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Abstract. The riser system acts as the vital link between the subsea blow-out preventer and the 
drilling platform. Affected by factors like top tension and marine environmental forces, the riser 
undergoes deformation and wear, carrying the risk of environmental pollution and financial losses 
upon failure. Hence, this study examines the riser's dynamic response to marine environmental 
loading. Initially, the motion differential equation for the riser system under the influence of 
nonlinear oceanic load is deduced using the principle of minimum potential energy and the 
variational method for extremum seeking. Subsequently, a nonlinear wave-current load model 
based on the Morrison equation is established, and the resulting equation is discretized into a finite 
element model using third-order Hermite interpolation function and the Galerkin weighted 
residual method. Finally, the dynamic response of the riser is scrutinized employing the Newmark 
numerical integration method. The study also investigates the impact of both oceanic 
environmental parameters and drilling parameters on the riser’s dynamic behavior. Comparative 
analysis of the numerical results reveals that the maximum displacement of the riser occurs at the 
middle section, whereas the maximum deflection angle is observed at the end of the riser. The 
periodicity of the deflection angle response is influenced by the position of the riser, showing a 
trend of decreasing and then increasing from the middle section towards the ends. Notably, the 
top tension and the velocity of the surface tidal current significantly affect the dynamic behavior 
of the riser. The findings of this study provide a theoretical foundation for the assessment of riser 
reliability and the determination of operational parameters.  
Keywords: riser, dynamic response, nonlinear loading, periodicity. 

1. Introduction 

Offshore drilling has gained significant recognition as a widely embraced methodology for 
extracting energy resources. Within the domain of offshore drilling, risers play a pivotal role by 
establishing a vital connection between the subsea wellhead and the drilling platform. As a 
specialized pipeline system, risers withstand external loads while bearing internal high-pressure 
fluids. Consequently, it becomes imperative to thoroughly comprehend and analyze the dynamic 
behavior of risers in order to optimize drilling efficiency and mitigate potential risks. 

Since the initiation of the Mohole drilling project in 1957, significant progress has been made 
in the study of the mechanical characteristics of offshore risers over the past few decades. The 
early theoretical investigations primarily focused on static analysis of risers, examining their 
mechanical behavior under stationary or quasi-stationary conditions. One major issue in early 
research of static analysis of risers concerned empirical formulas and theoretical models. Burke 
established the earliest static model of risers by describing the force state of riser elements using 
the fourth-order differential equation of the Euler-Bernoulli beam [1]. Based on Burke’s work, 
scholars simplified models of risers and utilized computer simulations to replicate actual 
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conditions and to identify the key parameters influencing riser behavior [2-4]. With the 
advancement and maturity of the small-strain theory and finite element methods, they have 
gradually been incorporated into the static analysis of risers, demonstrating their growing 
significance and practical application in the field. Bernitsas et al. investigated the static state of 
three-dimensional nonlinear riser models using small-strain theory [5]. Subsequently, finite 
element methods were employed by Bernitsas to conduct static analysis of risers, in which the 
coupling relationship between transverse displacements and slopes generated by axial extension 
deformations was determined [6]. With the increasing water depths of offshore exploration and 
the growing complexity of marine environments, relying solely on static analysis of risers is 
inadequate to meet the safety production requirements. This highlights the crucial significance of 
dynamic response analysis. The dynamic analysis of risers includes both time-domain analysis 
and frequency-domain analysis. Kirk et al. utilized free vibration and rigid-body displacement to 
solve the tensioned beam equations, analyzing the in-line dynamic response of risers subjected to 
periodic excitation from surface vessels in time-domain [7]. Lei et al. formulated a nonlinear 
coupling model for the riser subjected to combined axial and transverse loads. Their findings 
highlight the substantial enhancement of lateral dynamic response due to axial excitation [8]. Duan 
conducted a comprehensive study on the influence of internal velocity and density on 
vortex-induced vibration response of flexible risers in deep sea mining. Using a validated 
semi-empirical time-domain prediction method that accounts for both internal and external flow, 
the research demonstrated notable effects of the internal flow on the riser's dominant frequency, 
displacement, and drag coefficient [9]. Wang et al. proposed an analytical method to predict the 
transverse vibration response of a jack-up riser under random wave load, which is based on Euler-
Bernoulli beam theory and Mindlin-Goodman method in the frequency domain. Experimental 
verification was conducted to validate the accuracy of the proposed method [10]. Several studies 
have demonstrated that both the top tension and internal fluid play crucial roles in influencing the 
dynamic response of the riser [11-14]. Yuan et al. utilized the force decomposition model to 
establish the equations of motion for the riser and investigated the effects of vortex force, relative 
inertia force, and Coriolis force induced by the internal fluid on the riser [15]. Guo et al. studied 
the dynamic response of a top tensioned riser under combined excitation of internal solitary wave, 
surface wave, and vessel motion. The riser is modeled as a tensioned slender beam with dynamic 
boundary conditions. Numerical analysis using the finite element method reveals that the internal 
solitary wave exerts a dominant influence on the riser, surpassing the effects of the surface wave 
and vessel motion [16]. Lou et al. studied the dynamic response of a marine riser under the 
excitation of internal waves using a linear approximation. The numerical results showed that the 
internal wave resulted in circular shear flow, and the first two modes had a dominant effect on the 
dynamic response of the marine riser [17]. An improved method for analyzing the axial dynamic 
response of risers was proposed by Liu. The method was used to study the detailed influence of 
hydrodynamic loads on the axial dynamics of risers under different amplitudes and periods of 
platform motion and riser configurations [18]. Substantial evidence supports the notion that 
fatigue damage is a crucial factor in determining the safety of risers [19-20]. Jeong et al. studied 
the effects of slug flow on the dynamic response and fatigue damage of risers, for which they 
developed a methodology to evaluate the impacts. The study concluded that the main impact of 
the slug flow is the increased fatigue damage of the riser structure [21]. Kim et al. proposed a new 
dynamic analysis method for flexible risers, considering geometric and bending nonlinearity. The 
method, based on Green Lagrange strain and seabed interaction, examined the risers' dynamic 
response and fatigue damage. They also developed OPFLEX, a dynamic analysis program that 
accounted for shear deformation and varying tension in the riser [22]. Numerous researchers have 
developed a range of computational programs for analyzing the dynamic response of risers. Patel 
et al. presented the time and frequency domains analysis procedures for risers [23]. McNamara et 
al. employed a mixed finite element procedure to analyze the time-domain dynamic response 
problem of two-dimensional flexible risers [24]. Wang et al. conducted modal analysis to explore 
the dynamic characteristics of the riser system in the frequency domain [25]. 
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In summary, the investigation of the dynamic behavior of risers in offshore drilling has been a 
focal point in research. Finite element analysis has emerged as the most efficient approach for 
studying the dynamic response of continuous structures like risers. Moreover, risers are subject to 
external nonlinear loads, which contribute to the manifestation of nonlinear characteristics in their 
dynamic behavior. However, Researchers have not treated nonlinear loadings of ocean in much 
detail. Existing literatures predominantly simplified the nonlinear loads as uniformly distributed 
loads and lacked explicit elucidation of the dynamic modeling and finite element analysis 
procedures for risers. This paper aims to comprehensively expound on the dynamic modeling and 
finite element solution process for risers under the influence of nonlinear loads. The dynamic 
response of the risers will be examined utilizing a time-domain analysis approach, and the 
parameter analysis will be conducted to assess the primary factors impacting the deformation of 
the risers. The ultimate goal of this research is to provide significant theoretical support for the 
accurate evaluation of the safety and reliability of risers. 

2. Dynamical model of riser 

The riser model depicted in Fig. 1 illustrates the connection of the riser to both the drilling 
platform and the subsea blowout preventer through upper and lower flexible joints. Additionally, 
the riser experiences non-uniform loads caused by oceanic conditions. Furthermore, the riser is 
filled with drilling fluid, and a drill string is operated within it. To simplify the theoretical 
derivation and maintain the rationality of the model, the factors with minor impacts on the model 
are ignored, and some assumptions are proposed as follows: 

1) The riser is a type of rigid pipe that undergoes minor deformation, making it suitable for 
analysis under the assumption of large strain and small deformation; 

2) The riser is made of homogeneous and isotropic materials, and its deformation remains 
within the linear elastic range;  

3) The influence of various small tubes within the riser on its stiffness is neglected due to the 
thinness of the kill and choke lines; 

4) The collision effect of the drill string on the riser is not taken into consideration;  
5) The sway motion of the platform is not considered. 

 
Fig. 1. The schematic diagram of an offshore platform riser 

When dynamically modeling the riser depicted in Fig. 1, it is considered as a collection of 
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interconnected elastic beam elements. A Cartesian coordinate system is established, and a beam 
element at arbitrary position is selected for force analysis, as illustrated in Fig. 2. In this figure, 
the 𝑦-axis represents the in-line direction, while the 𝑥-axis corresponds to the axis direction of the 
riser. The variables 𝑢 and 𝑣 represent the axial and in-line displacements of the riser, respectively. 𝑀 is the section bending moment, and 𝑇 is the section tension. m signifies the vibration mass of 
the riser per unit length, and 𝐹ሺ𝑥, 𝑡ሻ represents the external load applied to the riser per unit length. 

 
Fig. 2. Riser element model 

The deformation energy, kinetic energy, and external work of the riser element can be 
mathematically expressed using the model. 

The deformation energy of a riser element is attributed to internal forces such as the section 
bending moment 𝑀 and tension 𝑇. By employing the moment-curvature equation, the bending 
moment can be expressed as follows: 

𝑀ሺ𝑥, 𝑡ሻ = −𝐸𝐼 𝜕ଶ𝑣ሺ𝑥, 𝑡ሻ𝜕𝑥ଶ , (1)

where 𝐸 represents the elastic modulus and 𝐼 denotes the moment of inertia of the section. 
The deformation energy generated by work done of bending moments is expressed as: 𝑑𝑈ெ = 12𝑀𝑑𝜃, (2)

where 𝜃 is the rotation angle of the riser. 
By substituting Eq. (1) into Eq. (2), the expression for the deformation energy caused by the 

bending moment can be derived as follows: 

𝑑𝑈ெ = 12𝐸𝐼 ቆ𝜕ଶ𝑣𝜕𝑥ଶቇଶ 𝑑𝑥. (3)

The deformation energy resulting from tension work can be represented as: 

𝑑𝑈் = 12𝑇 ൬𝜕𝑣𝜕𝑥൰ଶ 𝑑𝑥. (4)

Hence, the deformation energy of the riser element can be described as: 
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𝑑𝑈 = 𝑑𝑈ெ + 𝑑𝑈் = 12 ൥𝐸𝐼 ቆ𝜕ଶ𝑣𝜕𝑥ଶቇଶ + 𝑇 ൬𝜕𝑣𝜕𝑥൰ଶ൩ 𝑑𝑥. (5)

The riser may undergo vibration due to nonlinear and time-varying loads, and the kinetic 
energy of the riser element can be represented as follows: 

𝑑𝑇 = 12𝑚൬𝜕𝑣𝜕𝑡൰ଶ 𝑑𝑥. (6)

The loads acting on the riser primarily consist of nonlinear and time-varying loads, as well as 
the friction damping force between the drilling fluid and the riser. However, this study mainly 
focuses on the impact of external nonlinear loads on the riser, and previous research has suggested 
that the influence of viscous frictional damping on the motion characteristics of the riser is 
negligible. Therefore, the work done by the friction damping force is disregarded. The work done 
by the external load on the riser element can be expressed as follows: 𝑑𝑊ி = 𝐹ሺ𝑥, 𝑡ሻ𝑣𝑑𝑥. (7)

Based on the above analysis, the potential energy of riser element can be described as: 

𝑑Π = 12 ൥𝐸𝐼 ቆ𝜕ଶ𝑣𝜕𝑥ଶቇଶ + 𝑇 ൬𝜕𝑣𝜕𝑥൰ଶ − 𝑚൬𝜕𝑣𝜕𝑡൰ଶ − 2𝐹(𝑥, 𝑡)𝑣൩ 𝑑𝑥. (8)

Therefore, the total energy of the riser in a given period 𝜏 is expressed as follows: 

Π = 12න න ൥𝐸𝐼 ቆ𝜕ଶ𝑣𝜕𝑥ଶቇଶ + 𝑇 ൬𝜕𝑣𝜕𝑥൰ଶ − 𝑚 ൬𝜕𝑣𝜕𝑡൰ଶ − 2𝐹(𝑥, 𝑡)𝑣൩௅
଴

ఛ
଴ 𝑑𝑥𝑑𝑡, (9)

where 𝐿 represents the total length of the riser. 
It is evident from Eq. (9) that Π is the functional of in-line displacement 𝑣(𝑥, 𝑡). According to 

the principle of minimum potential energy, the most probable displacement should yield the 
minimum of Π, in other words, Π should satisfy Euler’s equation. Π is a functional of multivariate 
functions, and contains higher derivatives of self-varying functions. The corresponding Euler 
equation can be derived as follows: 

Π௩ − 𝜕𝜕𝑥 Π௣ − 𝜕𝜕𝑡 Π௤ + 𝜕ଶ𝜕𝑥ଶ Π௣ᇲ = 0, (10)

with 𝑝 = 𝜕𝑣 𝜕𝑥⁄ , 𝑝′ = 𝜕ଶ𝑣 𝜕𝑥ଶ⁄ , 𝑞 = 𝜕𝑣 𝜕𝑡⁄ , Π௩ = 𝜕Π 𝜕𝑣⁄ , Π௣ = 𝜕Π 𝜕𝑝⁄ = 𝜕Π 𝜕(𝜕𝑣 𝜕𝑥⁄ )⁄ , Π௣ᇱ = 𝜕Π 𝜕𝑝′⁄ = 𝜕Π 𝜕(𝜕ଶ𝑣 𝜕𝑥ଶ⁄ )⁄ , Π௤ = 𝜕Π 𝜕𝑞⁄ = 𝜕Π 𝜕(𝜕𝑣 𝜕𝑡⁄ )⁄ . 
By substituting Eq. (9) into Eq. (10), the differential equation of riser system motion can be 

obtained as follows: 

𝐸𝐼 𝜕ସ𝑣𝜕𝑥ସ − 𝑇 𝜕ଶ𝑣𝜕𝑥ଶ + 𝑚𝜕ଶ𝑣𝜕𝑡ଶ = 𝐹(𝑥, 𝑡). (11)

Due to the equation is a fourth-order derivative, four boundary conditions are required to 
determine the solution of the equation. Assuming the rotational stiffness of the lower flexible joint 
of the riser is denoted as 𝐾௕, the lower boundary condition of the riser can be described as: 
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ቐ𝑣(0, 𝑡) = 0,𝐸𝐼 𝜕ଶ𝑣(0, 𝑡)𝜕𝑥ଶ = 𝐾௕ 𝜕𝑣(0, 𝑡)𝜕𝑥 . (12)

Additionally, the rotational stiffness of the upper flexible joint of the riser is set to 𝐾௨, Since 
the sway motion of the platform is ignored, the boundary condition on the riser is expressed as: 

ቐ𝑣(𝐿, 𝑡) = 0,𝐸𝐼 𝜕ଶ𝑣(𝐿, 𝑡)𝜕𝑥ଶ = 𝐾௨ 𝜕𝑣(𝐿, 𝑡)𝜕𝑥 . (13)

Typically, tension in excess of the floating weight of riser is provided by the top tensioner. As 
a result, the corresponding bottom tension will be generated at the bottom joint of the riser, as 
shown in Fig. 3. 

 
Fig. 3. The schematic diagram of riser tension 

According to the force balance: 𝑇௧௢௣ = 𝑊 + 𝑇௕௢௧ , (14)

where 𝑇௧௢௣ is the tension at the top of the riser while 𝑇௕௢௧ is the tension at the bottom of the riser, 
and W is the floating weight of the riser. 𝑊 = (𝜋 4⁄ )(𝜌௦ − 𝜌௪)𝑔𝐿ሾ𝐷ଶ − (𝐷 − 2𝛿)ଶሿ, where 𝜌௦ is 
riser density, 𝜌௪ is seawater density, and g is gravitational acceleration. 𝐷 represents the outer 
diameter of the riser, and 𝛿 represents the thickness of the riser. 

Thus, the tension of any section is denoted by: 𝑇(𝑥) = 𝑥𝐿𝑊 + 𝑇௕௢௧ . (15)

The vibration mass per unit length of riser includes the mass of the riser itself, the mass of the 
internal drilling fluid, and the mass of the seawater attached to the external surface, i.e.: 𝑚 = 𝑚௦ + 𝑚௟ + 𝑚௔, (16)

where 𝑚௦ is the riser mass per unit length, 𝑚௟ is the drilling fluid mass in the riser per unit length, 
and 𝑚௔ is the seawater mass attached to the riser surface per unit length.  𝑚௔ = (𝜋 4⁄ )(𝐶ெ − 1)𝐷ଶ𝜌௪, in which 𝐶ெ represents the coefficient of inertia force. 

According to Morrison's equation, the action of ocean current on riser can be divided into 
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viscous effect and additional mass effect, namely drag force and inertia force. Since the seawater 
particle moves back and forth in a periodic manner, their velocities alternate between positive and 
negative values. The in-line drag force can be expressed as: 𝑓஽ = 12𝑢௫|𝑢௫|𝐴𝜌௪𝐶஽, (17)

where 𝑢௫ is the relative velocity of seawater particle and riser in the in-line direction, 𝐴 is the 
projected area of the riser per unit length perpendicular to the flow direction, and 𝐶஽ is the 
viscosity coefficient. 

The in-line inertial force, which comprises the inertial force generated by the riser itself and 
the inertial force generated by the external seawater mass, is directly proportional to the 
acceleration: 

𝑓ூ = 𝜌௪𝑉଴ 𝑑𝑢௫𝑑𝑡 + 𝐶௠𝜌௪𝑉଴ 𝑑𝑢௫𝑑𝑡 = 𝐶ெ𝜌௪𝑉଴ 𝑑𝑢௫𝑑𝑡 , (18)

where, 𝑉଴ is the drainage volume per unit length of riser, 𝑉଴ = (𝜋 4⁄ )𝐷ଶ. 𝑑𝑢௫/𝑑𝑡 is the relative 
acceleration of seawater particle and riser in the in-line direction, and 𝐶௠ is the additional mass 
coefficient. 

According to the second-order Stokes wave theory, the seawater particle velocity and 
acceleration are as follows: 

𝑢௪ = 𝐻𝜋𝑇 coshሾ𝑘(𝑥 + 𝑑)ሿsinh(𝑘𝑑) cos(𝑘𝑦 − 𝜔𝑡), (19)𝑑𝑢௪𝑑𝑡 = 2𝐻𝜋ଶ𝑇ଶ coshሾ𝑘(𝑥 + 𝑑)ሿsinh(𝑘𝑑) sin(𝑘𝑦 − 𝜔𝑡), (20)

where 𝐻 is the wave height, 𝑇 is the wave period, and 𝑘 is the wave number. 𝑑 represents the 
water depth, and 𝜔 denotes the wave frequency. 

According to Wilson’s theory, the flow velocity in the shallow area is calculated by the 
following equation: 

𝑢௙ = 𝑉஼ௐ ቀ𝑥𝑑ቁ + 𝑉ௗ ቀ𝑥𝑑ቁଵ ଻ൗ , (21)

where 𝑉஼ௐ is the wind current speed, 𝑉ௗ is the tidal current speed. 𝑉஼ௐ = 𝐾ௐ𝑉ௐ, in which 𝑉ௐ is 
the wind speed of sea surface and 𝐾ௐ is the wind speed factor. 𝑉ௗ = (𝑅ௗ 𝑅ெ௜⁄ )𝑉ெ௜, where 𝑅ௗ is 
the tidal range, 𝑅ெ௜ (𝑖 = 𝑠,𝑚,𝑛) represent the mean tidal range of spring tide, middle tide and 
neap tide, 𝑉ெ௜ (𝑖 = 𝑠,𝑚,𝑛) denote the mean current velocity of sea surface during spring tide, 
middle tide and neap tide. 

Therefore, the external load per unit length riser is written as: 

𝐹(𝑥, 𝑡) = 12𝐴𝜌௪𝐶஽ ൬𝑢௪ + 𝑢௙ − 𝜕𝑢𝜕𝑡൰ ฬ൬𝑢௪ + 𝑢௙ − 𝜕𝑢𝜕𝑡൰ฬ+ 𝐶ெ𝜌௪𝑉଴ ቆ𝑑𝑢௪𝑑𝑡 − 𝜕ଶ𝑢𝜕𝑡ଶቇ. (22)

In order to simplify the solution process and ensure the solution accuracy, the 
Krylov-Bogoliubov method is employed to linearize the velocity square term in Eq. (22) as 
follows: 

𝐹(𝑥, 𝑡) = 12𝐴𝜌௪𝐶஽𝐵 ൬𝑢௪ + 𝑢௙ − 𝜕𝑢𝜕𝑡൰ + 𝐶ெ𝜌௪𝑉଴ ቆ𝑑𝑢௪𝑑𝑡 − 𝜕ଶ𝑢𝜕𝑡ଶቇ, (23)
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where 𝐵 is the damping linearization factor. 𝐵 = (8 3𝜋⁄ )൫𝑢௪ + 𝑢௙ − 𝜕𝑢 𝜕𝑡⁄ ൯଴, in which ൫𝑢௪ + 𝑢௙ − 𝜕𝑢 𝜕𝑡⁄ ൯଴ represents the amplitude of ൫𝑢௪ + 𝑢௙ − 𝜕𝑢 𝜕𝑡⁄ ൯. 
3. Finite element model of riser 

Considering the characteristics of the differential equation governing the motion of the riser, 
the finite element method is utilized to discretize the equation. In work environment, risers exhibit 
a variety of curve forms. The third-order Hermite interpolation function excels at providing finer 
approximations for intricate function shapes, proving especially valuable in situations demanding 
heightened accuracy. Hence, incorporating the Hermite cubic interpolation function 𝐍(𝑥) as the 
shape functions for riser elements, the in-line displacement of the riser is represented by: 𝑣(𝑥, 𝑡) = 𝐍(𝑥) ⋅ 𝐪, (24)

with 𝐍(𝑥) = ሾ𝑁ଵ(𝑥) 𝑁ଶ(𝑥) 𝑁ଷ(𝑥) 𝑁ସ(𝑥)ሿ, 𝐪 = ሾ𝑣ଵ 𝜃ଵ 𝑣ଶ 𝜃ଶሿ், 𝑣ଵ, 𝑣ଶ represent the 
displacements of nodes 1 and 2, while 𝜃ଵ,𝜃ଶ signify the rotations of nodes 1 and 2, 
respectively.𝑁ଵ(𝑥) = 1 − 3 ௫మ௟మ + 2 ௫య௟య , 𝑁ଶ(𝑥) = 𝑥 − 2 ௫మ௟ + ௫య௟మ , 𝑁ଷ(𝑥) = 3 ௫మ௟మ − 2 ௫య௟య ,  𝑁ସ(𝑥) = −௫మ௟ + ௫య௟మ . 

Given the intricate nonlinear and unsteady characteristics inherent in riser dynamics, opting 
for the Galerkin weighted residual method to discretize the motion model of the riser allows for 
an effective capture of the system’s dynamic behavior. The general expression of the Galerkin 
weighted residual method is: න (𝐿(𝑢) − 𝑓) ⋅ஐ 𝑤𝑑Ω = 0. (25)

Here, 𝐿(𝑢) represents the differential term of the partial differential equation, 𝑓 is the external 
source term in the equation, and 𝑤 is the weighting test function. Ω represents the entire spatial 
domain. The solution of this equation involves approximating the original partial differential 
equation by making the weighted residual integral equal to zero. 

By employing the Galerkin weighted residual method, it can be obtained that: 

෍න𝐍′′்𝐸𝐼𝐍′′௟ 𝑑𝑥𝐪ሷ௡
௜ୀଵ + ෍න𝐍′்𝑇𝐍′𝑑𝑥𝐪௟

௡
௜ୀଵ + ෍න𝐍்𝑚𝐍𝑑𝑥௟ 𝐪ሷ௡

௜ୀଵ      = ෍න𝐹(𝑥, 𝑡)𝐍்𝑑𝑥௟
௡
௜ୀଵ − ቆ𝑤௜𝐸𝐼 𝜕ଷ𝑣𝜕𝑥ଷቇ଴௅ + ቆ𝑑𝑤௜𝑑𝑥 𝐸𝐼 𝜕ଶ𝑣𝜕𝑥ଶቇ଴௅ + ൬𝑤௜𝑇 𝜕𝑣𝜕𝑥൰଴௅ , (26)

where 𝐪ሷ = 𝜕ଶ𝐪 𝜕𝑡ଶ⁄ , 𝐍′ = 𝜕𝐍 𝜕𝑥⁄ , 𝐍′′ = 𝜕ଶ𝐍 𝜕𝑥ଶ⁄ . 𝑛 represents the number of elements, 𝑙 
denotes the length of elements. 𝑤௜ is the weight function, and the right side of the equal sign is the 
external load and boundary condition. 

With the boundary condition assumed to be vanishing, the above equation can be rearranged 
to obtain: 𝐌𝐪ሷ + (𝐊ாூ + 𝐊்)𝐪 = 𝐅, (27)

with 𝐌 = ∑ ׬ 𝐍்𝑚𝐍𝑑𝑥௟௡௜ୀଵ , 𝐊ாூ = ∑ ׬ 𝐍′′்𝐸𝐼𝐍′′௟ 𝑑𝑥௡௜ୀଵ , 𝐊் = ∑ ׬ 𝐍′்𝑇𝐍′𝑑𝑥௟௡௜ୀଵ ,  𝐅 = ∑ ׬ 𝐹(𝑥, 𝑡)𝐍்𝑑𝑥௟௡௜ୀଵ . 
In order to depict the dynamic behavior of the riser under ocean load, a combination of 
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time-domain dynamic response analysis and parameter analysis is applied. The utilization of 
dynamic response analysis allows for the visualization of the temporal variations in the response 
of each node along the riser. Concurrently, the parameter analysis enables a quantitative 
description of the riser’s dynamic behavior characteristics, thereby revealing the underlying 
principles more distinctly. 

In practical engineering, the Newmark numerical integration method is commonly employed 
for time-domain dynamic response analysis. The Newmark method is an implicit integration 
technique that entails discretizing the equations of motion in the time domain. One crucial 
advantage of the Newmark method is its unconditional stability, ensuring it can handle a broad 
range of time step sizes without causing the solution to diverge. Moreover, it retains accuracy even 
for relatively larger time steps, thereby enhancing computational efficiency. This broadens its 
applicability across a spectrum of scenarios. Prior to explaining the principles of the Newmark 
method, a dynamic equation as follows is formulated: 𝐌൛𝛅ሷ ൟ + 𝐂൛𝛅ሶ ൟ + 𝐊ሼ𝛅ሽ = ሼ𝐅ሽ, (28)

where 𝐌, 𝐂 and 𝐊 represent the mass matrix, damping matrix, and stiffness matrix, respectively. 
F is the external load vector. 𝛅, 𝛅ሶ  and 𝛅ሷ  respectively denote the displacement vector, velocity 
vector, and acceleration vector.  

It is assumed that the initial displacement 𝛅଴ and initial velocity 𝛅ሶ ଴ are known. The principles 
of Newmark method are outlined as follows: 

1) Computation of initial acceleration 𝛅ሷ ଴: Based on the initial conditions, it can be deduced 
that: 𝛅ሷ ଴ = 𝐌ିଵ൫𝐅଴ − 𝐂𝛅ሶ ଴ − 𝐊𝛅଴൯. (29)

2) Selection of precision parameter 𝛼, 𝛽 and time step Δ𝑡: Adjusting precision parameter 
allows for a trade-off between stability and accuracy. The range of values for the precision 
parameter is 𝛽 ≥ 0.5, 𝛼 ≥ 0.25(0.5 + 𝛽)ଶ. Subsequently, calculating the integral constants are 
performed as 𝐴ଵ = ଵఈ୼௧మ, 𝐴ଶ = ఉఈ୼௧, 𝐴ଷ = ଵఈ୼௧, 𝐴ସ = ଵଶఈ − 1, 𝐴ହ = ୼௧ଶ ቀఉఈ − 2ቁ, 𝐴଺ = ఉఈ − 1. 

3) Computation of the effective stiffness matrix 𝐊ഥ: 𝐊ഥ = 𝐊 + 𝐴ଵ𝐌 + 𝐴ଶ𝐂. (30)

4) Computation of the effective load vector 𝐅ത at 𝑡 + Δ𝑡: 𝐅ത௧ା୼௧ = 𝐅௧ା୼௧ + ൫𝐴ଵ𝛅௧ + 𝐴ଷ𝛅ሶ ௧ + 𝐴ସ𝛅ሷ ௧൯𝐌 + ൫𝐴ଶ𝛅௧ + 𝐴଺𝛅ሶ ௧ + 𝐴ହ𝛅ሷ ௧൯𝐂. (31)

5) Solution of the displacement 𝛅௧ା୼௧, acceleration 𝛅ሷ ௧ା୼௧ and velocity 𝛅ሶ ௧ା୼௧ at 𝑡 + Δ𝑡: The 
expressions are as shown below, with a strict computational sequence: 𝛅௧ା୼௧ = 𝚱ഥିଵ𝐅ത௧ା୼௧ , (32)𝛅ሷ ௧ା୼௧ = 𝐴ଵ(𝛅௧ା୼௧ − 𝛅௧) − 𝐴ଷ𝛅ሶ ௧ − 𝐴ସ𝛅ሷ ௧, (33)𝛅ሶ ௧ା୼௧ = 𝛅ሶ ௧ + (1 − 𝛽)Δ𝑡𝛅ሷ ௧ + 𝛽Δ𝑡𝛅ሷ ௧ା୼௧ . (34)

6) Iteration: Repeat steps 4) and 5) iteratively to ultimately obtain the dynamic response vector 
in the time domain. 

Utilizing the aforementioned steps to compute the dynamic equation of the riser represented 
by Eq. (27). Considering the accuracy and stability requirements, precision parameters 𝛼 and 𝛽 
are chosen as 0.25 and 0.5, respectively. Setting the time step size Δ𝑡 = 0.1seconds and the 
integration constants are 𝐴ଵ = 1 (𝛼Δ𝑡ଶ)⁄ , 𝐴ଶ = (1 − 𝛽)Δ𝑡, 𝐴ଷ = 1 (𝛼Δ𝑡)⁄ , 𝐴ସ = 1 (2𝛼)⁄ − 1, 
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𝐴ହ = 𝛽Δ𝑡. From the initial displacement vector 𝐪଴ and the initial velocity vector 𝐪ሶ ଴, the initial 
acceleration vector can be calculated as follows: 𝐪ሷ 𝟎 = 𝐌ିଵሾ𝐅𝟎 − (𝐊ாூ + 𝐊்)𝐪𝟎ሿ, (35)

where 𝐅𝟎 is the load vector at the initial time. 
The riser effective stiffness matrix is written as: 𝐊ഥ = (𝐊ாூ + 𝐊்) + 𝐴ଵ𝐌. (36)

The effective load vector at 𝑡 + Δ𝑡 is described as: 𝐅ത௧ା୼௧ = 𝐅௧ା୼௧ + ሾ𝐴ଵ𝐪௧ + 𝐴ଷ𝐪ሶ ௧ + 𝐴ସ𝐪ሷ ௧ሿ𝐌, (37)

where 𝐅௧ା୼௧ is the load vector at time of 𝑡 + Δ𝑡. 
Considering the above derivation, the displacement at 𝑡 + Δ𝑡 is computed iteratively based on 

the effective stiffness matrix as follows: 𝐪௧ା୼௧ = 𝐊ഥିଵ𝐅ത௧ା୼௧ . (38)

The acceleration and velocity at 𝑡 + Δ𝑡 can be obtained as follows: 𝐪ሷ ௧ା୼௧ = 𝐴ଵ(𝐪௧ା୼௧ − 𝐪௧) − 𝐴ଷ𝐪ሶ ௧ − 𝐴ସ𝐪ሷ ௧ , (39)𝐪ሶ ௧ା୼௧ = 𝐪௧ + 𝐴ଶ𝐪ሶ ௧ + 𝐴ହ𝐪ሷ ௧ା୼௧ . (40)

4. Analysis of examples 

4.1. Verification of mesh independence 

Based on the Marine environment of “Exploration No. 3” in the East China Sea, the relevant 
parameters are presented in Table 1. This study primarily focuses on a two-dimensional model of 
the riser, thus verifying mesh independence is essentially confirming the influence of finite 
element size on numerical computations. The following outlines the verification process. 

Table 1. Related parameters 
Parameters Units Values Parameters Units Values 
Depth, 𝑑 m 200 Density of drilling fluid, 𝜌௟ kg·m-3 1300 

Height of wave, 𝐻 m 15 Seawater density, 𝜌௪ kg·m-3 1050 
Period of wave, 𝑇 s 13 Motion viscosity of seawater, 𝛾 m2·s-1 0.9×10-6 

Outer diameter of riser, 𝐷 m 0.5334 Inertia force coefficient, 𝐶ெ – 2 
Thickness of riser, 𝛿 m 0.0127 Viscosity coefficient, 𝐶஽ – 0.45 

Outer diameter of drill pipe, 𝐷ௗ m 0.127 Wind speed, 𝑉ௐ m·s-1 3 
Tension ratio, 𝑇௧௢௣ / W – 1.4 Density of riser, 𝜌௦ kg·m-3 7800 

Elasticity modulus, 𝐸 GPa 210 Mean tidal range of medium 
tide, 𝑅௠ m 1 

Wind speed factor, 𝐾ௐ – 0.03 Mean tidal current velocity of 
the middle tide, 𝑉௠ m·s-1 5 

Rotational stiffness of upper 
flexible joint, 𝐾௨ N·m·rad-1 1.1×108 Tidal range, 𝑅ௗ m 1 

Rotational stiffness of lower 
flexible joint, 𝐾௕ N·m·rad-1 1.1×108 Number of elements, n – 400 

Configuring the length of the riser to be 200 meters, calculation time to be 30 seconds, and 
time step to be one second. Setting the number of riser elements to 400, 800, and 1000, the in-line 
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displacement envelopes of the riser were computed for these scenarios. The computed results are 
depicted in Fig. 4. From Fig. 4, it can be observed that the displacement envelopes for the three 
scenarios are quite consistent. Furthermore, the curves for maximum displacement and minimum 
displacement are the same across all three cases. Moreover, specific computed results are 
displayed in Table 2. It is evident that the displacement results are consistent across scenarios. 
Therefore, the mesh independence of this model is reliable. Hence, in order to ensure the accuracy 
and efficiency of the calculations, a riser model with 800 elements will be chosen for the 
subsequent computational analysis. 

Table 2. Specific numerical results of riser displacement 

Number of 
elements 

Max 
displacement (m) 

Min 
displacement (m) 

Regular 
displacement (m) 
(Height = 100 m, 

time = 20 s) 

Regular 
displacement (m) 
(Height = 150 m, 

Time = 15 s) 
400 2.0787 –0.0466 0.2660 0.5362 
800 2.0785 –0.0468 0.2679 0.5370 
1000 2.0786 –0.0468 0.2681 0.5369 

 

 
a) 

 
b) 

 
c) 

Fig. 4. In-line displacement envelope of riser 

4.2. Time domain dynamic response of riser 

The variations in the displacement and deflection angle of the riser are illustrated in Fig. 5. 
The curves in the figure, represented by different colors, depict the variation of deformation and 
deflection angles of the riser within different time intervals (0-10 s, 10-20 s, 20-30 s). As can be 
seen from Fig. 5, it is evident that the maximum displacement occurs at the midpoint of the riser 
(𝑥 ≈ 102 m) with a magnitude of 2.82 m. In addition, there are instances of “reverse offset” 
observed in the riser at certain times. The diagram also indicates that the riser undergoes deflection 
at different positions, with the deflection angle near the middle of the riser being approximately 
zero. The deflection angle demonstrates symmetrical behavior with respect to the midpoint of the 
riser, exhibiting a maximum angle of 2.55° and a minimum angle of –2.77°. 

In order to provide a more comprehensive representation of the dynamic response of the riser, 
the calculation time has been set to 500 seconds. The displacement responses of the five positions 
along the riser are presented in Fig. 6. Observing the results, it is evident that the riser's 
displacement undergoes periodic changes with a response period of approximately 27 seconds. 
Upon closer inspection, it is apparent that the displacement of the riser at the 2/3 mark surpasses 
the displacement at the 1/3 mark. Likewise, the displacement at the 3/4 mark exceeds that at the 
1/4 mark. These observations indicate that the riser's displacement is not perfectly symmetric 
around its middle section. Specifically, among the two positions symmetric about the midpoint of 
the riser, the one at a greater water depth experiences a larger displacement. 

The response of the deflection angle at various positions of the riser is presented in Fig. 7, 
including a central section (𝑥 = 100 m) and four symmetrical groups of positions. It is evident 
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from Fig. 7 that the deflection angle increases as the position moves closer to the end of the riser. 
Conversely, as the position approaches the middle of the riser, the deflection angle gradually 
decreases and eventually approaches zero. In addition, the periodicity of the deflection angle 
response varies with the position of the riser. The central section exhibits a higher degree of 
periodicity, while the degree of periodicity gradually decreases towards both ends of the riser. The 
deflection angle response shows quasi-periodic variations (including transient instabilities) with 
the waveform differing slightly from one cycle to another, rather than purely periodic behavior 
(steady-state behavior). The phase diagram for each position of the riser is displayed in Fig. 8. 
From the results depicted in Fig. 8, it can be observed that the periodicity of the deflection angle 
response decreases from the middle to both ends of the riser and then increases again. 

 
a) Displacement envelope 

 
b) Deflection angle envelope 

Fig. 5. In-line displacement and deflection angle of riser 

 
a) Riser markings 

 
b) Displacement curve 

 
c) Enlarged view 

Fig. 6. Displacement response of the riser 

 
a) Riser markings 

 
b) Deflection angle curve 

 
c) Enlarged view 

Fig. 7. Deflection angle response of riser 
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a) 𝑥 = 50 m 

 
b) 𝑥 = 67 m 

 
c) 𝑥 = 80 m 

 
d) 𝑥 = 90 m 

 
e) 𝑥 = 100 m 

 
f) 𝑥 = 110 m 

 
g) 𝑥 = 120 m 

 
h) 𝑥 = 134 m 

 
i) 𝑥 = 150 m 

Fig. 8. Deflection angle phase diagram of riser 

4.3. Analysis of parameter sensitivity 

The effect of top tension, sea surface tidal current velocity, wave period, and wave height on 
riser deformation was analyzed while keeping the riser parameters and ocean parameters constant. 
Specifically, the influence of top tension on riser deformation was examined, as depicted in Fig. 9. 
It is evident that the in-line displacement and deflection angle amplitude of the riser decrease with 
increasing top tension. This indicates that increasing the top tension effectively restrains the 
deformation of the riser. The underlying reason for this phenomenon is that augmenting the top 
tension is equivalent to enhancing the bending stiffness of the riser, thereby reducing its 
deformation. 

The relationship between sea surface tidal current velocity and the maximum displacement as 
well as the maximum deflection angle of the riser is depicted in Fig. 10. It is observed that both 
the maximum offset and the maximum deflection angle of the riser increase with higher sea 
surface tidal current velocities. Furthermore, as the sea surface current velocity increases, the rate 
of increment in displacement and deflection angle also increases. It can be inferred that the impact 
of sea surface tidal current velocity on riser deformation is nonlinear. The underlying reason for 
this behavior is that the external load acting on the riser is related to the square term of the sea 
surface tidal current velocity. 

The influence of the wave period on riser is depicted in Fig. 11. It can be observed that the 
displacement and deflection angle of riser remain nearly constant regardless of the variation in 
wave period. Thus, the wave period has negligible influence on the deformation of the riser. 
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Similarly, the effect of wave height on riser deformation is illustrated in Fig. 12. It can be noted 
that the riser deformation remains relatively unchanged as the wave height varies, indicating that 
wave height also has minimal impact on riser deformation. 

 
a) Displacement envelope 

 
b) Deflection angle envelope 

Fig. 9. Influence of top tension on riser deformation 

 
a) Maximum displacement 

 
b) Maximum deflection angle 

Fig. 10. Influence of sea surface tidal current velocity on riser deformation 

 
a) Maximum displacement 

 
b) Maximum deflection angle 

Fig. 11. Influence of wave period on riser deformation 
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a) Maximum displacement 

 
b) Maximum deflection angle 

Fig. 12. Influence of wave height on riser deformation 

The frequency domain analysis of the system involves calculating the natural frequencies and 
conducting vibration mode analysis. Utilizing the previously obtained finite element model of the 
riser, the natural frequencies for each mode of the riser can be determined. Table 3 presents the 
first 10 natural frequencies of the system. It is evident that the first three natural frequencies of the 
riser are relatively low, indicating a higher susceptibility to resonance when subjected to external 
loads. 

Table 3. Natural frequency of riser 
Order Frequency (Hz) Order Frequency (Hz) 

1 0.0164 6 3.1313 
2 0.2372 7 4.4342 
3 0.6269 8 5.9731 
4 1.2306 9 7.7482 
5 2.0639 10 9.4615 

The impact of top tension on the natural frequency of the riser is depicted in Fig. 13. It is 
observed that, with the exception of the first-order natural frequency, the natural frequency of each 
mode increases as the top tension increases. It can be inferred that increasing the top tension can 
enhance the natural frequency of the riser and diminish the likelihood of resonance occurrences. 

 
Fig. 13. Influence of top tension on natural frequency of riser 

5. Conclusions 

In this paper, a nonlinear ocean current load model is established based on the Morrison 
equation, and the differential equation of the riser system under nonlinear ocean current load is 
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derived by applying the principle of minimum potential energy. Subsequently, the differential 
equation is discretized into a finite element model using the cubic Hermite interpolation function 
and the Galerkin weighted residual method. The dynamic response of the riser is obtained using 
the Newmark numerical integration method. Based on the analysis, the following conclusions are 
drawn: 

1) According to the numerical results, it is observed that the maximum in-line displacement is 
located in the middle of the riser, while the maximum deflection angle occurs at the end of the 
riser. Additionally, there are instances where the riser exhibits a phenomenon known as “reverse 
offset”, and the deflection angle shows symmetry about the center point of the riser. 

2) The periodicity of the riser deflection angle response varies depending on the position along 
the riser. Specifically, the periodicity of the deflection angle response from the middle to both 
ends of the riser exhibits a decreasing trend followed by an increasing trend. Furthermore, the 
deflection angle response in the middle section of the riser exhibits the highest degree of 
periodicity.  

3) The riser is highly sensitive to the top tension, as it has a significant impact on its behavior. 
With an increase in top tension, both the maximum displacement and maximum deflection angle 
of the riser decrease, while the natural frequency increases. This can be attributed to the fact that 
increasing the top tension suppresses the deformation of the riser by enhancing its bending 
stiffness. 

4) Among the various ocean parameters considered, it is noteworthy that only the sea surface 
tidal current velocity exhibits a significant impact on riser deformation. The displacement and 
deflection angle of the riser demonstrate an increasing trend as the sea surface tidal current 
velocity rises. It is important to note that the influence of sea surface tidal current velocity on riser 
deformation follows a non-linear pattern. Conversely, parameters such as wave period and wave 
height have negligible effects on the behavior of the riser. 

The findings of this study contribute to the understanding of the motion characteristics and 
parameter sensitivities of risers in complex marine environments. and a theoretical foundation is 
established for the assessment of riser reliability and determination of operational parameters in 
actual marine environments. 
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