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Abstract. Structural vibration includes both translational and rotational degrees of freedom, but 
the latter are often ignored. The paper establishes a dynamic inclination measurement model based 
on the existing accelerometer, and constructs state and measurement equations that 
comprehensively represent translational and rotational degrees of freedom. Then, the extended 
Kalman filtering method is used to linearize and discretize the state equation and measurement 
equation, and the filtering process of dynamic Inclination Identification is derived. The feasibility 
of the method was verified through an example of a simply supported beam structure. 
Keywords: dynamic inclination, acceleration measurement, extended Kalman filtering, state 
equation, measurement equation. 

1. Introduction 

Vibration is the general state of structures in nature. Through vibration observation, the state 
of structures can be seen, predicted, and controlled [1]. In addition to monitoring the dynamic 
characteristics of structures, another important value of structural vibration monitoring is to 
identify the attitude of the structure [2-4], including the translational and rotational deformation. 
When accelerometers are used for structural vibration monitoring, the monitored data is essentially 
composed of gravity acceleration on the sensor measurement axis and the incremental information 
of the structure under external loads.  

By the proportional relationship between the monitoring data and the gravity acceleration, the 
tilt data of the structure can be obtained, which is the main principle of inclination measurement 
method in the current engineering community. However, it should be clarified that since the 
component of gravity acceleration is essentially a static component, this monitoring method can 
only be used for static inclination monitoring, and cannot be used for real-time monitoring of the 
dynamic inclination of the structure during high-frequency vibration, making inclination 
measurement technology unsuitable for dynamic feature diagnosis of structures. 

Meanwhile, existing vibration monitoring often does not pay attention to the vibration 
direction of the structure, and generally only uses the assumed direction as the vibration direction. 
If the vibration direction of the structure can be considered, the monitoring data can be corrected, 
and the vibration attitude of the structure can be obtained. Then theoretically, the translational and 
rotational deformation of the structure in the global coordinate system can be obtained, which can 
establish an effective solution for the global vibration information of the structure [5]. 

Based on the above considerations, this paper proposes a method for identifying real-time 
dynamic inclination angles of structures using extended Kalman filtering (EKF) [6-8] technology. 
Firstly, we establish a model for structural vibration monitoring, and provide corresponding state 
vectors; Secondly, based on the EKF method, establish the state equation and measurement 
equation of the vibration monitoring system, and provide the calculation process of dynamic 
inclination estimation; Finally, a simulation case is used for validation. 

https://crossmark.crossref.org/dialog/?doi=10.21595/vp.2023.23360&domain=pdf&date_stamp=2023-09-21
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2. Vibration monitoring model 

At present, acceleration data is commonly used in engineering to measure inclination angles, 
which is arccosine value of the ratio of the acceleration data measured on the sensitive axis of the 
accelerometer to the gravitational acceleration. The specific principle is shown in Fig. 1(a). 

 
a) Static state 

 
b) Vibrational state 

Fig. 1. Principle of inclination angle calculation 

When the structure is in the vibration state, there is additional acceleration information on the 
sensitive axis of the tilted accelerometer, and this acceleration information is not a component of 
gravity acceleration, but is caused by structural vibration, shown in Fig. 1(b). Therefore, there will 
be deviation in the inclination measurement according to the formula in the static state, and the 
existing inclination measurement technology cannot accurately measure the inclination angle of 
structure in vibration state. 

To clarify the relationship between tilt angle vibration and translational vibration, a model was 
established as shown in Fig. 2. Assuming that the angle between rigid structure and horizontal 
plane is 𝜃, and an acceleration sensor is used to monitor the in-plane two-dimensional acceleration 
of the structure. The monitored accelerations are represented by 𝑥ሷ  and 𝑦ሷ  respectively, while 𝑥ሷ  
denotes the tangential values and 𝑦ሷ  denotes the normal values. Based on the tangential and normal 
directions, the standard coordinate system for the vibration response observation of the structural 
can be established, while 𝑥 represents the tangential standard direction and 𝑦 represents the 
normal standard direction. 

 
Fig. 2. Two-dimensional model for illustration 

When the structure undergoes vibration in the standard global coordinate system, there will be 
vibration in the translational direction as well as vibration in the rotational direction. The rotational 
vibration is represented by the rotation angle of the sensitive axis of the sensor, which is the 
dynamic inclination angle. If the dynamic inclination angle is ignored, the acceleration measured 
by the accelerometer will always undergo a change in direction; In this case, when there is no 
translational vibration in the structure and only rotational vibration, the acceleration measured by 
the accelerometer still has a non-zero value, which is only generated by the dynamic inclination 
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angle, such as in a structure that is only in a rotating state. 
If the rigid structure rotates with an angle ∆𝜃, the sensitive axis of the acceleration sensor will 

change simultaneously, and the real acceleration measured will change from ሾ𝑥ሷ 𝑦ሷ ሿ to ሾ𝑎ଵ 𝑎ଶሿ, 
while ሾ𝑥ሷ 𝑦ሷ ሿ and ሾ𝑎ଵ 𝑎ଶሿ have a relationships with plane transformations. In the real world, 
researchers always mistakenly use the actual measured ሾ𝑎ଵ 𝑎ଶሿ as ሾ𝑥ሷ 𝑦ሷ ሿ, while completely 
ignoring the impact of the rotation angle. 

Based on the above model, considering the plane transformation relationship between ሾ𝑎ଵ 𝑎ଶሿ and ሾ𝑥ሷ 𝑦ሷ ሿ, the solution of ሾ𝑥ሷ 𝑦ሷ ሿ and corresponding rotation angle can be obtained 
from the time domain vlue of ሾ𝑎ଵ 𝑎ଶሿ. In time-domain estimation methods, the Kalman filter 
method (KF) [9] is a good algorithm that can achieve tracking of structural vibration states. 
Therefore, this paper adopts the Kalman filtering method to estimate and calculate the dynamic 
inclination angle of the structure in real-time. 

3. Dynamic inclination estimation method 

3.1. State vector 

According to the translational and rotational deformation of the aforementioned model, the 
rigid body composed of the sensor and the base not only has translational degrees of freedom, but 
also has rotational degrees of freedom in the plane around the center point of the sensor installation 
base, which can be understood as the swinging of the rigid tangent plane at the boundary surface 
(curve) point position. In order to characterize these parameters and we need to use motion state 
variables (such as, 𝑥ሷ , 𝑦ሷ , 𝜃) in a global fixed coordinate system to fully describe the vibration of 
the structure, rather than simply using the values ሾ𝑎ଵ 𝑎ଶሿ measured. Therefore, the state vector 
can be represented as shown in the following form: 𝐱 = ሾ𝑥 𝑥ሶ 𝑥ሷ 𝑦 𝑦ሶ 𝑦ሷ 𝜃 𝜃ሶ 𝜃ሷ ሿ, (1)

wherein, ሾ𝑥 𝑦ሿ is used to represent the displacement, ሾ𝑥ሶ 𝑦ሶ ሿ denotes velocity, and ሾ𝑥ሷ 𝑦ሷ ሿ is the 
acceleration; ሾ𝜃 𝜃ሶ 𝜃ሷ ሿ denotes the inclination angle, the angular velocity and the angular 
acceleration respectively. 

3.2. Measurement equation 

Under local coordinates which rotates with the structure, the observation values on the two 
sensitive axes of the bidirectional accelerometer are 𝑎ଵ and 𝑎ଶ, forming the measurement vector 𝐳, namely: 𝐳 = ሾ𝑎ଵ 𝑎ଶሿ். (2)

By utilizing the geometric relationships displayed in the vibration monitoring model, it is easy 
to write the following measurement Eq. (1): ൜𝑎ଵ = 𝑥ሷcos𝜃 − 𝑦ሷsin𝜃 + 𝑣ଵ,𝑎ଶ = 𝑥ሷsin𝜃 + 𝑦ሷcos𝜃 + 𝑣ଶ. (3)

Thus, the measurement vector 𝐳 and state vector 𝐱 can be represented by following Eq. (4): 𝐳 = 𝐂𝟎ሺ𝐱ሻ + 𝐯, (4)

wherein, 𝐯 is the measurement noise, 𝐯 = ሾ𝑣ଵ 𝑣ଶሿ், and satisfies: 𝐸൫𝐯ሺ𝑡ሻ൯ = 𝟎,      Cov൫𝐯ሺ𝑡ଵሻ,𝐯ሺ𝑡ଶሻ൯ = 𝐑ሺ𝑡ሻ. (5)
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Furthermore, using the EKF method for linearization, and we can obtain: 𝐳 = 𝐂ሺ𝐱ሻ ∙ 𝐱 + 𝐯, (6)𝐂ሺ𝐱ሻ = ൤0 0 cos𝜃 0 0 −sin𝜃 −𝑥ሷsin𝜃 − 𝑦ሷcos𝜃 0 00 0 sin𝜃 0 0 cos𝜃 𝑥ሷcos𝜃 − 𝑦ሷsin𝜃 0 0൨. (7)

3.3. State equation 

The dynamic equation for the measured points in the vibration system can be shown in the 
following Eq. (8): 𝐌ௌ𝐱ሷ ௌ + 𝐂ௌ𝐱ሶ ௌ + 𝐌ௌ𝐱ௌ = 𝐟ௌ, (8)

wherein, 𝐱ௌ = ሾ𝑥 𝑦 𝜃ሿ், and 𝐟ௌ is the external excitation vector in the two directions of the 
measured point. 𝐌ௌ, 𝐂ௌ, 𝐊ௌ are respectively the mass matrix, damping matrix and stiffness matrix 
condensed to the measured point: 𝐌ௌ𝐱ሶ ௌ − 𝐌ௌ𝐱ሶ ௌ = 𝟎. (9)

Introduce the following auxiliary Eq. (9) shown above, we can get Eq. (10): ൤𝐂ௌ 𝐌ௌ𝐌ௌ 𝟎 ൨ ቂ𝐱ௌ𝐱ሶ ௌቃᇱ + ൤𝐊ௌ 𝟎𝟎 −𝐌ௌ൨ ቂ𝐱ௌ𝐱ሶ ௌቃ = ቂ𝐟ௌ𝟎ቃ. (10)

It can be further simplified as Eq. (11) and Eq. (12): 𝐏𝐗ሶ + 𝐐𝐗 = 𝐅, (11)𝐗ሶ = −𝐏ି𝟏𝐐𝐗 + 𝐏ି𝟏𝐅, (12)𝐏 = ൤𝐂ௌ 𝐌ௌ𝐌ௌ 𝟎 ൨ ,    𝐐 = ൤𝐊ௌ 𝟎𝟎 −𝐌ௌ൨ ,    𝐅 = ቂ𝐟ௌ𝟎ቃ ,    𝐗 = ቂ𝐱ௌ𝐱ሶ ௌቃ. (13)

Further simplifying Eq. (12), and we obtain Eq. (14): 𝐗ሶ = 𝐀ௌ𝐗 + 𝐁ௌ𝐅, (14)𝐀ௌ = −𝐏ି𝟏𝐐 = ൤ 𝟎 𝐈−𝐌ௌି ଵ𝐊ௌ −𝐌ௌି ଵ𝐂ௌ൨ ,   𝐁ௌ = 𝐏ି𝟏 = ቈ 𝟎 𝐌ௌି ଵ𝐌ௌି ଵ −ሾ𝐌ௌି ଵሿ்𝐂ௌ𝐌ௌି ଵ቉. (15)

The Eq. (14) can be solved and discretization to obtain: 𝐗ሺ𝑘 + 1ሻ = 𝐀𝐗ሺ𝑘ሻ + 𝐁𝐅ሺ𝑘ሻ, (16)𝐀 = 𝑒𝐀ೄ∆୲  𝐁 = 𝐀𝐁ௌ∆t. (17)

Since the external excitation is unknown, but it can be proved that the long-term statistical 
value of the external excitation conforms to the distribution of Gaussian white noise, therefore, 𝐁𝐅ሺ𝑘ሻ can be regarded as Gaussian white noise 𝐰(𝑘), and satisfies: 𝐸൫𝐰(𝑘)൯ = 𝟎,      Cov൫𝐰(𝑘ଵ),𝐰(𝑘ଶ)൯ = 𝐐(𝑘). (18)

3.4. Kalman filtering method 

According to the EKF method, the estimation process is expressed as follows: 
(1) Assuming the initial state vector and initial estimated variance in the initial state  𝑡 = (𝑘 − 1)∆𝑡, where the initial state vector is represented by 𝐱ො(𝑘 − 1|𝑘 − 1) and the initial 
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estimated variance is represented by 𝐇(𝑘 − 1|𝑘 − 1). 
(2) Based on the state Eq. (16), perform the step-1 filtering calculation as follows. The load 

can be treated as noise: 𝐱ො(𝑘|𝑘 − 1) = 𝐀(𝑘 − 1)𝐱ො(𝑘 − 1|𝑘 − 1). (19)

(3) Calculate the estimated variance of the step-1 filtering calculation as follows: 𝐇(𝑘|𝑘 − 1) = 𝐀(𝑘 − 1)𝐇(𝑘 − 1|𝑘 − 1)𝐀்(𝑘 − 1) + 𝐐(𝑘). (20)

(4) Based on the estimated variance calculated by the step-1 filtering step, combined with the 
noise variance in the measurement equation and the linearized measurement matrix, the optimal 
filtering gain matrix is calculated as follows: 𝐆(𝑘) = 𝐇(𝑘|𝑘 − 1)𝐂்(𝑘)ሾ𝐂்(𝑘)𝐇(𝑘|𝑘 − 1)𝐂(𝑘) + 𝐑(𝑘)ሿି𝟏. (21)

(5) Based on the nonlinear measurement equation and the filtering gain matrix, update the 
filtering estimation to obtain 𝐱ො(𝑘|𝑘): 𝐱ො(𝑘|𝑘) = 𝐱ො(𝑘|𝑘 − 1) + 𝐆(𝑘)ሾ𝐳(𝑘) − 𝐂଴𝐱ො(𝑘|𝑘 − 1)ሿ. (22)

(6) Based on the filtering gain matrix, linearized measurement matrix, and estimated variance 
calculated from the seep-1 filtering step, the step-2 filtering estimation variance matrix 𝐇(𝑘|𝑘) is 
calculated as follows: 𝐇(𝑘|𝑘) = ሾ𝐈 − 𝐆(𝑘)𝐂(𝑘)ሿ𝐇(𝑘|𝑘 − 1). (23)

(7) Using 𝐱ො(𝑘|𝑘) and 𝐇(𝑘|𝑘) as the initial values for the next stage, continue with the next 
filtering estimation. 

4. Numerical simulation research 

Design a beam model for validation. Assuming a simply supported beam structure with a total 
length of 80 m, consisting of 40 beam elements, each with a length of 2 m, and consider the 
rotational and translational degrees of freedom. The number of nodes is 41, and the total number 
of degrees of freedom is 123. The model is shown in the following Fig. 3. The translational and 
rotational dynamic response under external excitation can be calculated as the theoretical value. 

 
Fig. 3. Finite element model of simply supported beam 

Based on the previous derivation process, the measurement equation and state equation of this 
case are established, the external excitation is treated as the white noise. The comparison curves 
between vertical acceleration and theoretical values can be solved as shown in Fig. 4. It can be 
seen that the estimated values are similar to the theoretical values and exhibit similar fluctuation 
characteristics. 

In the Fig. 4, it can be seen that when the inclination angle value is small, the recognition is 
more accurate, while when the inclination angle suddenly increases, the recognition error is 
relatively large. The main reason is that there is a certain error between the linearized and 
nonlinear measurement equations, and the error will be amplified when the inclination angle 
appears in a larger value area. However, considering that the inclination angle of engineering 
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structure is mainly within a small range, it is estimated that the above results can be accepted in 
engineering practice. 

 
a) 0-500 s 

 
b) 60-70 s 

Fig. 4. Comparison of estimated and theoretical acceleration 

In the Fig. 4, the theoretical acceleration is obtained by solving the dynamic response of the 
structure under white noise excitation, and the method used is Runge Kutta method; The estimated 
acceleration is filtered by EKF method under the assumed white noise excitation. It can be seen 
that the trend between the estimated acceleration and the theoretical value is basically consistent. 
Therefore, using the EKF filtering method can present a result that the estimated value of 
acceleration can keep up with the changes in the theoretical value. In addition, there is a small 
difference in amplitude between the two, which is caused by the error caused by the linearization 
of the measurement equation during the EKF filtering process. This error can become significant 
under large inclination angles, and further research is needed. However, it should be clarified that 
in civil engineering structural monitoring, most monitoring objects are structures with small 
inclination changes. 

By using the EKF method, the comparison between the estimated angle and the theoretical 
angle can be obtained as shown in the following Fig. 5. It can be seen that the estimated angle 
values are almost consistent with the theoretical angle in trend, with a certain degree of deviation 
in amplitude. 

 
a) 0-500 s 

 
b) 60-70 s 

Fig. 5. Comparison of estimated and theoretical rotation displacement 
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In the Fig. 5, it can be seen that when the inclination angle value is small, the recognition is 
more accurate, while when the inclination angle suddenly increases, the recognition error is 
relatively large. The main reason is that there is a certain error between the linearized and 
nonlinear measurement equations, and the error will be amplified when the inclination angle 
appears in a larger value area. However, considering that the inclination angle of engineering 
structure is mainly within a small range, it is estimated that the above results can be accepted in 
engineering practice. 

This paper has not yet carried out strict correlation analysis on the intensity of white noise and 
the estimated value. For the external white noise signal used, its variance is assumed, and used as 
the estimated variance to be substituted into the EKF filtering process. It can be imagined that the 
calculation results will change with the change of noise intensity, but the change should not be 
significant, which requires research on the statistical characteristics of external excitation. The 
purpose of this study is that the acceleration and dynamic small tilt angle can be effectively 
identified when the external white noise estimation is basically accurate. Therefore, based on the 
external white noise study, the translational acceleration and dynamic tilt angle can be effectively 
identified. 

Furthermore, we can discuss the variance of the excitation white noise used in the filtering 
process. According to Eq.16, the (𝑘 + 1)-th state is obtained from the statistical characteristics of 
the 𝑘-th state and the excited white noise, where 𝐀 in 𝐀𝐗(𝑘) represents the attenuation of the  𝑘-th state, which is caused by damping, similar to the attenuation form of automatic vibration 
under damped vibration; 𝐁𝐅(𝑘) represents the vibration state response caused by the 𝑘-th external 
excitation, which can be understood as the change value of the (𝑘 + 1)-th state relative to the  𝑘-th state caused by external excitation. In the EKF filtering process, the variance 𝐐(𝑘) of 𝐁𝐅(𝑘) 
is used when calculating 𝐇(𝑘|𝑘 − 1), and 𝐐(𝑘) can be expressed as 𝐁𝐓𝐐(𝐅(𝑘))𝐁. Meanwhile, 𝐇(𝑘|𝑘 − 1) further affects the filtering gain matrix 𝐆(𝑘) and the step-2 filtering estimation 
variance matrix 𝐇(𝑘|𝑘). Therefore, from the perspective of state equation, the variance of white 
noise in the filtering process will have a greater impact on the filtering calculation results.  

However, the advantage of Kalman filters lies in considering both the state equation and the 
measurement equation. We cannot estimate the white noise of external excitation accurately, but 
can only estimate a reasonable range; In the process of Kalman filtering, the error caused by the 
selection of the variance of the externally excited white noise will be corrected by the introduction 
of the measurement equation, that is, while the estimation variance of the externally excited white 
noise is given a deviation, the weight of the estimation value of the measurement equation will be 
increased automatically in the process of calculating the filter gain, so as to achieve higher 
accuracy. Therefore, the selection of the variance of the excitation white noise has a low impact 
on the estimation results.  

It can also be proven from the calculation results of the dynamic inclination angle that the error 
of the dynamic inclination angle is relatively large when there is a large angle change, mainly due 
to the large linearization error of the measurement equatio, rather than due to the state equation. 
This also shows that the influence of the measurement equation on the estimation accuracy in the 
whole filtering process is much higher than the error influence caused by the variance of the 
external white noise. It is feasible in engineering practice to obtain the statistical characteristics of 
white noise caused by external excitation in a period of time and set a reasonable range. Therefore, 
the research results in this paper are feasible enough. 

5. Conclusions 

This paper establishes a vibration monitoring model for dynamic inclination angle recognition, 
provides measurement equations and state equations based on the extended Kalman filtering 
method, and provides the entire process of Kalman filtering for real-time dynamic inclination 
angle recognition. It is verified through a simple supported beam model example, and the results 
show that the dynamic inclination angle has sufficient recognition accuracy in the small inclination 
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angle range, and compared to existing static inclination measurement methods, it can achieve real-
time dynamic measurement of the inclination angle. 
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