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Abstract. The disaster in queueing system with second optional service is considered. Arriving
customer of this system will receive the essential service and optional second service if needed.
When the system is interrupted by the disaster, the server initiates the repair period making all the
customer leave the system immediately. The server, when idle, takes single vacation. The disaster
cannot happen when server is under vacation or in repair period. The above queueing system is
analysed using supplementary variable technique to obtain the probability generating function for
various parameters and effects of parameters are explained graphically with numerical
illustrations.

Keywords: supplementary variable technique, second optional service, disaster, repairs, single
vacation.

1. Introduction

The disaster otherwise named as catastrophes can be seen in manufacturing systems,
communication systems and many more. As disaster removes all customers immediately from the
system, it is extensively modelled by many researchers.

The concept of disaster in Queueing models were introduced by Towsley and Tripathi in
analysing the distributed data base system that undergoes failure. Arumuganathan R and
Jeyakumar S [1] studied steady state analysis of a bulk queue with multiple vacations, setup times
with N-policy and closedown times. Bu, Q., and Liu, L. [2] analyzed M/G/1 clearing queueing
system with setup time and multiple vacations for an unreliable server. Chakravarthy S. R [3]
analyzed a disaster Queue with Markovian arrivals and impatient customers. Chang, F. M., Liu,
T. H,, and Ke, J. C. [4] studied an unreliable-server retrial queue with customer feedback and
impatience. Choudhury, G., and Kalita, C. [5] analyzed M/G/1 queue with two types of general
heterogeneous service and optional repeated service subject to server’s breakdown and delayed
repair. George C. Mytalas, Michael A. Z. Azanis [6] studied M*/G/1 queueing system with
disasters and repairs under MAV policy. George C. Mytalas and Michael A. Zazanis [7] analyzed
Bernoulli feedback queues subject to disasters: a system with batch Poisson arrivals under a
multiple vacation policy. Jain, M., and Singh, M. [8] analyzed markov queueing model with
feedback, discouragement and disaster. Jeyakumar S and Senthilnathan B [9] Modelled and
analysed M*/G(a,b)/1 queue with multiple vacation, setup time, closedown time server
breakdown without interruptions. Jiang T., Liu L. [10] analysed G1/M/1 queue in a multi-phase
service environment with disaster and working breakdowns. Jingjing Y. E., Liu Liwei and Jiang
Tao [11] analysed single server queue with disasters and repairs under Bernoulli vacation
schedule. Kim B. K. and Lee D. H. [12] modelled and analysed M/G/1 Queue with disasters and
working Breakdowns. Lakshmi Priya M., Janani B. [13] studied single server queue with disasters
and repairs under Bernoulli working vacation schedule. Mian Zhang and Shan Gao [14] studied
the disasters queue with working breakdowns and impatient customers. Nitin Kumar, Farida P.
Barbhuiya and Umesh C. Gupta [15] analysed Geometric catastrophe model with discrete-time
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batch renewal arrival process. Park H. M., Yang W. S., Chae K. C. [16] analysed G1/Geo/1 Queue
with disaster. Rajadurai, P., Saravanarajan, M. C., and Chandrasekaran, V. M. [17] studied M/G/1
feedback retrial queue with subject to server breakdown and repair under multiple working
vacation policy. Shan Gao, Jinting Wang and Tien Van Do [18] analysed discrete-time repairable
queue with disasters and working breakdowns. Sudhesh R and Sebasthi Priya R [19] analysed
discrete-time Geo/Geo/1 queue with feedback, repair and disaster. Li, K., and Wang, J. [20]
analysed Equilibrium balking strategies in the single server retrial queue with constant retrial rate
and catastrophes.

The literature study of the researchers in Markovian queue with disaster under different
parameter motivated to study the effect of disaster in Markovian queue with optional service under
single vacation policy. There are works in bulk arrival, service under disaster and queues with
optional service, but on motivation from literature study, novelty in the described model is linking
bulk arrival with optional service and disaster to evaluate the performance measures in arbitrary
epoch.

Importance and contribution of study is to find the disaster rate affecting the production, to
evaluate and analyze the performance measures of the queuing model with numerical illustrations
to establish results in the real word existing scenario.

The queue with optional service under disaster and repairs with single vacation can be
identified in ice-cream manufacturing unit. When raw material reaches the unit, it is immediately
sent to mixer which is essential service and adding up flavour is a manual process which is optional
service. Once it is mixed up, it is poured into mould and kept in dipping freezer. When sudden
freezer burn (disaster) happens in freezer, the entire process has to stop since the mixed-up raw
material can’t be kept for long period. Before starting up next slot of opening the raw material for
mix-up, the server can take single vacation if needed because raw material should be fresh for
good taste and flavour.

2. Mathematical model

In a compound Poisson process, a batch of customers i, with the parameters 4, 1 > 0 and
probability Ac;dt joins the system in the minimal duration of time (t,t + dt). Each and every
customer who arrives at the system is provided with first essential service under first come, first

!
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1-51(x)

rate function of the first essential service with S;*(s) = fooo e™*d §;(x), where S; is the general

serve discipline. Customer is served one by one in the batch. Let y, (x) =

distribution function with the corresponding density function S;" and mean E(S;). After the first
service is completed, the optional service may be opted with the probability ‘s’ or leave the system

5" (x) . N
50 with S,"(s) =

) 000 e™*d S,(x), where S, is the general distribution function with the corresponding density

with the probability 1 —s. For optional service, let u,(x) =

function S," and mean E (S,). Once the server completes his essential and optional service to the
L' (x)
1-L(x)
the vacation with L*(s) = [ Ooo e™*d L(x), where L is the general distribution function with the
corresponding density function L’ and mean E(L). Finally, disaster is assumed to happen in the
system during essential service, since optional service is the manual service. With rate of the
disaster §, it removes all the customers including one is been served from the system and the
R'(x)
1-R(x)
the repair period with R*(s) = [ 000 e™*d R(x), where R is the general distribution function with

customer, the server may take vacation when he is idle. Let v(x) = be the rate function of

system is immediately moved to repair period. Let r(x) = be the hazard rate function of

density function R’ and mean E (R).
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Fig. 1. Schematic diagram of the queueing system
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3. Notations and abbreviations

At time t, let the system size be N;. Also, let Q(t) be the random variable corresponding to
server’s status.

Let S;¢, i=1, 2 and L, be introduced as supplementary variables to obtain a Markov
process.{Nt,Q(t),Si,t, Ri, L, t = 0}. Limiting probabilities are defined to derive Kolmogorov
chapman equation as:

Py = }Lrg{Nt =0,Q(t) = 0},

P,fe)(x) = tlhrg{Nt =nQt)=1x<S,<x+ dt}, n=1,
PO(x) = }L“é},{"’f =nQ(t) =2,x< S, <x+dt}, n>1,
R,(x) = ]:lirg{Nt =nQt)=3,x <R, <x+dt}, n=1,
L,(x) = tlLrg{Nt =nQt)=4x<L, <x+dt}, n=1.

4. Steady state differential equations using supplementary variable technique

Governing equations for various states of the system are framed for n > 0:

0 =—AP, +J- Lo(x)v(x)dx
0

+ f P2y (x)dx + (1 = s) f PO (x)uy (x)dx + f Ry(x) r(x)dx |,

0 0

n—-1

(:—x F A+ () + 6) PP(x) =2 ; GPO®, n>1, @)
(% + A+ u (x)> PO (x) = /IZ GROX), n=1, 3)
<%+/1+r(x)> R,(x) = Azci R(x), n=1, )
(% + A+ r(x)> Ry(x) =0, )
(;—x +A+ v(x)) Ly(x) = Azl Cilpi(x), n>1, (6)
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d
(E + A+ v(x)> Lo(x) = 0. Q)

With the boundary conditions:

T (o + f PO (0 (x)dx
+(1 - S)J Pn(i)l(x)ul(x)dx + J R,(x)r(x)dx + AC,P,, n =0,

0

oo = |

0

PO©) = s f PO (s (1), ©)
Ry(0) = az f " Gdx, (10)
n=1 0
Ln(0) = f PO W (Wdx + (1 - 5) f PO (s () . (11
0 0

To obtain PGF, we multiply the Egs. (2-11) with certain powers of z and sum it over n, to
obtain:

[ee]

P©(0,2) = fw(L(x, z) — Lo(x))v(x)dx + f (%P(")(x, z) — Pl(o)(x)>u2(x)dx
0
0

o o (12)
1
+(1-5) f (; P@©(x,z) - P (x)) y ()dx + j (R(x,2) = Ry(x)) T (x)dx + AC(2)P,,
0 0

P©)(0,2) = sJ P@ (x, 2)u, (x)dx, (13)
000
R(0,2) =6 f P@ (x,1)dx, (14)
o ®
L(0,2) = f P (x, 2)py (x)dx + (1 — s)f PO (x, 2)uy (x) dx. (15)
0 0

As the system has no customer after immediate vacation and repair time that comes after
disaster, we have:

L(0,z) = Ly(0),
R(0,2) = Ry(0).

5. PGF of queue for various states:

At an arbitrary epoch, the PGF of the server is under busy state, repair state and in vacation
are obtained from the explicit expressions:
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z ((SP(e)(l)R*(AZ) - %Hz)

z—S;(4,+8)((1 —5) +5.5;(4,))

P©(0,2) = (16)

where A, = A — AC(z) and H, = (1 — C(2)) + (1 - L*(4,)).
If possible, using Rouche’s theorem, let z = z4 be the unique solution of z = S;(4, +
8)((1—s) +5.55(A,)). In that case equality becomes, %HZG = 6P (1R (4,,).

The PGF of the system at epoch of essential service to the customer is given as:

Z(H%R*(Az) — %HJ

(e) =
P = S+ ) (A=) +5.5,(4)

=5

The PGF of the system at epoch of optional second service to the customer is given as:

PO(z) =

APy . AP,
2 (w7t R a0 - ) (s(sl*(Az +8)(1 - s;(Az))> a8)
z—S8;(A, +8)((1 —s) +5.55(4,)) A, '

The PGF of the system at epoch under repair is given as:

AP, .
R g (1-RU)) (19)
(2) = A -
The PGF of the system at epoch of under vacation is given as:
AP,
—(1-L"(4
7 (1-1'(4) (20)

L(z) = 1

Using the normalizing condition at z = 1, the probability P, is obtained when the server being
idle as:

Afm saS{(8)E(S,)

Py, = 1+E(E+TI(5)+HE(R)+E(L)> . (21)

Finally, the total PGF of queue size X(z) is obtained at as:

X(2)
n suSiOEGO\\ . .
=l1+2[6" T 1-5;06) [1+%<(1 Z(AZ))+H(1 f(AZ))
+nE(R) + E(L) z z
z(nR*(A,) — H,) (1 - S1(4, + 5)) (22)
z—S;(4, +8)((1—s) +5.5;(4,)) A, + 6

(s(sz(Az +8)(1— s;mm))
+ A
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Also, due disaster the PGF of total customers removed from the system is given as:

z6(mR*(A,) — H,) <1 - Si(A,+ 6))

) TS, + (- 55\ A, 8

(23)

6. Performance measures

Expected queue length (E (Q,))and waiting time (E (W7)) is obtained using L’ Hospital’s rule
from the Eq. (26):

E(Q) B
_ ’wﬁ(c) 1 +%<g+%+nE(R) +E(L)) Sy, + Sps
+ sic (1‘[(1 -5, (#(1@ -~ ’12—55;”(0)) +8,5(1 = S)E(S,) @9
_ S”i 552) (“E_(f)c)z T AS{"((Y))) :

where S, = 1= 5;(6). S, = f + 2+ AE(R) + AE(L), Sps = 2 (TE(R?) + E(L?)).

Let S,*'(0), R*'(0), L*'(0) are the mean service time of all the states; S,*" (0), R*"'(0),
L*"'(0) be the second moment of states in different epoch. Using little’s formula, the expected
waiting time is calculated as:

E(Wr)
(1 + % (% + —S"ff_(?ﬁgz) +mER) + E(L))W
= Sb + Sb(s
B
1 1 2 )
- S "
e (1‘[(1 ~5) (m -Zs; (0)) + S,5(1 — S)E(S,)
snE(S,) ((1 —S,.)? .
— ( R (6))) .

7. Numerical illustration

A numerical approach is carried on to evaluate the various states of the distribution. u, r, v are
assumed to be in exponential parameter respectively. Arrival rate is A with service rate y; = 5 and
U, = 6. Whereas disaster may take place with rate 6.

Average queue length and mean waiting time are computed and tabulated below with
assumption of arrival and vacation as single.

From Table 1 and Fig. 2 it is understood that when probability of second optional service
increases, length of the queue and waiting time to be increased. From Table 2 and Fig. 3, queue
length and waiting time decreases as the disaster rate increases. Finally, from Table 3 and Fig. 4
when arrival rate increases then length of the queue and waiting time of the server increases.
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Table 1. Performance measures with A = 2 and § = 2
S Py E(Qy) | EWr)
0 0.6521 | 1.8464 | 0.9232

0.25 | 0.6401 | 1.9829 | 0.9915

0.5 | 0.6285 | 2.1146 | 1.0573

0.75 | 0.6173 | 2.2415 | 1.1207
1 0.6065 | 2.3640 | 1.1820

Queue length and Wiaiting time

B Queue length
B Waiting time

0z 0 0.2 0.4 08 0s 1 12 14

Second optional senvice

Fig. 2. Prob. of second optional service versus queue length and waiting time

Table 2. Performance measures with A =2 ands =1
5| P E(QL) | E(Wp)
0.6065 | 2.3640 | 1.1820
0.6393 | 2.3367 | 1.1683
0.6571 | 2.2998 | 1.1499
0.6682 | 2.2695 | 1.1347
0.6758 | 2.2456 | 1.2280

AN B W (N

e length

Expected Queu

2ol I ! |

2 3 4

disaster &

Fig. 3. Effect of disaster on queue length

Table 3. Performance measures withs =1l and§ =5
A Py EQ.) | EWp)
1 | 0.8210 | 1.1333 | 1.1333

1.2 | 0.7882 | 1.3605 | 1.1338

1.4 | 0.7565 | 1.5878 | 1.1341

1.6 | 0.7260 | 1.8151 | 1.1344

1.8 | 0.6965 | 2.0423 | 1.1346
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L 1 1 -

1 12 14 18

Fig. 4. Effect of arrival rate and queue length
8. Conclusions

In this Paper, M¥ /G /1 Queue with the second optional service with single vacation is taken
into consideration for disaster and repairs. We derive the queue size distributions for various
steady-states with quality metrics and special cases using the supplementary variable technique.
Additionally, we've provided numerical examples to illustrate the approach, which amply
demonstrate how disasters affect waiting times and queue length with the second optional service.
From the numerical illustration, it is observed that when arrival rate and probability for second
optional service increases, queue length and waiting time of the customer increases as well as
when disaster rate increases queue length and of the server decreases and waiting time of the
customer decreases.
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