-crack blade and 
the system parameters such as internal coupling, crack severity, excitation mode, and number of 
blades by studying the cantilever beam equivalent blade. Saito et al. [18] carried out linear and 
nonlinear research on frequency steering and mode transformation of a cantilever flat blade, 
quantitatively analyzed the gradual change process of vibration mode in the frequency steering 
area, and analyzed the influence of detuning effect, rotation effect, etc. on a single-crack blade 
and an integral blade disk by using the modal synthesis method. Liu et al. [19] used the hexahedral 
finite element method to analyze the dynamics of the cracked blade, compared the breathing effect 
of the cracked blade and the natural frequency at different crack depths with the calculation results 
of the contact unit method, and found that the calculation results of the hexahedral unit are in good 
agreement with the contact finite element calculation results. The above research results show that 
the crack depth and crack location are two important factors affecting the vibration characteristics 
of the bladed disk [20], [21]; however, there is a lack of comparative study on the influence of 
these two factors on the vibration characteristics of bladed disks, as well as the vibration 
characteristics of bladed disks with multiple cracks. 

In this paper, based on the finite element theory, the model of the bladed disk with single crack 
is established for different crack depths and crack heights, and based on the orthogonal test 
method, the influence law of different cracks on the vibration characteristics of the bladed disk 
system under static and dynamic conditions is revealed. Based on the results of the single-crack 
bladed disk, the influence of crack distribution on the static and dynamic vibration characteristics 
of the bladed disk system is studied for the double cracked and triple cracked bladed disks, 
respectively. 

2. Modeling 

The bladed disk system consists mainly of a wheel disk and blades, and the blades are 
uniformly distributed on the circumference of the disk. In order to facilitate the study, the bladed 
disk system is appropriately simplified. Design The diameter of the rotor shaft hole is 200 mm, 
the diameter of the rotor is 400 mm, and the thickness is 24 mm. 12 identical blades are uniformly 
distributed on the rotor, with a thickness of 8 mm, a length of 120 mm, and a width of 25 mm. 
The parameters are set: Poisson’s ratio is 0.3, the modulus of elasticity is 200 GPa, the density is 
7,800 kg/m3, and the material is 45-gauge steel by default. Generally, there are three types of 
cracks: penetration cracks, surface cracks, and deeply buried cracks, and the probability of 
penetration cracks is the highest due to their working environment [22]. Therefore, this paper 
focuses on the study of penetrating cracked bladed disks, and the system model and mesh division 
of a bladed disk with a single crack are shown in Fig. 1. The crack depth is denoted by 𝐷, and the 
crack height is the distance from the crack to the root of the blade, denoted by 𝐻. 

 
Fig. 1. Single-crack bladed disk system model and mesh division 

In order to ensure the computational accuracy and save computational resources, four sets of 
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meshes with different sparsities were selected in this paper to simulate the static and dynamic 
vibration characteristics of the resonant bladed disk, and the results and errors of the first-order 
natural frequency calculation are listed in Table 1 [23]. It is determined that the number of meshes 
meets the requirement of computational accuracy at about 274135. 

Table 1. Basic size and style requirements 
Number of 

grids 
First-order static 

natural frequency / Hz 
Error First-order dynamic natural 

frequency / Hz 
Error 

62634 422.45 0.270 % 432.59 0.259 % 
151864 421.31 0.1234 % 431.47 0.118 % 
274135 420.79 0.088 % 430.96 0.074 % 
554926 420.42 – 430.64 – 

3. Effect on the vibration characteristics of a single-crack bladed disk system 

3.1. Effect of single-crack depth  

Constraints are applied to the inner ring of the bladed disk structure, and the crack depth (𝐷) 
of the cracked bladed disk is designed to be 5 mm, 10 mm, and 15 mm, and the first 12th order 
vibration patterns and natural frequencies are calculated for the harmonic bladed disk system and 
the cracked bladed disk system, respectively, where the crack height is (𝐻) 20 mm and the 
dynamic bladed disk speed (𝑁) is 3000 r/min. the static and dynamic natural frequencies are shown 
Fig. 2. 
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Fig. 2. Comparison of natural frequency data between tuned bladed disk and cracked bladed disk 

From Fig. 2, it can be seen that the dynamic natural frequency of the bladed disk system is 
significantly larger than the static natural frequency, mainly because the centrifugal force 
increases the stiffness of the detuned structure and thus affects its natural frequency, and the static 
and dynamic natural frequencies of the harmonic bladed disk system basically change linearly 
with the increase of order [24], [25]. The natural frequencies of the first 12 orders of the harmonic 
bladed disk and the cracked bladed disk are close but not crossed between the modes of multiple 
orders, and the natural frequency steering phenomenon does not occur. Whether dynamic or static, 
the 1st order frequency of the bladed disk structure is significantly reduced by the crack and is 
positively correlated with the crack depth, while the frequency above the 2nd order does not 
change much. As a whole, the crack has a relatively large effect on the natural frequency of the 
structure. The natural frequency of the structure is significantly reduced due to the appearance of 
cracks, but the difference between the natural frequencies under different operating conditions 
caused by the appearance of cracks becomes smaller and smaller as the order increases. According 
to the above analysis, it is found that the natural frequency reduction of the bladed disk system 
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with a crack depth of 15 mm is the most obvious. Therefore, the modal analysis of the bladed disk 
system with a crack depth of 15 mm is carried out, and the dynamic mode vibration pattern of the 
first 12 orders is shown in Fig. 3. The trend of the amplitudemax (maximum amplitude) of the 
harmonic bladed disk and the cracked bladed disk (𝐷  15 mm) with the modal variation is shown 
in Fig. 4. The amplitude of each blade is evenly distributed under different modes of the harmonic 
bladed disk, while the amplitudemax of the cracked bladed disk appears on the cracked blade in the 
first-order mode, and the amplitude is significantly higher than that of other blades. 

 
a) First twelve-order modes of tuned bladed disk 

 
b) First twelve-order modes of cracked bladed disk 

Fig. 3. First twelve-order mode shapes of tuned bladed disk and cracked bladed disk 
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Fig. 4. First twelve-order amplitudemax of tuned bladed disk and cracked bladed disk system 

3.2. Effect of single-crack height  

The location of the crack generation is random, and the location of the crack affects the 
vibration characteristics of the bladed disk to different degrees [26], [27]. The location of the crack 
in a single-crack bladed disk system shows the crack height. In order to get more obvious results, 
cracks with a crack depth of 15 mm and crack heights of 20 mm, 60 mm, and 100 mm were 
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established on a single blade. and the natural frequencies of the bladed disk structure under both 
static and dynamic (3000 r/min) operating conditions were further analyzed, and after modal 
analysis, the first 12 orders of magnitude of static and dynamic for the cracked bladed disk system 
with different crack locations were obtained. The natural frequencies are shown in Fig. 5. The 
dynamic natural frequency is still always higher than the static natural frequency, and as the crack 
height increases, the influence of the crack on the natural frequency of the bladed disk gradually 
decreases. When the crack height is 100 mm, the effect of the crack on each order of natural 
frequency is almost 0. The trend of the first-order amplitudemax with the crack height is shown in 
Fig. 6, and the dynamic and static first-order amplitudesmax of the cracked bladed disk are basically 
equal. When the crack height is 20 or 60 mm, the first-order amplitudemax of a cracked bladed disk 
in dynamic and static conditions is about 2.5 times that of the harmonic bladed disk. When the 
crack height is 100 mm, the first-order static amplitudemax of the cracked bladed disk is about 
4.5 % higher, and the dynamic first-order amplitudemax is about 1.8 % higher compared with the 
harmonic bladed disk. The effect of a crack height below 60 mm on the amplitudemax of the bladed 
disk is obvious, and the effect on the amplitudemax of the bladed disk decreases gradually with the 
increase of the crack height between 60 and 100 mm. The effect of a crack height around 100 mm 
on the amplitudemax of the bladed disk is negligible. 
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Fig. 5. Different order natural frequencies of bladed disks with different crack heights 
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Fig. 6. First order amplitudesmax of bladed disks with different crack heights 

4. Dynamic vibration characteristics of a single-crack bladed disk 

The above results show that the crack depth and crack height are important factors affecting 
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the detuning of the bladed disk. In addition, the rotational speed of the bladed disk also has a 
certain influence on the vibration characteristics of the bladed disk. In order to comprehensively 
consider the degree of influence of crack depth, location, and rotational speed of the bladed disk 
on the first-order natural frequency and amplitudemax of the bladed disk, a three-factor, three-level 
orthogonal test table was used to investigate the first-order natural frequency and first-order 
amplitudemax of the cracked bladed disk under dynamic conditions. The crack depths are 5 mm, 
10 mm, and 15 mm; the crack heights are 20 mm, 60 mm, and 100 mm; and the rotational speed 
of the bladed disk is 2000 r/min, 3000 r/min, and 4000 r/min. The dynamic vibration 
characteristics obtained by the orthogonal test design scheme are shown in Table 2. 

Table 2. Dynamic vibration characteristics orthogonal test table 

Number 𝐷 / mm 𝐻 / mm 𝑁 / r/min Error First-order natural  
frequency / Hz 

First-order  
amplitudemax / mm 

1 5 20 2000 1 420.4 4.17 
2 5 60 4000 2 436.00 3.91 
3 5 100 3000 3 431.0 2.07 
4 10 20 4000 3 416.1 4.46 
5 10 60 3000 1 428.1 3.96 
6 10 100 2000 2 425.4 2.22 
7 15 20 3000 2 377.9 4.49 
8 15 60 2000 3 415.7 4.50 
9 15 100 4000 1 438.7 1.79 

4.1. Range analysis  

With the advantages of simple calculation and intuitive results, the range analysis method is 
widely used in data analysis. The degree of influence of crack depth, crack height, and bladed disk 
rotational speed on the first-order natural frequency and amplitudemax are studied separately by the 
range analysis method to obtain the primary and secondary orders of these three parameters, and 
according to the test results of each row of factor level numbers, the combination that has the 
greatest impact on the vibration characteristics of the blade disk is obtained. 

Table 3. Results of the range analysis 
Parameter First-order natural frequency First-order amplitudemax 𝐻 𝐷 𝑁 Error 𝐻 𝐷 𝑁 Error 𝐾  1287.34 1214.37 1260.86 1287.20 10.16 13.13 10.89 9.92 𝐾  1269.59 1279.30 1237.02 1239.27 10.64 12.37 10.52 10.62 𝐾  1231.79 1295.05 1290.84 1262.25 10.78 6.08 10.17 11.03 𝐾  429.11 404.79 420.29 429.07 3.39 4.38 3.63 3.31 𝐾  423.20 426.43 412.34 413.09 3.55 4.12 3.51 3.54 

K3 410.60 431.68 430.28 420.75 3.59 2.03 3.39 3.68 
Range 18.52 26.89 17.94 15.98 0.21 2.35 0.24 0.37 

Primary relation 𝐻 > 𝑑 > 𝑛 > 𝑒 𝐻 > 𝑒 > 𝑛 > 𝑑 
Optimal combination D3H1N2 D3H1N1 

The results of the extreme difference analysis are shown in Table 3. The range corresponding 
to the first-order natural frequency 𝑅 > 𝑅 > 𝑅 > 𝑅 , so the major and minor order of the 
degree of influence of the first-order natural frequency is: crack height, crack depth, and bladed 
disk speed. The lower the first order natural frequency is, the greater the influence of factors on 
the bladed disk is. Therefore, D3H1N2 has the greatest influence on the first order natural 
frequency. The modal analysis of the cracked bladed disk with the combination D3H1N2 shows 
that the first-order natural frequency is 377.91 Hz, which is smaller than the results of other 
combinations in the orthogonal test table, verifying the accuracy of the range analysis. The 
first-order amplitudemax corresponds to the range 𝑅 > 𝑅 > 𝑅 > 𝑅 , so the influence of the 
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first-order amplitudemax is in the following order: crack height, bladed disk speed, and crack depth. 
The larger the first-order amplitudemax, the greater the degree of influence, so the combination 
with the greatest influence on the first-order amplitudemax is D3H1N1. The modal analysis of the 
cracked bladed disk with the combination D3H1N1 shows that its first-order amplitudemax is 
4.51 mm, which is larger than the results of other combinations in Table 3, which also verifies the 
accuracy of the range analysis. 

4.2. Analysis of variance 

The range analysis method can only determine the order of the factors and the optimal 
combination of parameters, but cannot determine the magnitude of the error and the degree of 
influence of the test results of each factor, so it is necessary to test the magnitude of the error by 
other analysis methods [28]. Therefore, it is necessary to check the magnitude of the error by other 
analysis methods. The ANOVA (analysis of variance) was performed on the test results of 
first-order natural frequency and first-order amplitudemax to determine the significance of crack 
depth, crack height, and bladed disk speed on the test results. 

The results of ANOVA are shown in Table 4. The crack depth, crack height and bladed disk 
rotational speed have no significant effect on the first-order natural frequency, and the crack depth 
and bladed disk rotational speed also have no significant effect on the first-order amplitudemax, 
and the crack height has a significant effect on the first-order amplitudemax. Therefore, the height 
of the crack is the main factor affecting the vibration characteristics of the bladed disk, which is 
basically consistent with the results of the extreme difference analysis. 

Table 4. Analysis of variance results 

 Source of 
variance 

Sum of squares 
of deviations 𝑓 Mean 

square 𝐹 𝑃 Conspicuousness 

First-order 
natural 

frequency 

𝐷 536.63 2.00 268.32 1.40 0.42 – 𝐻 1219.25 2.00 609.62 3.18 0.24 – 𝑁 484.86 2.00 242.43 1.27 0.44 – 
Error 383.10 2.00 191.55 – –  

First-order 
amplitudemax 

𝐻 9.98 2 4.99 81.43 0.012 * 
Overall 

error 0.37 6 0.06 – – – 

*indicates the importance of the first level 

5. Effect of crack distribution on vibration characteristics of multi-crack bladed disk system 

In engineering practice, cracks often appear on several blades of the bladed disk structure at 
the same time. For this reason, this section investigates the effect of the distribution of blades 
containing two cracks and three cracks on the vibration characteristics of the detuned bladed disk 
structure. Section 3 shows that when the crack depth is 15 mm and the crack height is 20 mm, the 
most obvious effect is on the vibration characteristics of the bladed disk. In turn, the rotating 
bladed disk vibration characteristics will continuously differ from the static bladed disk as the 
bladed disk speed increases. Therefore, in this section, the static and dynamic (4000 r/min) 
vibration characteristics of the multi-crack bladed disk will be studied under this condition, 
respectively. 

5.1. Effect on two-crack bladed disk 

There are various cases of the distribution form of two crack-containing blades, and the 
numerical simulations were performed for the two cracked blades with angles of 30°, 60°, 90°, 
120°, 150°, and 180°, respectively, and the first twelve orders of the natural frequencies and the 
first-order amplitudemax of the bladed disk under static and dynamic conditions were obtained, as 
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shown in Figs. 7 and 8, respectively. It is found that the double-crack bladed disk system has a 
significantly lower natural frequency in the first two orders compared with the harmonic bladed 
disk system, and there is no significant change in the natural frequency in the third order or after 
the third order. When the two cracked blades are in adjacent positions, the first-order natural 
frequency of the detuned bladed disk structure is the smallest and the first-order amplitudemax is 
the largest; while when the two cracked blades are 180° apart, the first-order natural frequency of 
the detuned bladed disk structure is the largest and the first-order amplitudemax is the smallest, 
which is related to the symmetry of the crack distribution. Therefore, the distribution of cracked 
blades has some influence on the vibration characteristics of the detuned bladed disk structure. 
Compared with the single-crack bladed disk, the single-crack bladed disk affects the first-order 
natural frequency, while the double-crack bladed disk affects the first two orders of natural 
frequency; the bladed disk system with a double-crack bladed disk is basically equal to the 
single-crack bladed disk system in terms of first-order amplitudemax and even significantly lower 
than the single-crack bladed disk system when two cracked blades are adjacent to each other. 
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Fig. 7. Different order natural frequencies of bladed disks  

with different crack distribution angles (two cracks) 
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Fig. 8. First order amplitudesmax of bladed disks with different crack distribution angles (two cracks) 

5.2. Effect on three-crack bladed disk 

Since the crack distribution of the three-crack bladed disk system is complicated, the blades 
are numbered. The crack distribution is shown in Table 5, where the longitudinal serial number 
represents the number of crack-free blades between the first and second cracked blades and the 
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transverse serial number represents the number of crack-free blades between the second and third 
cracked blades. 

Table 5. Crack distribution of three-crack bladed disk 
Number 0 1 2 3 4 

0 (0, 0) (0, 1) (0, 2) (0, 3) (0, 4) 
1  (1, 1) (1, 2) (1, 3)  
2   (2, 2) (2, 3)  
3    (3, 3)  

The first twelve orders of natural frequencies and the first-order amplitudemax of the bladed 
disk under static and dynamic conditions were obtained by numerical simulation for the above 
three-crack bladed disk system with different distribution conditions, as shown in Figs. 9 and 10, 
respectively.  
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Fig. 9. Different order natural frequencies of bladed disks  

with different crack distribution angles (three cracks) 
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Fig. 10. First order amplitudesmax of bladed disks with different crack distribution locations (three cracks) 

Similar to the double-crack bladed disk system, the first three orders of natural frequency of 
the three-crack bladed disk system are significantly lower compared with the harmonic bladed 
disk system, and there is no significant change in the fourth order or the natural frequency after 
the fourth order. Similarly, when the three cracked blades are in adjacent positions, the first-order 
natural frequency of the detuned bladed disk structure is the smallest and the first-order 
amplitudemax is the largest. When the cracked blades are not adjacent, the first order amplitudemax 
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of the bladed disk system is significantly higher than that of the bladed disk system with adjacent 
cracked blades. Compared with the single-crack bladed disk system, the first-order amplitudesmax 
of the three-crack bladed disk system and the single-crack bladed disk system are basically equal 
when the cracked blades of the three-crack disk system are not adjacent to each other; when the 
three-crack bladed disk system has more than two adjacent cracked blades, the first-order 
amplitudesmax are significantly lower than those of the single-crack bladed disk system. 

6. Conclusions 

The infuence on the vibration characteristics of the cracked bladed disk system was studied, 
and some conclusions could be drawn as follows:  

1) The dynamic natural frequency of the cracked bladed disk and harmonic bladed disk is 
higher than their static natural frequency, with the natural frequency increasing as the speed 
increases. This effect primarily results from the centrifugal force increasing the rigidity of the 
bladed disk and thereby affecting its natural frequency. 

2) Different modes of the harmonic bladed disk exhibit uniform amplitude distribution across 
each blade, while the amplitude distribution of the cracked bladed disk in the first-order mode is 
highest on the cracked blade and significantly exceeds the amplitudes on the other blades. The 
impact of the vibration characteristics of the cracked bladed disk becomes increasingly apparent 
as the crack depth deepens. 

3) Regarding the single-crack bladed disk system, the influence of the crack on the bladed 
disk’s natural frequency decreases as the distance between the crack and the blade root increases. 
When the crack height reaches 100 mm, its effect on the inherent frequency of the bladed disk is 
almost negligible. The maximum amplitudes of the dynamic and static first-order modes of the 
cracked bladed disk are virtually identical. The impact of the crack on the first-order amplitudesmax 
of the bladed disk beneath the height of 1/2 the blade height is apparent, while its impact above 
this threshold gradually diminishes with increasing crack height, ultimately converging to 0. 

4) Crack depth, crack height, and bladed disk speed do not significantly affect the natural 
frequency of the single-crack bladed disk system, whereas crack height exerts a considerable 
influence on the first-order amplitudemax of the bladed disk system. 

5) In the scope of this study, the number of cracked blades corresponds to the order of the 
affected natural frequency. When the cracked blades are all adjacent to each other, the first-order 
natural frequency of the detuned bladed disk structure is the smallest and the first-order 
amplitudemax is the largest; when there are adjacent cracked blades in the cracked disk system, the 
first-order amplitudemax is significantly lower than that of the single-crack bladed disk system. 

The results of this study lay the foundation for blade health monitoring and fault prediction, 
but they are limited to situations without excitation force. Future research will include 
experimental studies on the frequency response changes and tip displacement response 
characteristics of multi-cracked blades under excitation forces. 
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