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Abstract. Support loss is the phenomenon where part of the vibration energy of a micro-cantilever 
is transferred to the support structure in the form of elastic waves and dissipated. Since the support 
loss is coupled with other dissipations, it is difficult for the experimental operator to analyze it 
experimentally. In this paper, the support loss of micro-cantilever beam is investigated using the 
perfectly matched layer method, and the support loss is calculated by using the two-dimensional 
and three-dimensional models, separately. Then we find that both models are consistent with the 
corresponding theoretical analysis, and the three-dimensional model is closer to the actual 
situation. In addition, we investigate the contribution of the thickness of the support substrate and 
the size of the micro-cantilever beam to the support loss. The result shows that the thicker the 
support substrate and the slimmer the micro-cantilever beam, the smaller the support loss. 
Keywords: atomic force microscope, energy dissipation, support loss, perfectly matched layer. 

1. Introduction 

Atomic force microscope (AFM) is a fundamental tool used for research in microscopic fields 
and is an important member of the huge family of scanning probe microscopes [1], whose 
emergence has promoted the development of nanotechnology and micro/nano industry, prompting 
widespread attention from both the scientific and industrial communities. Its core component, the 
probe, is mechanically described as a micro-cantilever beam, a typical resonant device. And for 
the AFM probe, energy dissipation is one of the most important issues in the design, because the 
lower energy dissipation means better performance [2]. Therefore, in order to obtain optimized 
resonant performance, we must carefully study the dissipation mechanism of the system. 

The AFM has various energy dissipation mechanisms, one of which is support loss. It is the 
phenomenon whereby the energy generated by the vibration of a cantilever beam is propagated 
through an elastic wave to the support structure and dissipated. Since the support loss is coupled 
with other dissipations, it is difficult for the experimental operator to verify it experimentally. 
Therefore, we intend to investigate it by means of finite element simulation. However, we need to 
consider the fact that in practice the AFM probe is really tiny compared to the support substrate 
and the support part of the resonator can be modelled as a semi-infinite space. In order to model 
this, it is necessary to add artificial absorption boundaries in the finite region. There are various 
types of absorption boundary conditions, such as boundary dampers, infinite elements, boundary 
integrals and Perfectly Matched Layer (PML) [3-5]. Among these boundary conditions, PML has 
the advantages of easy implementation, low economic cost, easy calculation, and theoretically can 
absorb any incident angularity wave [6], [7]. So, in this paper, we choose PML as the boundary 
condition and use it to investigate the contribution of support loss to the overall system. 

Previous studies on support loss have made some achievements. Jimbo and Itao [8] derived an 
expression of support loss in first-order resonance for a cantilever resonator with infinite  

https://crossmark.crossref.org/dialog/?doi=10.21595/vp.2023.23676&domain=pdf&date_stamp=2023-10-20


AN ANALYSIS FOR SUPPORT LOSS OF MICRO-CANTILEVER BEAM BASED ON PML METHOD.  
GUOLIN LIU, YU ZENG, JINHAO LIU, ZHENG WEI 

16 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479  

out-of-plane thickness attached to a semi-infinite medium. Park et al. [9], [10] proposed a 
computational model for wave propagation from a vibrating beam to the substrate. Hao et al. [11] 
derived a closed expression for the support loss in resonant beams. They calculated the support 
loss of the clamped-free beam and clamped-clamped beam. Cross et al. [12] studied the elastic 
wave transmission at the joint between two plates of different widths but with the same  
out-of-plane thickness. Photiadis et al. [13], [14] analyzed the support loss in two different cases, 
one where the support is treated as a plate of approximate thickness to the resonator, and the other 
where the support is treated as a semi-infinite elastic medium with an effectively infinite thickness. 
Darvishian et al. [15] investigated the effect of different modes on the support loss by means of 
simulations. Li et al. [16] proposed a method to choose optimal parameters to study the support 
loss. 

In this paper, we established a model to simulate the infinite domain using PML, and discussed 
the theoretical solutions of different researchers for the support loss. After that, we verified the 
theoretical models by means of two-dimensional (2D) and three-dimensional (3D) finite element 
simulation. Then we analyzed the effects of micro-cantilever beam size and support medium 
substrate height to the quality factor of support loss. In addition, we also compared the results of 
support loss in 2D and 3D models, and proved that the 3D model is closer to the real situation. 
Finally, for the realistic case of AFM, we estimated the magnitude of the contribution to the system 
quality factor caused by support loss, and gave some approaches to reduce the dissipation. 

2. Theoretical quality factor of support loss 

Regarding the theoretical derivation of the support loss, Jimbo and Itao [8] first derived a 
two-dimensional model’s representation. They compared the energy of the vibration of the 
cantilever beam with the energy associated with the strain in the elastic medium caused by the 
shear force and bending moment at the root of the cantilever beam. The expression of quality 
factor can be obtained as: 

𝑄 ≃ 2.17 𝑙ℎ 𝐸𝐸 , (1)

where ℎ and 𝑙 are the height and length of the cantilever beam, respectively. 𝐸  and 𝐸 are the 
Young’s modulus of the support substrate and the cantilever beam, respectively. 

Hao et al. [11] gave a theoretical explanation for the support loss. The propagation of elastic 
waves excited by the shear stress of the resonant beam in the support structure is described by 2D 
elastic wave theory. Their model shows that the quality factor of the high mode is lower than that 
of the low mode, and the expression of the quality factor is given by: 

𝑄 = 0.24 1 − 𝜐1 + 𝜐 𝜓 1𝛽 𝜒 𝑙ℎ , (2)

where 𝜐 is the Poisson’s ratio, 𝜓 is a coefficient related to the mode displacement, and 𝛽 and 𝜒 
are the mode constant and mode shape factor. This analytical equation has been simplified by 
Chouvion [19]. 

Photiadis et al. [13], [14] analyzed the vibration of two different support substrate forms. When 
the substrate is the support of a semi-infinite plate, the quality factor caused by the out-of-plane 
vibration of the cantilever beam and radiation to the support substrate is: 

𝑄 ≃ 1.053 𝑙𝑏 ℎℎ , (3)

where 𝑏 is the width of the cantilever beam, ℎ  is the height of the support substrate. 
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When the support structure is thick enough with respect to the wavelength of the propagating 
wave, we can approximate the substrate as a semi-infinite elastic medium and obtain the quality 
factor of the support loss as: 

𝑄 = 3.226 𝑙𝑏 𝑙ℎ . (4)

With several equations above, it can be seen that the support loss is closely related to the 
cantilever beam size and the thickness of the support substrate. The AFM probe in the real state is 
a typical micro-cantilever vibration system, and the support loss is an important part of the energy 
dissipation. So it is necessary to explore the dissipation relationship between the support substrate 
and the micro-cantilever beam. 

3. Simulation 

3.1. 2D simulation model 

In order to study the contribution of the support loss during the operation of the AFM system 
and to verify the correctness of the above analytical equations, the method of finite element 
simulation is used. Considering the actual AFM probe, the probe is very tiny compared to the 
support substrate, and the support substrate can be approximated as a semi-infinite elastic medium. 
So, we use PML as the absorbing boundary condition for the model. About the model size, for the 
actual AFM probe, the size range is between tens of microns. We choose the micro-cantilever 
beam with the length and height dimensions of 125×4 μm2, and the materials of both the beam 
and the substrate are chosen as silicon, setting the material parameters during the simulation, 
density 𝜌 = 2330 kg/m3, Young’s modulus 𝐸 = 169 GPa, Poisson’s ratio 𝜐 = 0.3. The schematic 
diagram of the model is shown in Fig. 1. The substrate is divided into two parts, the bounded 
region and the perfectly matched layer. The size of the bounded support region is chosen as  𝑇 = 0.1 𝑙 ℎ⁄  and the thickness of the perfectly matched layer is 𝑇 = 0.1𝜆  , where 𝜆  is the 
wavelength of the longitudinal wave in the medium.  

After completing the simulation model, we were able to obtain the variation of quality factor 
in the 2D model. The simulation results and the theoretical analysis values in the fundamental 
frequency of the beam were obtained as shown in Table 1. From the table, we can see that the 
quality factor value of the 2D model is 60489, and the quality factors calculated by the analytical 
theories of Jimbo et al. and Hao et al. are 66223 and 63507, respectively. The theoretical and 
simulation results are in good agreement, verifying the feasibility and accuracy of the simulation 
with PML. 

After that, we consider changing the dimensions of the micro-cantilever beam to investigate 
the support loss. In the 2D model, by keeping the length constant and changing the height of the 
cantilever beam, the simulation results are compared with the theoretical results as shown in Fig. 2. 
From the figure, we can see that the results of the 2D simulation are in good agreement with the 
theoretical solution. At the same time, according to the change pattern of the curve, we can find 
that the quality factor of the cantilever beam decreases sharply with the increase of ℎ/𝑙, and the 
support loss become larger. The increase of ℎ/𝑙 means that the cantilever beam becomes shorter 
and thicker, i.e., the cantilever beam has a bigger stiffness. And we can also see that the error 
between the theoretical value and the simulation result gradually increases with the increase of ℎ/𝑙, which is due to the fact that when the structure of the beam becomes shorter and thicker, the 
more it does not match with the assumption of Euler Bernoulli beam. 

Table 1. The theory and simulation results of 2D model 
Beam size (𝑙 × ℎ) Material Jimbo et al. [8] Hao et al. [11] 2D simulation 

125×4 μm2 Silicon 66223 63507 60489 
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Fig. 1. Schematic diagram  

of the two-dimensional model 

 
Fig. 2. Comparison of simulation and theoretical 

results of micro-cantilever beam under different ℎ/𝑙 
3.2. 3D simulation model 

In this section, we consider the simulation of the 3D model. The 3D model has two differences 
compared with the 2D model. One is that the beam of the 3D model has a finite width, and the 
second is that the support substrate considered in the 2D model has an infinite thickness, while 
the 3D model needs to consider the substrate thickness as a finite value. Therefore, for the 
simulation calculation of the 3D model, it is necessary to set a suitable width size for the cantilever 
beam. Generally, the width of the AFM probe is in tens of microns, which is taken as 40 μm here, 
while the support medium substrate is considered to have a finite height of ℎ , and other parameter 
settings are the same as the 2D model. The schematic diagram of the model and the meshing 
diagram are obtained as shown in Fig. 3. 

 
Fig. 3. Schematic diagram of the support  

loss model and simulation mesh 

 
Fig. 4. Quality factor at different  

support substrate heights 

First of all, we consider the effect of the height of the support substrate. We can obtain the 
quality factors of the micro-cantilever beam in the fundamental frequency state as shown in Fig. 4. 
From the Fig. 4, it can be seen that the results of the simulation are in good agreement with the 
theory, and the magnitude of the quality factor is around 10 when the difference between the height 
of the support substrate and the height of the micro-cantilever beam is small. After that, with the 
height of the support substrate increasing, the smaller the energy dissipation generated by the 
micro-cantilever beam through the support loss, the larger the quality factor, and the magnitude 
can reach 106. This means that the quality factor of the system changes dramatically. Meanwhile, 
for a typical AFM probe, the height of the support substrate is about ℎ = 400 μm, then from the 
figure, we can see that the quality factor can reach 104. 

In addition to the support substrate height, this paper also analyzes the effect of 
micro-cantilever beam dimensions on the support loss, keeping the support substrate height 
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constant, with the cantilever beam width and height as variables, respectively. The results obtained 
from the simulation are shown in Fig. 5 and Fig. 6. These figures show the effects of the width 
and height of the micro-cantilever on the quality factor. The variation patterns of both plots are in 
accordance with Eq. (3), but the errors of the simulations increase as the dimension increase. Fig. 5 
shows that the quality factor decreases as the width-to-length ratio increases. While Fig. 6 shows 
that the quality factor decreases as the height-to-length ratio increases, the error between the 
theoretically calculated value and the simulation results increases. This also occurs when 2D 
simulations are performed. It means that Eq. (3) is only valid when the beam structure could be 
well described by Euler Bernoulli theory. 

 
Fig. 5. Quality factor values at different 𝑏 𝑙⁄  

 
Fig. 6. Quality factor values at different ℎ 𝑙⁄  

Above we discussed the relationship between the support loss of the AFM and the cantilever 
beam size. Here, we compare it with the 2D model, assuming that the support substrate has an 
infinite thickness. In order to achieve this purpose, the model was built as a 1/4 sphere with the 
outer layer wrapped by an absorbed layer of PML and a bounded support region in the middle. 
The model parameters were the same as above, and the material of the beam and support substrate 
was also chosen as silicon. The diagram is shown in Fig. 7. 

 
Fig. 7. Infinite thickness support substrate and mesh division schematic 

Table 2. Simulation results of 3D model with the infinite support substrate thickness 
Model Beam size Theoretical solution Simulation 

3D 125×40×4 μm2 (𝑙 × 𝑏 × ℎ) 9.6×106 8×106 

Based on the model described above, we can get a result which shows that the simulation 
results are approximately consistent with the theoretical analysis. The obtained results were shown 
in Table 2. Comparing it with the 2D model, we can see that the results of the 2D model and the 
3D model have orders of magnitude difference. In the 2D model, the order of magnitude of the 
support loss with infinite support medium thickness is 104, while in the 3D model the order of 
magnitude result is 106. Considering the AFM probe in the real state, there is generally an exact 
width rather than ignoring the model width to approximate it as a 2D problem, and our simulation 
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results in Fig. 5 also confirm that the cantilever beam width does have an effect on the quality 
factor of the support loss. Thus, we believe that the results calculated by the 3D model are more 
consistent with the actual situation.  

In summary, through the simulation analysis of the 3D model, we have clarified the effect of 
the support substrate and cantilever beam dimensions on the support loss. Therefore, according to 
the above laws, in order to reduce the support loss, we can consider increasing the height of the 
support medium substrate, or changing the cross-sectional shape and dimensional parameters of 
the cantilever beam. And it can be seen from the Eq. (1) that using the micro-cantilever beam with 
lower Young's modulus is also a feasible approach. 

4. Conclusions 

Support loss exists in a variety of different micro- and nano-resonant devices, and it is almost 
impossible to experimentally measure the contribution of the support loss due to the coupling of 
the support loss with other dissipation mechanisms. Most of the existing studies on support loss 
have been analyzed at the theoretical level. Here, through our calculations, the support loss 
mechanism has a more intuitive representation, which is important for us to reduce the support 
loss and improve the quality factor of the system. 

In this work, a simulation model using PML to simulate the infinite domain is developed and 
used to investigate the support loss of resonators. The simulation results are given in terms of 2D 
and 3D models, respectively. From the results, it can be seen that the simulation values are in good 
agreement with the theoretical values, which proves the feasibility and accuracy of our constructed 
model. Then, the simulation results of 2D model and 3D model were compared, and it was clear 
that the results calculated by 3D model were more consistent with the actual situation. Meanwhile, 
based on this, we investigated the contribution of support substrate thickness and micro-cantilever 
beam size to the support loss, which showed that the thicker the support substrate and the slimmer 
the beam, the smaller the support loss. According to this, in order to reduce the support loss, we 
can consider both of increasing the height of the finite support substrate or changing the 
dimensional parameters of the micro-cantilever beam. Finally, for the typical AFM, we estimate 
the quality factor caused by the support loss to be 104.  

Acknowledgements 

This research was carried out with the support of the National Natural Science Foundation 
(NSFC 11572031). 

Data availability 

The datasets generated during and/or analyzed during the current study are available from the 
corresponding author on reasonable request. 

Conflict of interest 

The authors declare that they have no conflict of interest. 

References 

[1] W. A. Hofer, A. S. Foster, and A. L. Shluger, “Theories of scanning probe microscopes at the atomic 
scale,” Reviews of Modern Physics, Vol. 75, No. 4, pp. 1287–1331, Oct. 2003, 
https://doi.org/10.1103/revmodphys.75.1287 

[2] S. Y. Chen, J. Z. Liu, and F. L. Guo, “Evaluation of support loss in micro-beam resonators: A revisit,” 
Journal of Sound and Vibration, Vol. 411, pp. 148–164, Dec. 2017, 
https://doi.org/10.1016/j.jsv.2017.08.048 



AN ANALYSIS FOR SUPPORT LOSS OF MICRO-CANTILEVER BEAM BASED ON PML METHOD.  
GUOLIN LIU, YU ZENG, JINHAO LIU, ZHENG WEI 

 VIBROENGINEERING PROCEDIA. OCTOBER 2023, VOLUME 51 21 

[3] R. J. Astley, “Infinite elements for wave problems: a review of current formulations and an assessment 
of accuracy,” Journal for Numerical Methods in Engineering, Vol. 49, No. 7, pp. 951–976, 2000, 
https://doi.org/10.1002/1097-0207(20001110)49:7 

[4] B. Engquist and A. Majda, “Absorbing boundary conditions for numerical simulation of waves,” 
Proceedings of the National Academy of Sciences, Vol. 74, No. 5, pp. 1765–1766, May 1977, 
https://doi.org/10.1073/pnas.74.5.1765 

[5] J.-P. Berenger, “A perfectly matched layer for the absorption of electromagnetic waves,” Journal of 
Computational Physics, Vol. 114, No. 2, pp. 185–200, Oct. 1994, 
https://doi.org/10.1006/jcph.1994.1159 

[6] U. Basu and A. K. Chopra, “Perfectly matched layers for time-harmonic elastodynamics of unbounded 
domains: Theory and finite-element implementation,” Computer Methods in Applied Mechanics and 
Engineering, Vol. 192, No. 11-12, pp. 1337–1375, Mar. 2003, https://doi.org/10.1016/s0045-
7825(02)00642-4 

[7] D. S. Bindel and S. Govindjee, “Elastic pmls for resonator anchor loss simulation,” International 
Journal for Numerical Methods in Engineering, Vol. 64, No. 6, pp. 789–818, Oct. 2005, 
https://doi.org/10.1002/nme.1394 

[8] Y. Jimbo and K. Itao, “Energy loss of a cantilever vibrator,” Journal of The Horological Institute of 
Japan, Vol. 47, pp. 1–15, 1968, https://doi.org/10.20805/tokeieafj.47.0_1_1 

[9] Y.-H. Park and K. C. Park, “High-fidelity modeling of MEMS resonators-part I: anchor loss 
mechanisms through substrate,” Journal of Microelectromechanical Systems, Vol. 13, No. 2,  
pp. 238–247, Apr. 2004, https://doi.org/10.1109/jmems.2004.825300 

[10] Y.-H. Park and K. C. Park, “High-fidelity modeling of MEMS resonators-part II: coupled beam-
substrate dynamics and validation,” Journal of Microelectromechanical Systems, Vol. 13, No. 2, 
pp. 248–257, Apr. 2004, https://doi.org/10.1109/jmems.2004.825298 

[11] Z. Hao, A. Erbil, and F. Ayazi, “An analytical model for support loss in micromachined beam 
resonators with in-plane flexural vibrations,” Sensors and Actuators A: Physical, Vol. 109, No. 1-2, 
pp. 156–164, Dec. 2003, https://doi.org/10.1016/j.sna.2003.09.037 

[12] M. C. Cross and R. Lifshitz, “Elastic wave transmission at an abrupt junction in a thin plate with 
application to heat transport and vibrations in mesoscopic systems,” Physical Review B, Vol. 64, No. 8, 
pp. 1–22, 2001, https://doi.org/10.1103/physrevb 

[13] D. M. Photiadis and J. A. Judge, “Attachment losses of high Q oscillators,” Applied Physics Letters, 
Vol. 85, No. 3, pp. 482–484, Jul. 2004, https://doi.org/10.1063/1.1773928 

[14] J. A. Judge, D. M. Photiadis, J. F. Vignola, B. H. Houston, and J. Jarzynski, “Attachment loss of 
micromechanical and nanomechanical resonators in the limits of thick and thin support structures,” 
Journal of Applied Physics, Vol. 101, No. 1, p. 01352, Jan. 2007, https://doi.org/10.1063/1.2401271 

[15] A. Darvishian, B. Shiari, G. He, and K. Najafi, “Effect of substrate thickness on quality factor of 
mechanical resonators,” in IEEE International Symposium on Inertial Sensors and Systems (ISISS), 
pp. 23–26, Mar. 2015, https://doi.org/10.1109/isiss.2015.7102379 

[16] P. Li, J.Y. Ou, and J. Yan, “Method for optimising the performance of PML in anchor‐loss limited 
model via COMSOL,” IET Science, Measurement and Technology, Vol. 16, No. 6, pp. 327–336, Aug. 
2022, https://doi.org/10.1049/smt2.12107 

[17] M. Imboden and P. Mohanty, “Dissipation in nanoelectromechanical systems,” Physics Reports, 
Vol. 534, No. 3, pp. 89–146, Jan. 2014, https://doi.org/10.1016/j.physrep.2013.09.003 

[18] S. Ghaffari et al., “Accurate Modeling of Quality Factor Behavior of Complex Silicon MEMS 
Resonators,” Journal of Microelectromechanical Systems, Vol. 24, No. 2, pp. 276–288, Apr. 2015, 
https://doi.org/10.1109/jmems.2014.2374451 

[19] Benjamin Chouvion, “Vibration transmission and support loss in MEMS sensors,” University of 
Nottingham, Jan. 2014. 




