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Abstract. This research presents the single Fourier sine transform method (SFSTM) for solving
the Saint Venant torsion problem of rectangular prismatic bars. The problem is a common theme
in the theory of elasticity of unrestrained torsion which was previously expressed by Prandtl using
Prandtl stress functions ¢ (x,y) as a Poisson type nonhomogeneous partial differential equation
(PDE) called the stress compatibility equation. In this work the SFSTM was applied to the stress
compatibility equation, converting the PDE to an easier to solve ordinary differential equation
(ODE) in the transformed domain. The boundary conditions were used to find the integration
constant and inversion was used to find the solution in the physical domain. The non vanishing
stresses and torsional moments were thus found as a single series of infinite terms with rapid
convergence. The maximum stresses and moments were found in standard form in terms of
torsional parameters which were tabulated for various ratios of the cross-sectional dimensions. A
comparison of the torsional parameters with previous results show that the present results are
identical with previous results illustrating the accuracy of the SFSTM used. The sine kernel of the
SFSTM satisfies the boundary conditions of the problem and contributed to the exact solution
obtained. The SFSTM simplified the PDE to an ODE which is simpler to solve.

Keywords: single Fourier sine transform method, Saint Venant torsion problem, Prandtl stress
function, torsional moment, stress compatibility equation.

1. Introduction

Torsion in beams result from the action of shear loads whose points of application do not
coincide with the shear center of the beam cross section. Torsion would occur when a reinforced
concrete encased [-section steel beam is subjected to a brick/block wall such that the weight of the
wall acts at an eccentricity from the shear center of the cross-section. Torsion also arises when a
reinforced concrete floor beam is cast in-situ with its supporting edge beams with the edge beams
prone to torsional stresses upon the application of floor loads.

The analysis of torsional stresses and strains is thus an important aspect of structural analysis
and design and is embodied as a requirement in codes of structural design.

Problems of torsional analysis are developed using the theory of elasticity. The basic
assumptions used are kinematic equations, constitutive laws, equilibrium equations and
compatibility relations [1-3].

Saint Venant formulated the problem of unrestrained torsion using theory of elasticity and
Prandtl solved the Saint Venant torsion problem using Prandtl’s stress function. Prandtl’s stress
function formulation of Saint Venant unrestrained torsion problem resulted in a Poisson partial
differential equation (PDE); solvable using numerical or closed form mathematical methods [4, 5].

The numerical methods that have been used to solve the Saint Venant torsion problem are:
Finite Difference Method (FDM), Finite Element Method (FEM), Finite Volume Method,
Boundary Element Methods and Variational Methods of Ritz, Galerkin and their modifications.

The mathematical methods that have been used for closed form solutions include: the method
of separation of variables, eigen function expansions, integral transformations, and Green
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functions.

Joy and Mokashi [6], and Abdelkadr et al. [7] used the finite element method to present Saint
Venant torsional and bending solutions for prismatic bars with non-circular cross-sections. Their
solutions were validated by favourable comparisons with previous results in the literature.

Chen [8] used the finite volume method to study Saint Venant’s torsion problems.

Ike [9] used the Galerkin method to obtain closed form analytical solutions for the Saint Venant
torsion of prismatic bars with rectangular cross-sections. The study used Prandtl’s stress function
formulation of the Saint Venant torsion problem. The study adopted trigonometric (cosine) shape
functions which were exact shape functions that satisfied the boundary condition of the problem
to derive the Galerkin integral equations which were minimized with respect to the undetermined
parameters to give the exact solution for the Prandtl stress function and hence exact solutions for
the stresses, torsional moments and the torsional constants.

Francu et al. [10] used analytical method to solve the problem of Saint-Venant torsion of
non-circular bars with prismatic cross-sections, and obtained accurate solutions for the stresses,
moments and torsional constants.

Ike and Oguaghamba [11] used the Double finite sine transform method (DFSTM) to obtain
closed form mathematical solutions for the Saint-Venant torsional analysis of beams with
rectangular cross-section. Agarana and Agboola [12] presented an analysis of Saint-Venant
torsional problems of circular beams made with different engineering materials.

Romano et al. [13], Brice and Pickings [14] and Hughes et al. [15] have also studied the
Saint-Venant’s torsional problems of beams using analytical and experimental approaches.

Fogang [16] studied the Saint-Venant unrestrained torsional problem of beams using the
Green’s theorem and the finite difference method (FDM). The FDM adopted in the study is a
numerical method for solving boundary value problems (BVPs) by expressing the governing
differential equation (GDE) in finite difference form and discretizing the solutions domain by
introducing grid points. The finite difference method then seeks a solution of the GDE at each of
the grid points such that boundary conditions are satisfied. Fogang [16] used a two-dimensional
grid network for the beam cross-section and additional grid/node points were introduced at the
beam boundaries. These additional nodes at the boundaries permitted the solution of the GDE at
the boundaries and the satisfaction of boundary conditions. The study considered beams with solid
cross-sections and beams with multiply connected cross-sections. The study obtained results that
were comparable with the closed form solutions for rectangular beams, and the accuracy of the
FDM results increased with the refinements of the finite difference grids, though at the cost of
increased computational rigour.

Noor and Robertson [17] presented a variational development of the governing differential
equations (GDEs) via a mixed formulation approach for the Saint-Venant torsional analysis of
heterogeneous, isotropic bars. The GDEs obtained were three first-order partial differential
equations (PDEs) in terms of the shear stresses and warping function. The study discussed the
basic merits of mixed formulation over the stress and displacement based approaches. A finite
difference method was applied to the GDEs to obtain approximate solution which was validated
by comparison with previous solutions in the literature.

Guendouz et al. [18] presented an analysis of torsion-bending problems of a composite beam
with open cross-section using the advanced and refined theory of one-dimensional (1D) and three-
dimensional (3D) beams and the 3D Saint-Venant’s refined beam theory.

2. Theoretical framework
2.1. Basic assumptions

The basic assumptions are:
— The beam has an axis of twist about which the cross-section rotates approximately as a rigid
body.
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— The cross-section is constant along the length of the bar.

— The deformation of the bar consists of: (a) rotations of the cross-section about an axis that
passes through the center of the twist of the bar, and (b) warping of the cross-section which is
constant for all the cross-sections.

2.2. Displacement field

The displacement field components are:

u=-—0yz
v = 0xz, (1)
w =0y (x,y),

where u, v, and w are displacements in the x, y, and z coordinate directions respectively; Y (x,y)
is the warping function; and 0 is the angle of rotation of the cross-section at a distance z from the
origin.

2.3. Strains

The normal strains (&xy, £y, £7;) and shear strains (YVxy, Vxz Vzy) are found using the small-
displacement theory of elasticity as:

Jdu v ow
gxx=a= , gyy=@= ) Ezz=£= ,
dw Odu Y
sz=a+g=9(a—Y>,
du 617_ @)

ny=@+a—0'
_ow av_e(a¢+ )
Yoy =5y "9z~ "\ay T F)

2.4. Stresses
The normal stresses 0y, 0y, 0, and shear Stresses Ty, Ty, Txy are:
Oxx = 0yy =05, =0, Ty, =0,
0y
Y
zX }/ZX ax y ’

oy
Ty = GV = GO (@+ x),

3)

where G is the shear modulus.
2.5. Differential equations of equilibrium
The differential equations of equilibrium are:

00, 0Ty 0Ty,

ax "oy Yoz TR0 N
0Ty 00y, 0Ty, (
ox "y oz =0

JOURNAL OF MECHATRONICS AND ARTIFICIAL INTELLIGENCE IN ENGINEERING 3



SOLVING SAINT VENANT TORSION PROBLEMS FOR RECTANGULAR BEAMS USING SINGLE FINITE FOURIER SINE TRANSFORM METHOD.
CHARLES CHINWUBA IKE

0T,y N 0T,y 4 d0,,
dx dy 0z

+f,=0,

where f,, f,,, and f, are body force components in the x, y, and z axes respectively.
The equations of equilibrium for the Saint-Venant torsion problem when body forces are
ignored are:

Tz, (52)
z
01y,
0T, 0Ty

=0. 5
0x dy 0 (5¢)

Integration of Egs. (5a) and (5b) give:

Txz = sz(x: Y)’
6
Tyz = Tyz(x; Y) ( )

2.6. Prandtl stress function ¢(x, y)

Prandtl derived a scalar stress function ¢ (x, y) in terms of stresses that satisfy the equilibrium
equations as:

d¢
Tyy = a—y(;qb (73)
ty = = (7b)
The stress compatibility equation is:
0T, 0Ty
— = —2G6. 8
dy d0x ®
The strain compatibility equation is:
a.yzx asz
— = —26. 9
dy d0x ©

The strain compatibility equation is expressed in terms of Prandtl stress function ¢(x, y) as:

0 (0p\ 0 [ 0P\

@(@) - a(‘ a) =265, (10)

V2p(x,y) = —2G6,

. 0% 9% (1)
0x?2  ay?

where V? is the Laplacian.
2.7. Torsional moment, M,
The torsional moment, M, is:
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M =2 [[ g y)dxdy, (12)
Ry

where R, is the cross-sectional domain of the beam.

3. Methodology

The Saint Venant torsional problem is solved here for rectangular beam shown in Fig. 1.

L y
1 g 1
7‘0 X

Vv
Fig. 1. Cross-section of the rectangular beam subjected to unrestrained torsion

The Saint Venant torsion equation in terms of Prandtl stress function is the stress compatibility
equation:

0’¢ 0%¢
—+—+2G6 =0, 13
922 +'ay + (13)
where 0 < x <a,0<y<b.

The boundary conditions are:

o,y =0)=¢(x,y=b) =0,
p(x=0,y)=¢p(x=ay) =0.

Applying the single Fourier sine transformation (SFST) to the stress compatibility equation
yields the integral equation:

f iﬂ¢+— ¢+269 in " d4x =0 15
L \axz T3y smax—. (15)

(14)

The single Fourier sine transform method (SFSTM) is a linear transformation. Using the
linearity properties of the transformation, Eq. (15) is:

292¢p  nmx a _ nmx
Fre sm—dx J —sm—dx +J 2GOsin—dx = 0. (16)
Integrating by parts:

Spsin=dx = = (%) (1" (x = a,y) — ¢(x = 0,7)
pmy2 (@ (17)
— —) jo qb(x,y)sianx.
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From the boundary conditions, Eq. (14), ¢(x = a,y) = ¢p(x =0,y) = 0.
Hence:

a a
0%¢p  nmx NIy 2 . nmx Ny 2
f?sdex =— (7) J-qb(x,y)sdex =— (7) ®(n,y), (18)
0 0
where
a
nmx
@y) = [ $CuyIsin ™ dx. (19)
0
®(n,y) is the SFST of ¢ (x, y).
Similarly:
a a
0%¢p  nmx 02 . nmx d?
a—yzsdex = Wf d)(x,y)sdex = d—ysz(n,y) (20)
0 0
Also
a a
. nmx . nmx 4GOa
fZGBsm—dx = ZGQJ-sm—dx = , 21
a a nmw
0 0

wherenisodd;n=1,3,5,7,....
Hence, the SFST of the stress compatibility equation is the ordinary differential equation ODE:

Ny 2 d? 4GOa
(" @ - _ 2
(a) ‘1>(n.y)+dy2<1>(n,y) — (22)

4. Results
4.1. General solution

The homogeneous solution @, (n, ¥) to Eq. (22) using the method of trial functions is:
nm nm
®,(n,y) = ClcoshTy + ¢,sinh Ty. (23)

The particular solution ®,(n, y) is:

4G0ad
_ 2o 24
®,(n,y) ()’ (24)
The general solution ®4(n,y) is:
nmy . nmy 4GOal
@,(n,y) = clcoshT + czsth e (25)

The unknown integrating constants c¢; and c, are found using the boundary conditions at
y=0andy =b.
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The application of FSTM on the boundary conditions give:
nmx
fd)(x,y = O)sianx =®,(n,y =0)=0,
0

jq’)(x,y = b)sin?dx =®,(n,y =b) =0.

From Eq. (26a).

Thus:
4GOa?®
Sy(n,y=0)=c et
Solving:
B 4GOa?

From Eq. (26b):

o b h nnb + hm'[b 4GOa®
g(M,y = b) = cycos c,Sin 7 (nn)3 =
Simplifying Eq. (29) gives:
nmb  4GOa® 4GOa® nmh
czsmh a W_WCOS T
Further simplification gives:
hnnb 4GOa® ( hnnb)
c,sin ()2 cos .
Solving for c, gives:
4GOa3 [ 1— cosh%
7y sinh 22
Hence:
nnb
o _ 4GOa® b 466a’ (1 —cosh=2=\  nmy 4Goa®
s(y) = —(mr)3 cosh—— + ()3 b sinh— _(nn)3'
sinh 2
Simplifying gives:
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nmb
4GOa’ nnb [1—cosh—=\ — nmy
®,(n,y) = = | cosh—+ —mp sinh———1|.
(nm) sinh 0 a

4.2. Solution in the physical space

By inversion of @, (n, y) we have:

2 nwx
P =— in—.
(x,v) " Z @4 (n, y)sin "
n=1
Hence, using Eq. (34) gives:

o nmb
8G0a? nmy [1—cosh—= nmy nmx
&(x,y) = ) ———= | cosh—+ b sinh—=—1 |sin—.
=1 (nT[) a SinhT a a

4.3. Shear stresses
The shear stresses are found using Egs. (7a) and (7b) as:

nmb

8Gha < 1 .. nmy 1 —cosh a_ nwy \ | nmx

Tyy = Z —| sinh——+| ————— | cosh—— | sin—,

2 n2 .. nmb a a

n=1 sinh -
[*) nmb

8GOa 1 nmy 1 — cosh = | .  nmy Nnix

Ty, = — —| cosh——+| ———=— |sinh——=—1 | cos (—)
y 2 2 a ., nmb a
n=1 sinh o

4.4. Torsional moment, M,

The torsional moment M, is given by Eq. (12).
Substituting the expression for ¢p(x, y) in Eq. (12) gives:

e 8GOa* ni 1 - cosh (nnb) nw
= 2][2 —3| co ( y) + —ba sinh (_y)
00 (nm) a sinh (n;r ) a

n=1

(nnx

T) dxdy.

— 1 ]sin

Evaluating the integrals and simplifying gives:

2, [ cosh (nﬂb) -1 _ nmb

M 64-69a Z
t=
=1 sinh (ngb) 2a

Let:
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a
;=" 41)
Then:
oo nmb
3 64Gt9a3brz COSh( a ) -1 _nmb @)
.=
n=1 sinh (ngb) 2a
M, is expressed in general as:
M, = G9J, (43)
where:
© nT[b
64a3brz COSh -1 _nmb 4
n=1 sinh nnb) 2a
J can be expressed as:
a
— N3
| =F, (b) a3b. (45)
Then:
oo nnb
a 64r COSh -1 nnb (46)
_ = _5 )
L sinh nnb) 2a
Leta = 2H, b = 2B, then for:
M
Tmax = —t' (47)
k,(2H)?*(2B)
g = —t,
k:G(2B)(2H)3 (48)

where k; and k, are calculated for various values of B/H and shown in Table 1.Torsional
moments are also presented for various values of a and b in Table 2 along with previous results.

Table 1. Torsional parameters for rectangular cross-sections

Present study Francu et al. [10]; Ike [9] Present study Francu et al. [10]; Ike [9]
B/H
kq kq k, k,

1.0 0.141 0.141 0.208 0.208
1.5 0.196 0.196 0.231 0.231

2 0.229 0.229 0.246 0.246
2.5 0.249 0.249 0.256 0.256

3 0.263 0.263 0.267 0.267

4 0.281 0.281 0.282 0.282

6 0.299 0.299 0.299 0.299
10 0.312 0.312 0.312 0.312
00 0.333 0.333 0.333 0.333
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Table 2. Torsional moments for cross-sections 2a X 2b

Cross-section Timoshenko and Goodier [2]
Present study

a b Exact

1 1 2.2492 2.2492
2 1 7.3178 7.3178
3 1 12.6392 12.6392
4 1 17.9720 17.9720
5 1 23.3053 23.3053
6 1 28.6337 28.6337
7 1 33.9720 33.9720
8 1 39.3053 39.3053

5. Discussion

In this paper, exact analytical solutions have been obtained for the Saint Venant torsional
problem of rectangular beams using the single Fourier sine transform method (SFSTM). The Saint
Venant torsion problem is a Poisson type partial differential equation (PDE) expressed using
Prandtl’s stress function ¢ (x, y). The SFSTM converted the nonhomogeneous PDE to an ordinary
differential equation ODE in the transformed domain which is easier to solve using methods for
solving ODEs. Use of boundary conditions and inversion of the general solution gave the Prandtl
stress function in the physical domain variables, from which the stresses and torsional moments
were found. The stresses and torsional moments were expressed in terms of parameters k; and k,
and presented in Tables 1 and 2 along with previously determined values by other researchers.
Tables 1 and 2 illustrate that the present SFSTM solutions are identical with previous solutions by
Ike [9] who used the Galerkin variational method and cosine basis functions; Francu et al. [10]
and Timoshenko and Goodier [2].

6. Conclusions

This paper has presented a SFSTM for solving the Saint Venant torsion problem formulated
as a Poisson type PDE in terms of the Prandtl stress function.

1) The SFSTM yielded analytical solutions to the Saint Venant torsion problem of prismatic
bars with rectangular cross-section.

2) The SFSTM transformed the PDE to a more easily solved ODE in the transformed domain.

3) The kernel of the SFSTM satisfied the boundary conditions of the Saint Venant torsion
problem and is the reason for the exact solution obtained.

4) The shear stresses, and torsional moments are convergent single series that give accurate
solution with a few terms of the series.

5) The solutions obtained for the stresses, and torsional moments are identical to previous
solutions obtained using Galerkin variational methods and the method of separation of variables.
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