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Abstract. Short-pitch corrugation is a common phenomenon that occurs on tight-curve rails in 

metro systems. However, the contributing factors of this problem are still not fully understood, 

and effective control measures have yet to be developed. In this study, we investigated the 

contributing factors of short-pitch corrugation on tight-curve rails in metro systems using the 

complex eigenvalue analysis method according to the theory of friction-induced vibration. We 

also explored control measures for short-pitch corrugation from the perspective of optimizing the 

wheel web structure. Our results indicate that friction-induced vibration is the primary 

contributing factor to short-pitch corrugation in the wheel-rail system. The shape of the web 

structure significantly affects rail corrugation, and compared to the straight web structure, unstable 

vibrations are more pronounced in the S-shape web structure. In contrast, the bow web structure 

can significantly improve the system stability of the wheel-rail interaction, and the greater the web 

curvature, the better the inhibitory effect. The wheel deformation under contact force varies with 

the web curvature, and when the axial deformation of the wheel extends toward the inner rail, the 

wheel-rail system no longer exhibits unstable vibrations. Conversely, when the axial deformation 

of the wheel extends toward the outer rail, the greater the deformation, the greater the instability 

of the wheel-rail system. 

Keywords: rail corrugation, friction self-excited vibration, shape of web, curvature. 

1. Introduction 

Rail corrugation is a form of periodic uneven wear that occurs longitudinally along the surface 

of the rail [1]. In China's metro system, rail corrugation is widespread, particularly in tight-curve 

rails. Statistics indicate that about 80 % of rail corrugations occur in tight-curve rails [2], with the 

majority being short-pitch corrugations, which have wavelengths ranging from 20 mm to 80 mm 

and wave depths ranging from 0.1 mm to 0.5 mm [3]. Rail corrugation can cause a significant 

dynamic interaction between the wheel-rail system, hereinafter referred to as WRS, causing 

vibrations in the vehicle-rail system and noise emission from the wheel-rail interface [4, 5]. In 

serious cases, it will also lead to the fracture of the fastener clips [6]. However, the contributing 

factors of short-pitch corrugation remain unclear, and effective control measures have yet to be 

developed. 

At present, the generally accepted mechanisms for rail corrugation are material damage 

mechanism and the wavelength-fixing mechanism [7, 8]. The former emphasizes the response 

dynamics of the wheel-rail coupling, while the latter is mainly characterized by wear and plastic 

deformation of the rail. Zhu et al. [9] classified the contributing factors of rail corrugation into two 

categories: dynamic and nondynamic. In accordance with the dynamic theory, rail corrugation is 

a result of the vibration in the WRS, with vibration types categorized as self-excitation, resonance, 

and feedback. The contributing factors of wave corrugation are classified into the following 
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theories: self-excited vibration theory, feedback vibration theory, and other theories [10]. 

Stemming from the inherent characteristics of the WRS, self-excited vibration arises in accordance 

with the theory of self-excited vibration, resulting in rail corrugation [11-14]. Feedback vibration 

theory states that wave corrugation develops from initial irregularities [15, 16]. Nondynamic 

theory suggests that uneven plastic flow, resulting from material inhomogeneity, leads to rail 

corrugation [17]. Nevertheless, a unanimous understanding regarding the formation mechanism 

of rail corrugation is yet to be reached, requiring further investigation. 

Based on theoretical research results, various rail corrugation control measures have been 

developed, such as vibration absorbers [18-20], friction adjusters [21, 22], and control of vehicle 

speed [23], which have shown good results but cannot completely eliminate rail corrugation. Chen 

et al. [24] studied the effect of sleeper pad rigidity on rail corrugation, and found that higher 

rigidity of sleeper pads can accelerate corrugation development, while reducing the rigidity of 

sleeper pads can effectively alleviate rail corrugation. Wu et al. [25] investigated rail corrugation 

in the pioneer fastener section of tight curves and discovered that the damping and elastic modulus 

of the rubber bearing block make a crucial impact on rail corrugation, and increasing them can 

help restrain rail corrugation. Gonzelez et al. [26] proposed controlling the relative angle and 

shaking moment of the wheelset by using an active steering system to manage the creep rate and 

creep force at the wheel-rail interface, thereby controlling rail corrugation. Hiensch et al. [27] 

drew conclusions based on field tests and numerical simulations of rail corrugation on the railway 

that replacing harder fasteners with softer ones can reduce the vertical force at the wheel-rail 

interface, which helps alleviate the formation of rail corrugation. While the existing research has 

played a critical role in reducing rail corrugation, finding a solution to this problem’s root cause 

is essential, particularly in light of increasing rail traffic volume, axle load, and train speed. 

This study examines the causes of short-pitch corrugation on the tight curves in metro systems 

utilizing the theory of the friction-induced vibration, hereinafter referred to as FIV. Finite element 

models of wheels with various web structures were constructed, and the complex eigenvalue 

analysis method was employed to investigate the impact of the wheel web structure on the stability 

of the WRS. Our findings reveal that increasing the curvature of a wheel web can effectively 

suppress the growth and evolution of rail corrugation, and proper control of the web curvature can 

prevent or even eliminate short-pitch corrugation on tight curves. 

2. Theory and model 

2.1. Construction of the finite element model 

Rail corrugation typically observed on the lower rail of tight-curve rails. Therefore, we 

constructed a finite element model for the lower rail in the WRS is depicted in Fig. 1. The model 

consists of wheels, rails, and fasteners, with specific parameters detailed in Table 1.  

To simulate the action of the e-type clip fastener system, we employed grounding springs and 

damping elements, with specific parameters listed in Table 2. Dynamic analysis software was 

employed to derive the angle of attack, angle of contact and lateral displacement of the finite 

element model of the WRS. A friction coefficient of 0.3 was set at the wheel-rail interface, with a 

“face-to-face” contact algorithm, implemented using the penalty function utilized to describe the 

contact interaction between the rail and wheel. The tangential contact behavior between the rail 

and wheel was modeled using the Coulomb friction method. 

For the boundary conditions of the WRS, we constrained the lateral motion of the wheel axle 

end. Additionally, we released the vertical degree of freedom of the reference point and coupling 

all nodes on the axle surface with this reference point. A spring mass was used with a vertical 

concentrated force of 45.5 kN on the reference point, whose numerical value was obtained using 

the dynamic analysis software. We discretized the wheel and rail using the 3D 8-node 

incompatible element. To improve the calculation speed of the wheel-rail finite element model 

without compromising accuracy, the model was divided into uneven grids. In the region where 
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the wheel and rail contact, the grid was refined to 1 × 1 mm, is used on the contact surfaces to 

solve the wheel–rail rolling contact accurately [28]. The resulting model includes 230,740 nodes 

and 195,725 solid elements. 

Table 1. Structural parameters of the 3D solid finite element model for the WRS 

Component Parameter Value 

Rail 

Track length / m 36 

Rail cant 1:40 

Sleeper span / mm 640 

Density / (kg·m-3) 7800 

Elastic modulus / GPa 210 

Poisson ratio 0.3 

Wheel 

tread profile LM 

diameter / mm 840 

Density / (kg·m-3) 7800 

Elastic modulus / GPa 210 

Poisson ratio 0.3 

Table 2. Fastener parameters 

Fastener parameters Longitudinal Vertical Lateral 

Stiffness (MN/m) 10 30 10 

Damping (N·s/m) 2 10 2 

Revolve

Mesh refinement

Wheel

Fastener

Rail

 
Fig. 1. Contact model of the wheel under steady-state rolling 

2.2. Steady-state rolling analysis theory of WRS 

As shown in Fig. 2, the wheel under steady-state rolling rotates around the rotating axis 𝑇 at a 

fixed angular speed 𝜔 and translates at a fixed forward speed 𝑉. When describing the steady-state 

rolling of the wheelset, the mixed Lagrangian/Eulerian method is employed, wherein the rigid 

rotation 𝑌(𝑡)  of the wheel around the axle is described using the Euler method, and the 

deformation 𝑦(𝑡) of the wheel is described by the Lagrangian method. When the particles of the 

wheel move from location 𝑋 to location 𝑌, the new spatial coordinates of the particles can be 

represented as: 

𝑌 = 𝑅𝑠 × 𝑋, (1) 

where 𝑅𝑠 is the rotation matrix: 

𝑅𝑠 = [
cos 𝜔 𝑡 − sin 𝜔 𝑡 0
sin 𝜔 𝑡 cos 𝜔 𝑡 0

0 0 1
]. (2) 
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We suppose that the deformation 𝑦(𝑡) is dependent on the rigid body rotation 𝑌(𝑡), namely, 

𝑦 = 𝜒(𝑌, 𝑡). 

Subsequently, the particle velocity can be expressed as: 

𝑣(𝑌, 𝑡) = 𝑦̇ =
𝜕𝜒

𝜕𝑌

𝜕𝑌

𝜕𝑡
+

𝜕𝜒

𝜕𝑡
, (3) 

Where 
𝜕𝑌

𝜕𝑡
= 𝑅̇𝑠 ⋅ 𝑋 = (𝜔 × 𝑅𝑠) ⋅ 𝑋 = 𝜔(𝑇 × 𝑌) . Suppose that 𝑆 =

(𝑇×𝑌)

|𝑌|
=

𝑇×𝑌

𝑅
, where 𝑅 

represents the nominal rolling radius at the particle's location, leading to the simplification of 

Eq. (3) as follows: 

𝑣(𝑌, 𝑡) = 𝑦̇ = 𝜔𝑅
𝜕𝜒

𝜕𝑌
⋅ 𝑆 +

𝜕𝜒

𝜕𝑡
. (4) 

Under steady-state rolling, 
𝜕𝜒

𝜕𝑡
= 0; then, 𝑣(𝑌, 𝑡) = 𝑦̇ = 𝜔𝑅

𝜕𝜒

𝜕𝑌
⋅ 𝑆, and the overall velocity of 

this particle is: 

𝑣 = 𝑣0 + 𝜔𝑅
𝜕𝜒

𝜕𝑆
. (5) 

In this paper, the steady-state motion analysis function in Abaqus/Standard is utilized to 

simulate the steady-state rolling process of the wheel on the rail through finite element analysis. 

With this algorithm, the steady-state motion contact is converted into a pure simulation in space. 

V

T

ω

Low rail High rail

 
Fig. 2. Steady-state rolling model of the wheel 

2.3. Complex eigenvalue analysis method 

The method of complex eigenvalue analysis is linear [29, 30]. When self-excited vibrations 

occur due to friction, this method can be employed in the frequency domain to predict the system’s 

vibration mode and frequency, and to evaluate its stability. In this paper, the complex eigenvalue 

analysis algorithm built in ABAQUS software is employed to explore the motion trend of the FIV 

of the WRS in the frequency domain. Based on the method proposed by Chen et al. [31], the 

dynamic equation of wheel-rail friction contact coupling is established; when the system involves 

no friction, the overall motion equation of the WRS is: 

[𝐌]𝑥̈ + [𝐂]𝑥̇ + [𝐊]𝑥 = 0. (6) 

The matrices [𝐌] , [𝐂] , and [𝐊]  represent the mass, damping, and stiffness properties, 

respectively, and 𝑥 represents the node displacement column vector. 

Without taking friction into account, [𝐌], [𝐂] and [𝐊] represent the symmetric matrices, that 

is, in Eq. (6), it is observed that the real part of the eigenvalue is not positive; when friction is 
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introduced, the dynamic equation of the system can be simplified as: 

[𝐌𝐫]𝑥̈ + [𝐂𝐫]𝑥̇ + [𝐊𝐫]𝑥 = 0, (7) 

where, the mass, damping, and stiffness matrices of the simplified system are defined as [𝐌𝐫], 
[𝐂𝐫]  and [𝐊𝐫] ; the above matrices are all asymmetric; the stability of the studied system is 

determined by the solution of the matrix equation; and the characteristic equation of the equation 

is: 

([𝐌𝐫]𝜆2 + [𝐂𝐫]𝜆 + [𝐊𝐫])𝑦 = 0, (8) 

where 𝜆 represents the eigenvalue of the system, and 𝑦 represents the eigenvector of the system. 

By solving the characteristic equation, its general solution is: 

𝑥(𝑡) = ∑ 𝑦𝑖 exp( 𝜆𝑖)𝑡 = ∑ 𝑦𝑖 exp( 𝛼𝑖 + 𝑗𝜔𝑖)𝑡, (9) 

where 𝑦𝑖 represents the eigenvector of the characteristic equation; 𝜆𝑖 represents the eigenvalue of 

the characteristic equation; 𝛼𝑖  represents the real part of the eigenvalue; 𝜔𝑖  represents the 

imaginary part of the eigenvalue; and j represents the imaginary part unit. When 𝛼𝑖 ≥ 0 the system 

presents a trend of FIV, and with the increase in 𝛼𝑖, the tendency of FIV of the system becomes 

stronger. The motion stability of the system can be determined by utilizing the equivalent damping 

ratio, hereinafter referred to as EDR, which is described as: 

𝜁 = −
2 ⋅ 𝑅𝑒( 𝜆)

|𝐼𝑚(𝜆)|
, (10) 

where 𝑅𝑒(𝜆) signifies the real part of complex eigenvalue 𝜆, while 𝐼𝑚(𝜆) signifies the imaginary 

part. When 𝜁 < 0, it indicates that the system tends to be unstable. The smaller 𝜁 is, the more 

obvious the trend of FIV.  

Analyzing the friction-induced vibration of the wheel-rail system using complex eigenvalue 

analysis involves four procedures: solving the wheel-rail contact solution, steady-state rolling, 

extracting the natural frequencies, and determining the complex eigenvalues. 

3. Influence of different wheel web structures on the FIV of the WRS 

3.1. Influence of the wheel web shape on unstable vibration of the WRS 

The wheels of a metro consist of a hub, a rim, and a web connecting them. The primary 

difference lies in the shape of the web. The two web shapes commonly used in metros are the 

straight web and the S-shape web. Fig. 3 depicts the two-dimensional cross-sections of the two 

web shapes, with (a) representing the straight web, and (b) representing the S-shape web. In this 

section, we investigate whether the web structure influences the unstable vibration of the WRS. 

Fig. 4 displays the frequency distribution diagram of the unstable vibration of the WRS, 

highlighting the influence of different web structures. The diagram signifies that the unstable 

vibration frequency occurs in the WRS with both web structures, with unstable vibration 

frequencies possessing an EDR below -0.001. When the EDR is below –0.001, the system 

damping is difficult to overcome, leading to rail corrugation, which aligns with the occurrence of 

rail corrugation to some extent on the tight-curve rail of the metro. The key difference is that the 

negative EDR of the dominant unstable vibration frequency in the WRS is smaller for wheels with 

the S-shape web structure. This finding suggests that the WRS with the S-shape web structure is 

more susceptible to unstable vibration. 
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Wheel web（a） （b）

Wheel hub

Wheel rim

 
Fig. 3. Cross sections of wheels with two web shapes: a) straight web and b) S-shape web 
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a) Straight web 
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b) S-shape web 

Fig. 4. Frequency distribution of unstable vibration of WRS with different web structures 

Fig. 5 and 6 exhibit the modal shapes associated with the unsteady vibrations observed in the 

WRS, which suggest that the unstable vibration primarily occurs in the wheels. The WRS with the 

S-shape web structure exhibits unstable modes, including axial modes at 443.85 Hz and 

463.79 Hz, umbrella mode at 397.86 Hz, rolling vibration at 210.97 Hz, and yaw vibration at 

200.53 Hz, respectively. Additionally, another unstable mode of the WRS is the axial modes of 

449.56 Hz and 429.38 Hz. The primary frequency range for unstable vibration in both WRSs falls 

within the 430-470 Hz range, which closely to the passing frequency of rail corrugation on tight-

curve rails in the actual metro systems. 

 
a) Unstable vibration mode shape with a frequency of 200.53 Hz 

 
b) Unstable vibration mode shape 

 with a frequency of 210.97 Hz 

 
c) Unstable vibration mode shape 

 with a frequency of 397.86 Hz 
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d) Unstable vibration mode shape  

 with a frequency of 443.85 Hz 

 
e) Unstable vibration mode shape  

 with a frequency of 463.79 Hz 

Fig. 5. Modal shape of unstable vibration of WRS with S-shape web 

 
a) Unstable vibration mode shape  

 with a frequency of 429.38 Hz 

 
b) Unstable vibration mode shape  

 with a frequency of 449.56 Hz 

Fig. 6. Modal shape of unstable vibration of WRS of straight web 

In conclusion, the web structure of the wheelset has a notable influence on the stability of the 

WRS. The development of rail corrugation in the WRS with the S-shape web structure is more 

likely to occur and progress compared to that with the straight web structure, where the 

development of rail corrugation is relatively slower. 

3.2. Effect of web curvature on rail corrugation 

In this section, we examine the impact of web curvature on the unstable vibration of the WRS 

and a wheel with bow web structure is designed. Fig. 7 depicts the schematic diagram of the wheel 

with a bow web structure, which stems from the optimal design of the wheel with a straight web 

structure in the upper section. To ensure reliable outcomes, the relative position of the rim and 

hub remain unchanged, while the modeling parameters such as wheel tread, rolling radius, and 

wheel axle radius remain consistent. Fig. 7(a) showcases the bow web structure, which comprises 

four short transition arcs with radii of 𝑟1, 𝑟2, 𝑟3, and 𝑟4, and a long arc with a radius of 𝑅1 that 

determines the shape of the wheel web; the web thickness is 25 mm. Based on this web structure, 

we design a wheel with a bow web structure at a different radius 𝑅1. The radius 𝑅1 of the bow 

web ranges from 275 mm to 400 mm, with a span of 25 mm, resulting in six wheels with varying 

web structures. 

R1

 
a) Bow web 

R2

 
b) Reverse bow web 

Fig. 7. Bow web curvature diagram 

Fig. 8 exhibits the transformation of the EDR of the WRS concerning the web curvature, 

indicating that the negative EDR appears and gradually decreases as the web curvature decreases. 

The negative EDR is absent in the analysis results of the wheel with a web radius 𝑅1 ranging from 

275 mm to 325 mm; thus, it is not shown in the figure, signifying that the WRS within the web 

radius range is not impacted by FIV. Upon comparing the analysis outcomes in the previous 

section, it is evident that the stability of the WRS of the bow web structure surpasses that of the 
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straight web and S-shape web, fully exhibiting the advantages of its structure. 

 
Fig. 8. Effect of bow web curvature on unstable vibration of the WRS 

Fig. 7(b) illustrates the wheel with the reverse bow web structure, which has a structure similar 

to that of the wheel with the bow web structure, except for the direction of the long arc in the 

middle, which is opposite. Based on this web structure, we design a wheel with a reverse bow web 

structure at a different radius 𝑅2; the web radius 𝑅2 ranges from 300 mm to 400 mm, with a span 

of 25 mm. Fig. 9 displays the distribution of the EDR of the reverse bow web structure concerning 

the web curvature. Compared to the analysis results of the straight web structure and the bow web 

structure, the negative EDR of the reverse bow web structure significantly declines, indicating 

that the WRS of the reverse bow web structure is more unstable. As the web curvature increases, 

the EDR decreases, leading to an increased likelihood of rail corrugation. 
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Fig. 9. Effect of curvature of reverse bow web on unstable vibration of the WRS 

The research results indicate that the curvature of the wheel web significantly affects the 

unstable vibration of the WRS. Compared to wheels with the conventional straight web structure 

and the S-shape web structure, wheels with the bow web structure effectively mitigates rail 

corrugation caused due to FIV. The greater the web curvature, the more effective the control, 

suggesting that using a bow web structure instead of a conventional web structure offers 

significant advantages in improving the stability of the WRS. Conversely, the reverse bow web 

structure aggravates the unstable vibration of the WRS and accelerates the growth of rail 

corrugation. 

4. Discussion 

This study focuses on analyzing how the wheel web structure influences the formation of short-
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pitch corrugation on tight curves. The web shape significantly affects the occurrence of unstable 

vibrations in the WRS, whether it is a straight web, an S-shape web or a bow web. The finite 

analysis results of WRS with different web structures show that the wheels experience slight 

elastic deformation after contacting the rail under the action of gravity, and the deformation of 

wheels with different web structures is significantly different. Fig. 10 compares the deformation 

of the S-shape web before and after being subject to the contact force, and the deformation scale 

factor is 1,000, indicating that the deformation of wheels is mainly reflected in the axial change. 

Before the action of contact force

After the action of contact force

contact area

 
Fig. 10. Comparison before and after wheel deformation 

To fully reflect the degree of axial deformation of webs with different structures, the axial 

displacement 𝑑𝑦 (Define a positive direction towards the inner rail) is recorded at the position 

shown in Fig. 11 as the standard to measure the degree of wheel deformation. Fig. 12 shows the 

change in the axial displacement 𝑑𝑦 of wheels with different web structures with the contact force, 

indicating significant differences in the axial deformation of wheels with different web structures. 

The axial deformation extends toward the inner rail or the outer rail, and according to the research 

results of this paper, when the axial deformation extends toward the inner rail, there is no unstable 

vibration mode of the WRS; when it extends toward the outer rail, the smaller the slope, the easier 

it is to cause FIV. 

 
Fig. 11. Schematic diagram of the axial deformation value of the wheel 
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Fig. 12. Axial deformation of wheel 
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Fig. 13 depicts the relationship between the EDR of the two primary unstable vibration modes 

with a frequency of approximately 450 Hz and the axial displacement 𝑑𝑦 when the wheel and the 

rail are in stable contact. When the axial deformation of the wheel points to the outer rail, the 

greater the value of the axial displacement 𝑑𝑦 when the rail is in stable contact, the greater the 

absolute value of the EDR of the primary unstable vibration mode, and the more unstable the WRS 

where equation is inside the table with no borders.  
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Fig. 13. Change in the EDRs of two primary unstable vibration frequencies  

with the axial deformation 𝑑𝑦 when the wheel and the rail are in stable contact 

To explore whether “the unstable vibration mode of the WRS disappears when the axial 

deformation of the wheel points to the inner rail” can be established under any working conditions 

of the WRS, the research results of Cui et al. [32, 3] indicate that the rigidity of the rail fastener 

and the coefficient of friction at the wheel-rail contact interface is critical for the unstable vibration 

of the WRS. Accordingly, the e-type clip fastener in the original model is replaced with the 

Cologne egg fastener, trapezoidal sleeper fastener, DTV12 fastener, Vanguard fastener, and 

floating rail damping fastener, and the value of the friction coefficient of 0.3 in the original WRS 

is changed to 0.2, 0.4, and 0.5 for recalculation of the wheel whose axial deformation points to the 

inner rail. The results show no unstable modes in the WRS after the change in the fastener system 

or the wheel-rail contact friction coefficient, indicating the applicability of the research results in 

this paper. 

The axial deformation of the wheel is the primary determinant of vehicle operational stability. 

This conclusion inspires wheel design; that is, if the axial deformation of the wheel in contact with 

the rail is considered in the early stage of wheel development, it will significantly alleviate or even 

eradicate the short-pitch corrugation on the tight curve of the metro. 

5. Conclusions 

The present study investigates the impact of wheel web structure on the stability of the WRS 

in metro railways. Utilizing finite element analysis software and complex eigenvalue analysis, the 

study explores the control measures for short-pitch corrugation on tight curves by optimizing the 

wheel web parameters. The following conclusions are drawn: 

(1) Different wheel web structures significantly affect the stability of the WRS. The S-shape 

web structure exhibits a higher inclination to FIV than the straight web structure. 

(2) The designed bow web structure wheel presents higher operational stability of the WRS 

than conventional wheels with straight web and S-shape web structures. 

(3) Axial deformation of the wheel is a critical factor affecting FIV. When the axial 

deformation of the wheel extends toward the outer rail, the impact of FIV on the WRS is greater. 

Conversely, when the axial deformation extends toward the inner rail, the unstable vibration mode 

in the WRS is eliminated, and short-pitch corrugation induced by FIV is suppressed. 
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The findings of this study are beneficial for wheel design, which can mitigate or eliminate 

short-pitch corrugation on tight curves in metro railways. Future research will focus on conducting 

comprehensive experimental validations and implementing the proposed method in practical 

applications to further assess its effectiveness in suppressing or eliminating short-pitch corrugation 

on tight curves. 
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