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Abstract. This study aimed to model the unevenness and tenacity of ring-spun yarn in a special 
case in textile engineering using response surface methodology. Yarn number and front roll speed 
were input variables, while yarn tenacity and unevenness were response/output variables. This 
study showed that the response surface methodology (RSM) could predict the yarn’s tenacity and 
unevenness with the yarn coefficient of determination (𝑅ଶ) values of 0.99 and 0.98 and with the 
error sum of square (SS residual) values 0.00187 and 0.003215, respectively. We also found that 
an artificial neural network (ANN) could predict the yarn's tenacity and unevenness with the yarn 
coefficient of determination (𝑅ଶ) values of 0.51 and 0.63 and with the error sum of square (SS 
residual) values 1.48 and 0.856, respectively. It was concluded that the response surface 
methodology (RSM) and artificial neural network (ANN) could predict the yarn's tenacity and 
unevenness. Response surface methodology (RSM) predicts yarn characteristics better than ANN 
with MIMO (multiple inputs, multiple outputs) modeling. The novelty of this study is that we used 
RSM and ANN for the first time to obtain the tenacity and unevenness of ring-spun yarn 
accurately. A simpler approach was employed in this study for predicting tenacity and unevenness 
using RSM and ANN; however, future research holds the potential for incorporating advanced 
mathematical models to enhance the prediction. This research suggests that RSM and ANN can 
be applied to predicting the tenacity and unevenness of ring-spun yarn. The scientific application 
of this research is that the investigation will benefit practitioners in the textile industry to optimize 
yarn parameters by ring spinning machines. 
Keywords: ANN, textile, yarn, RSM, tenacity, yarn. 

1. Introduction 

The applications of mathematical physics in various fields have been applied by several 
researchers, including textile science, from the study of fiber yarn to fabric materials [1]-[6]. 
Several researchers [7]-[11] stated that modeling and simulation in optimizing the formation of 
yarn produced from the fiber manufacturing process must be under the needs, types of production 
machines, and raw materials used in spinning yarns to be applied in improving yarn quality. 
Herawati, Fauzi, Putra [12], Hunter [13], Neelakantan, and Subramanian [14] have also carried 
out mechanical modeling of spun yarn using a mathematical and mechanical model approach, but 
those models are not very good at predicting when compared to experimental results. Lawrence 
[15], Putra, Rosyid, and Maruto [16], as well as Pavendham and Anbarasan [17], stated that yarn 
characteristics could generally be seen from the yarn numbering. In textiles, yarn number is closely 
related to yarn strength. In textile science, there are direct and indirect yarn numbering systems. 
The direct numbering is in tex units and has the exact dimensions of a material's linear density, 
while the indirect numbering is Ne or Nm in m/g or hank/lb units. 

Putra and Rosyid [18], as well as Smith and Waters [19], stated that the higher the direct yarn 
number, the higher the tenacity (cN/tex). The yarn produced in the spinning process can be used 
if the results meet the standard quality criteria that have been set. Modeling is a way to create good 
textile products by optimising and predicting input parameters, such as machine and material 
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parameters, and output parameters, such as yarn strength (cN) and yarn unevenness [6]. The 
unevenness of the yarn affects the yarn strength (in units of cN) and in the fabric can affect 
abrasion or pill resistance, drape, and absorbency. Modeling simplifies a complex element and 
component to facilitate understanding of the required information, including physical models, 
image models, or mathematical formulations [16, 19]. Some researchers have combined 
mechanical and statistical approaches [16, 18, 19]. Mathematical physics and engineering 
modelling can be done by deriving the system's actual behavior as variables where the relationship 
between them can be shown in a mathematical equation. Researchers have developed several 
models to predict and characterize textile material properties [11]-[21]. Generally, two approaches 
are used to predict the yarn quality: empirical (statistical system) and theoretical (analytic 
approach). One of the most common models is using statistical methods by surface response 
methodology and using artificial neural networks (ANN). In several studies, regression analysis 
is one of the statistical methods widely used in modeling yarn properties, using only the regression 
method or combination with other methods. Some researchers use regression models to model the 
mechanical properties of yarns [7, 21]. Although many researchers [11]-[15] have modeled the 
properties and mechanics of textile materials (i.e., yarns, fibers, and fabrics), modeling the tenacity 
and unevenness of ring-spun yarns is still rare. The novelty of this study is that we used a new 
model using RSM and ANN for the first time to obtain the tenacity and unevenness of yarn 
accurately. This study aims to obtain a numerical formulation and modeling to explain the 
relationship between yarn number's tenacity and yarn unevenness function (U%) to front roll speed 
and yarn number through statistical modeling with response surface methodology and artificial 
neural network. The scientific application of this research is that the investigation will benefit 
practitioners in the textile industry to optimize yarn parameters by ring spinning machines. In the 
future, ring spinning machine design with artificial intelligence will increase productivity and 
reduce the risk of failure in the production process. 

2. Research methods 

2.1. Material and methods 

This research was conducted using response surface methodology (RSM), simulation with 
MATLAB, and validation with data in the textile industry with the output to obtain a model related 
to yarn tenacity and unevenness (U%) to yarn number and front roll speed (Fig. 1). The model’s 
derivation and validation of the experimental data results were needed to obtain the R-squared 
value and square error sum (SS residual). 

 
Fig. 1. Response surface methodology scheme 

2.2. Model 

This study used a neural network architecture developed by several physics and chemistry 
researchers [19, 20]. This study used yarn number (𝑥ଵ) and front roll speed (𝑥ଶ) as inputs for a 
model to simulate tenacity and unevenness as the output. Using the output, unevenness, and 
tenacity were measured. We utilized artificial neural networks to design a model in this study. The 
tenacity and unevenness of yarn prepared by the ring-spinning machine (as shown in Table 1) 
were used as learning data for the model. The data were normalized using min-max normalization 
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before using ANNs. During min-max normalization, the original data were transformed linearly. 
This process obtained all the scaled data in the range [0,1] 

Table 1. The tenacity and unevenness of yarn prepared by ring spinning machine 

Sample 
Input Output 𝑥ଵ 𝑥ଶ 𝑜ଵ 𝑜ଶ 

Yarn number (hank/lb) Front roll speed (rpm) Tenacity (𝑇௘) Unevenness  
1 16 280 14.79 10.04 
2 20 279 14.45 9.46 
3 30 223 13.45 11.39 

3. Results and discussions 

3.1.  RSM model for tenacity as a function of yarn number and front roll speed  

In this study, the model is derived using RSM to analyze the relationship between tenacity as 
a function of yarn number and front roll speed as in Eq. (1): 𝑇௘ = ∆଴ 𝑁௘∆భ 𝑁௙∆మ , (1)

where ∆଴, ∆ଵ, and ∆ଶ are certain constants obtained by the optimization method. The parameters 
used are 𝑥௜ଵ = 𝑁𝑒, the yarn number, 𝑥௜ଶ = 𝑁௙, the front roll speed, and 𝑇𝑒, the tenacity. To get 
Eq. (1), we model as follows: 

෍𝑇௘௜௡
௜ୀଵ = ∆௢ + ∆ଵ෍𝑥௜ଵ + ∆ଶ෍𝑥௜ଶ, 𝑇௘ଵ = ∆௢ + ∆ଵ𝑥ଵଵ + ∆ଶ𝑥ଵଶ,    𝑇௘ଶ = ∆௢ + ∆ଵ𝑥ଶଵ + ∆ଶ𝑥ଶଶ,       𝑇௘௡ = ∆௢ + ∆ଵ𝑥௡ଵ + ∆ଶ𝑥௡ଶ, (2)

ቌ𝑇௘ଵ:𝑇௘௡ቍ = ൭1 … 𝑥ଵ௞1 ⋱ :1 … 𝑥௡௞൱൭∆଴:∆௞൱, 𝑇௘௜ = 𝑥௜௞ ∆௞, (3)

𝑇௘ = 𝑋∆. (4)

The difference between the experimental data, 𝑦, and the model, 𝑇௘, is defined as an error, 
which is as follows: 

෍൫𝑦௜ − 𝑇௘௜൯௡
௜ୀଵ = 𝜖. (5)

Eqs. (6) and Eqs. (7) can be used to find the value of a and the model: ∆ = (𝑋்𝑋)ିଵ𝑋்𝑦, (6)𝑇௘ = 𝑋∆ = 𝑋(𝑋்𝑋)ିଵ𝑋்𝑦. (7)

Eq. (7) is used to solve the nonlinear Equation and refers to Eq. (1); it can be written as in 
Eq. (8) to Eq. (12) as follows: 𝑇௘ = ∆଴ 𝑁௘∆భ 𝑁௙∆మ , (8)ln 𝑇௘ = ln൫∆଴ 𝑁௘∆భ 𝑁௙∆మ ൯, (9)ln 𝑇௘ = ln∆଴ + ∆ଵln 𝑁௘ + ∆ଶln 𝑁௙, (10)



A NOVEL MODEL FOR PREDICTING TENACITY AND UNEVENNESS OF RING-SPUN YARN: A SPECIAL CASE IN TEXTILE ENGINEERING.  
VALENTINUS GALIH VIDIA PUTRA, JULIANY NINGSIH MOHAMAD 

 MATHEMATICAL MODELS IN ENGINEERING. SEPTEMBER 2023, VOLUME 9, ISSUE 3 105 

𝑇௘ሷ = 𝐴଴ + 𝐴ଵ𝑁𝑒ሷ + 𝐴ଶ𝑁௙ሷ , (11)𝑇௘ଵሷ = 𝐴଴ + 𝐴ଵ 2.7726 + 𝐴ଶ5.6348, (12a)𝑇௘ଶሷ = 𝐴଴ + 𝐴ଵ 2.995 + 𝐴ଶ5.6312, (12b)𝑇௘ଷሷ = 𝐴଴ + 𝐴ଵ 3.4012 + 𝐴ଶ5.4072. (12c)

Eq. (12) can be converted into a matrix form as in Eq. (13): 

൮𝑇௘ଵሷ𝑇௘ଶሷ𝑇௘ଷሷ ൲ =  ൭1 2.7726 5.63481 2.9957 5.63121 3.4012 5.4072൱൭𝐴଴ 𝐴ଵ 𝐴ଶ ൱. (13)

The values of 𝐴଴, 𝐴ଵ , and 𝐴ଶ  Eq. (12) is obtained through optimization methods, such as in 
Eq. (14): 𝐴 = (𝑋்𝑋)ିଵ𝑋்𝑦       = ൥ 3 9.1695 16.67329.1695 28.2298 50.883416.6732 50.8834 92.6989൩

ିଵ ൥ 1 1 12.7726 2.9957 3.40125.6348 5.6312 5.4072൩ ൥2.69392.67062.5989൩       = ൥ 1,1777 −0.0686 −0.1742−0.0686 0.0043 0.0100−0.1742 0.0100 0.0259 ൩ ൥ 1 1 12.7726 2.9957 3.40125.6348 5.6312 5.4072൩ ൥2.69392.67062.5989൩, ൭𝐴଴ 𝐴ଵ 𝐴ଶ ൱ = ൭ 2.2139−0.10210.1354 ൱. 
(14)

In Eq. (11), 𝑇௘ሷ  is ln 𝑇௘, 𝑁௘ሷ  is ln 𝑁௘, and 𝑁௙ሷ  is ln 𝑁௙ So that, to get the value of ∆଴ , we use the 
exponential result of 𝐴଴ (Eq. (15)): 

൭∆଴ ∆ଵ ∆ଶ ൱ = ൭exp(9.1513)−0.10210.1354 ൱ = ൭ 9.1513−0.10210.1354 ൱. (15)

The values of ∆଴, ∆ଵ, and ∆ଶ have been found; hence we can predict the yarn tenacity 
(Table 2). 

Table 2. Tenacity prediction results as a function yarn number and front roll speed 
Yarn number (hank/lb)  Front Roll speed (rpm) Modeling of tenacity (cN/tex) 

16 280 14.7831 
20 279 14.4472 
30 223 13.4471 
25 317 14.3680 
33 346 14.1330 
35 374 14.1971 
40 403 14.1472 
45 431 14.1058 

The coefficient of determination calculation explains the effect of yarn number and front roll 
speed on tenacity, as shown in Table 3. 

The yarn coefficient of determination (𝑅ଶ) is derived as in Eq. (16): 
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(𝑅ଶ) = 1 − 𝑆𝑆௥௘௦௜ௗ௨௔௟𝑆𝑆௧௢௧௔௟ = 1 − ∑(𝑦௜ − 𝑦ො௜)ଶ∑(𝑦௜ − 𝑦ത)ଶ = 1 − 0.001870.97040 = 0.99. (16)

The relationship between yarn number and front roll speed to tenacity can be seen in Eq. (17) 
and Fig. 2: 𝑇௘ = 9.1523 𝑁௘ି଴,ଵ଴ଶଵ 𝑁௙଴,ଵଷହସ = 9.1523 𝜁ଵ. (17)

Table 3. Tenacity determination coefficient data as the function of yarn number and front roll speed 
Yarn number 

(hank/lb) 
Front roll  

speed (rpm) 
Modeling of  
tenacity (𝑇௘) 

Actual  
tenacity (𝑦௜) (𝑦௜ − 𝑇௘)ଶ (𝑦௜ − 𝑦పഥ)ଶ 

16 280 14.7831 14.79 0.0018576 0.31460 
20 279 14.4472 14.45 0.0000078 0.04840 
30 223 13.4471 13.45 0.0000084 0.60840 
25 317 14.3680    
33 346 14.1330    
35 374 14.1971    
40 403 14.1472    
45 431 14.1058    

Total   14,23 0.00187 0.97140 

 
Fig. 2. Relationship between yarn number and the front roll speed on tenacity 

Fig. 2 shows the plot of the predicted values using response surface methodology (RSM) to 
calculate the tenacity of yarn. The model considered a good relationship between the yarn number 
and the speed of tenacity, and it showed that the yarn tenacity was closely related to the input 
parameters. We showed that RSM results quite follow experimental outputs. 

3.2. RSM model for unevenness (U%) as a function of yarn number and front roll speed 

In this study, we simulate the relationship between yarn unevenness as a function of yarn 
number and front roll speed using the response surface methodology as in Eq. (18): 𝑈% = ∆଴ 𝑁௘∆భ 𝑁௙∆మ , (18)

where the values of ∆଴, ∆ଵ, and ∆ଶ are certain constants obtained through the optimization 
method; the parameters used are 𝑁௘, the yarn number and 𝑁௙, the front roll speed, and U%, the 
yarn unevenness. The nonlinear Equation can be solved in Eq. (19) to Eq. (23): 𝑈% = ∆଴ 𝑁௘∆భ 𝑁௙∆మ , (19)𝑙𝑛 𝑈% = ln൫∆଴ 𝑁௘∆భ 𝑁௙∆మ ൯, (20)
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𝑙𝑛 𝑈% = ln∆଴ + ∆ଵln 𝑁௘ + ∆ଶln 𝑁௙, (21)𝑈%ሷ = 𝐴଴ + 𝐴ଵ𝑁௘ሷ + 𝐴ଶ𝑁௙ሷ , (22)𝑈%ଵሷ = 𝐴଴ + 𝐴ଵ 3.4012 + 𝐴ଶ5.4072, (23a)𝑈%ଶሷ = 𝐴଴ + 𝐴ଵ2.995 + 𝐴ଶ5.6312, (23b)𝑈%ଷሷ = 𝐴଴ + 𝐴ଵ 2.7726 + 𝐴ଶ5.6348. (23c)

Eq. (23) can be converted into a matrix form as in Eq. (24): 

ቌ𝑈%ଵሷ𝑈%ଶሷ𝑈%ଷሷ ቍ = ൭1 3.4012 5.40721 2.995 5.63121 2.7726 5.6348൱൭𝐴଴ 𝐴ଵ 𝐴ଶ ൱. (24)

The values of 𝐴଴, 𝐴ଵ and 𝐴ଶ  Eq. (24) is obtained through optimization methods to obtain 
Eqs. (25) and (26): 𝐴 = (𝑋்𝑋)ିଵ𝑋் 𝑈%ሷ        = ൥ 3 9.695 16.67329.1695 28.2298 50.883416.6732 50.8834 92.6989൩

ିଵ ൥ 1 1 12.7726 2.9957 3.40125.6348 5.6312 5.4072൩ ൥2.30652.24702.4327൩, ൭𝐴଴ 𝐴ଵ 𝐴ଶ ൱ = ൭10.7148−0.2883−1.3505൱. (25)

In Eqs. (21) and (22), 𝑈%ሷ  is ln 𝑈%, 𝑁௘ሷ  is ln 𝑁௘, and 𝑁௙ሷ  is ln 𝑁௙ So that, to get the value of 𝑎଴ , we used the exponential result of 𝐴଴ (Eq. (26)): 

൭∆଴ ∆ଵ ∆ଶ ൱ = ൭ 𝑒ଵ଴,଻ଵସ଼−0.2883−1.3505൱ = ൭45017,2−0.2883−1.3505൱. (26)

The values of ∆଴, ∆ଵ, and ∆ଶ have been found; hence we can predict the yarn unevenness 
(Table 4). 

Table 4. Predicted results of yarn unevenness as a function of yarn number and front roll speed 
Yarn number (hank/lb)  Front roll speed (rpm) Modeling of 𝑈%  

16 280 10.0085 
20 279 9.4299 
30 223 11.3537 
25 317 8.9372 
33 346 8.8895 
35 374 9.1240 
40 403 9.2375 
45 431 9.3443 

The coefficient of determination calculation explains the effect of yarn number and front roll 
speed on yarn unevenness, as shown in Table 5. 

The yarn coefficient of determination (𝑅ଶ) is derived as in Eq. (27): 

(𝑅ଶ) = 1 − 𝑆𝑆௥௘௦௜ௗ௨௔௟𝑆𝑆௧௢௧௔௟ = 1 − ∑(𝑦௜ − 𝑦ො௜)ଶ∑(𝑦௜ − 𝑦ത)ଶ = 1 − 0.0032150.970400 = 0.98. (27)

The relationship between yarn number and front roll speed to tenacity can be seen in Eq. (28) 
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and Fig. 3: 𝑈% = 45017.2𝑁௘ ି଴,ଶ଼଼ଷ 𝑁௙ ିଵ,ଷହ଴ହ = 45017.2𝜁ଶ. (28)

Table 5. Tenacity determination coefficient data as the function of yarn number and front roll speed 
Yarn number 

(hank/lb) 
Front roll 

speed (rpm) 
Modeling 

of 𝑈% 
Actual 

of 𝑈% (𝑦௜) (𝑦௜ − 𝑈%)ଶ (𝑦௜ − 𝑦పഥ)ଶ 

16 280 10,0085 10.04 0.00099225 0.31360 
20 279 9.4299 9.46 0.00090601 0.04840 
30 223 11.3537 11.39 0.00131769 0.60840 
25 317 8.9372    
33 346 8.8895    
35 374 9.1240    
40 403 9.2375    
45 431 9.3443    

Total   14.23 0.003215 0.970400 

 
Fig. 3. Relationship between yarn number and the front roll speed on yarn unevenness 

Fig. 3 shows the plot of the predicted values using response surface methodology (RSM) to 
calculate the yarn unevenness. This Figure shows that RSM results quite follow experimental 
outputs. The model considered a good relationship between yarn number and the front roll speed 
on yarn unevenness, and it shows that the yarn unevenness is closely related to the input 
parameters. Based on Eq. (17) and (28), we make the matrix form as in Eqs. (29-32): 𝑆௜ = ෍෍𝐹௜௝𝜁௝ , (29)൬𝑆ଵ𝑆ଶ൰ଶ௫ଵ = ൬𝐹ଵଵ 𝐹ଵଶ𝐹ଶଵ 𝐹ଶଶ൰ଶ௫ଶ ൬𝜁ଵ𝜁ଶ൰ଶ௫ଵ, (30)ቀ 𝑇௘𝑈%ቁଶ௫ଵ = ቀ9.1523 00 45017.2ቁଶ௫ଶ ൬𝜁ଵ𝜁ଶ൰ଶ௫ଵ, (31)ቀ 𝑇௘𝑈%ቁଶ௫ଵ = ቀ9.1523 00 45017.2ቁଶ௫ଶ ቆ 𝑁௘ି଴,ଵ଴ଶଵ 𝑁௙଴,ଵଷହସ𝑁௘ ି଴,ଶ଼଼ଷ 𝑁௙ ିଵ,ଷହ଴ହቇଶ௫ଵ, (32)

where 𝑆௜ is the output matrix and 𝐹௜௝ is the known constant. 

4. Modeling with artificial neural networks (ANNs) 

This model considered the artificial neural networks consisting of two input and two output. 
The circles and arrows in Fig. 4 represent neurons and signal flow, respectively. The term 𝑤௜௝ 

is the weight matrices. The following formula can calculate the weighted sum: Eqs. (33-34): 
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𝑆௜ = ෍෍𝑤௜௝𝑥௝ , (33)൬𝑆ଵ𝑆ଶ൰ଶ௫ଵ = ቀ𝑤ଵଵ 𝑤ଵଶ𝑤ଶଵ 𝑤ଶଶቁଶ௫ଶ ቀ𝑥ଵ𝑥ଶቁଶ௫ଵ = ቀ6.5324 12.983.2090 −0.0187ቁଶ௫ଶ ቀ𝑥ଵ𝑥ଶቁଶ௫ଵ. (34)

 
Fig. 4. Artificial neural networks (ANNs) architecture 

The terms 𝑆௜ and 𝑤௜௝ are the weighted sum and the weight matrices of the layer, respectively. 
The terms 𝑥ଵ and 𝑥ଶ are input parameters. The neuron enters the weighted sum into the activation 
function (the sigmoid function) and generates its output as in Eq. (35): 

ቀ𝑝ଵ𝑝ଶቁଶ௫ଵ = ൬𝜑(𝑆ଵ)𝜑(𝑆ଶ)൰ଶ௫ଵ = ൮ 11 + 𝑒ିௌభ11 + 𝑒ିௌଶ൲ଶ௫ଵ
= ൮ 11 + 𝑒ି(௪భభ௫భା௪భమ௫మ)11 + 𝑒ି(௪మభ௫భା௪మమ௫మ)൲ଶ௫ଵ

, (35)

where the terms 𝜑൫𝑆௝൯ is the sigmoid function. 𝑝௜ is the output. Eq. (35) is the predicted value 
representing the tenacity and unevenness in the normalized value. The results of the predicted 
values were then denormalized to get the actual value. In this model, training the neural network 
was to change the weights. Minimizing the sum of the squares of the differences between the 
target and network output values changed the weights. This study used the perceptron, a 
fundamental building block of artificial neural networks (ANNs). It is an artificial neuron that 
takes multiple input signals, applies weights, and combines them using a weighted sum. The 
perceptron's output is then passed through an activation function to produce the final output. This 
algorithm updates the network weights in which the performance function decreases quickly. This 
study used the sigmoid function, a constant learning rate (𝛼 = 0.9) in the neural network's 
architecture, and 50,000 trial methods. Fig. 5 shows the plot of the actual and predicted value 
using artificial neural networks (ANNs) to calculate the tenacity and unevenness of yarn. We 
found that an artificial neural network (ANN) could predict the yarn’s tenacity and unevenness 
with the yarn coefficient of determination (𝑅ଶ) values of 0.51 and 0.63 and with the error sum of 
square (SS residual) values 1.48 and 0.856, respectively. Fig. 6 shows the three types of yarn 
samples used to measure the tenacity and unevenness of the ring-spinning yarn. 
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Fig. 5. The actual and predicted values using ANN 

 
Fig. 6. Samples 1 through 3 differed in the number of yarns and speed of the front roll 

5. Conclusions 

According to this study, the response surface methodology (RSM) could predict the yarn’s 
tenacity and unevenness with yarn coefficients of determination (𝑅ଶ) of 0.99 and 0.98, and error 
sums of squares (SS residuals) of 0.00187 and 0.003215, respectively. Additionally, we found that 
artificial neural networks (ANNs) could predict yarn tenacity and unevenness with yarn 
coefficient of determination (𝑅ଶ) values of 0.51 and 0.63 and error sum of square (SS residual) 
values of 1.48 and 0.856. Compared to ANN with MIMO (multiple input multiple outputs) 
modeling, the response surface methodology (RSM) can predict yarn characteristics well. This 
research suggests that the RSM can be applied to predicting the tenacity and unevenness of 
ring-spun yarn. The scientific application of this research is that the investigation will benefit 
practitioners in the textile industry to optimize yarn parameters by ring spinning machines. In the 
future, ring spinning machine design with artificial intelligence will increase productivity and 
reduce the risk of failure in the production process. In this study, we plan to include a noise 
component in our future work to enhance the model's applicability in real-world scenarios. This 
will involve studying the effects of different types and levels of noise on the model’s performance 
and evaluating its robustness in the presence of such noise. By introducing noise into the model, 
we aim to provide a more realistic representation of the system and better understand how the 
model responds to noisy inputs. This analysis will provide insights into the model's limitations 
and help identify strategies for improving its robustness. 
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