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Abstract. This paper presents an investigation into the nonlinear dynamic behaviors of the
floating raft isolation system coupled with quasi-zero-stiffness isolators subject to multiple
disturbance sources. First, the coupling effects between the excitation source and isolation system
are considered. Also, the floating raft isolation model under multiple excitations and its motion
equation are deduced, and then the dynamic responses are mainly investigated by using the
techniques of time history diagram, spectrum diagram, phase diagram and Poincaré map, and the
bifurcation diagram. Finally, the bifurcations of the mechanical isolation system with different
parameters are analyzed through numerical methods, especially the effect of center distance and
mass ratio. The result predicts that the floating raft shows an alternate phenomenon of periodic
motion, quasi-periodic motion, and chaotic motion when the center distance and mass ratio vary.
The motion state of the floating raft vibration isolation system is more sensitive to the mass ratio
than to the center distance. The horizontal and rotational response of the system becomes very
intense in the chaotic state, and the response amplitudes in the horizontal and vertical directions
reach the same order of magnitude. Above all, the dynamic characteristics can provide the
theoretic supporting for the dynamics, vibration control and its parametric optimization of the
floating raft isolation system coupled with quasi-zero-stiffness isolators. This study will lay down
the requirements for the engineering design and application of floating raft isolation equipment in
large vessel.
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1. Introduction

Power equipment usually causes vibration and noise. Passive vibration isolation is widely used
to solve the problem of vibration transmission in power equipment due to its economical and
reliable characteristics [1]. At present, passive vibration isolation devices have good vibration
isolation effects in the medium and high frequency ranges, but the vibration isolation effects in
the low frequency and even ultra-low frequency ranges are not ideal [2]. The shortcomings of the
vibration isolation system can be compensated by introducing nonlinear vibration isolation
elements with high static and low dynamic stiffness [3]. Among them, the quasi-zero stiffness
vibration isolator introduces a cubic stiffness term, which can significantly improve the vibration
isolation performance of the vibration isolation system in the low-frequency region.

Related research on quasi-zero-stiffness vibration isolators focuses on their geometric
configuration and vibration isolation performance. References [4-6] mainly improved the
vibration isolation performance in the low-frequency region by improving the structure of the
single-degree-of-freedom quasi-zero-stiffness vibration isolator. Jazer et al. [7] studied a
single-degree-of-freedom vibration isolation system with dual nonlinearities in stiffness and
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damping and found that the effect of nonlinear stiffness on the frequency response of the system
is opposite to that of nonlinear damping. Xu et al. [8] proposed a multi-directional quasi-zero-
stiffness isolator with time-delay active control, which can suppress low-frequency vibrations in
multiple directions. Kawana et al. [9] designed a three-degree-of-freedom vibration isolator that
can suppress the vertical, horizontal, and rotational vibrations of a rigid body, and found that the
transient nonlinear vibration of the rigid body has a 2:1:1 internal resonance. Lu et al. [10] and
Tang et al. [11] respectively designed a quasi-zero-stiffness vibration isolation platform with a
6-degree-of-freedom rigid body. The results showed that the introduction of quasi-zero-stiffness
vibration isolators can improve the low-frequency vibration isolation characteristics. The
quasi-zero-stiffness vibration isolators improve the vibration isolation performance remarkably in
the low-frequency region. However, the chaotic phenomena make the vibration state more
complex.

The quasi-zero-stiffness isolators makes the system more susceptible to chaotic phenomena
that are unique to nonlinear systems, especially under the influence of large low-frequency
disturbances [12]. Lou et al. [13] evaluated the vibration isolation performance of nonlinear
vibration isolators in a chaotic state and found that the line spectrum amplitude was significantly
reduced. Li et al. [14] and Zhang et al. [15] used time-delay control methods to deal with chaos in
a two-dimensional vibration isolation raft system and studied the stability of different time-delay
feedback control methods. Based on a simplified two-dimensional raft system model, Zhang et al.
[16] fully presented the line spectrum chaos method of nonlinear time-delay feedback control and
explored the influence of control parameters on the chaotic effect of the system under multi-source
excitation conditions. Chai et al. [17] used double-delay feedback control to make a high-static
and low-dynamic vibration isolation system chaotic, while weakening the line spectrum
characteristics and intensity. Zuo et al. [18] used the open-loop plus nonlinear closed-loop
coupling method to realize the generalized chaotic synchronization, which can achieve the dual
functions of concealing the line spectrum information and maintaining the vibration isolation
performance. Obviously, when quasi-zero-stiffness isolators are applied to vibration isolation
systems, it is inevitable to pay attention to their nonlinear vibration phenomena.

Existing research on quasi-zero-stiffness vibration isolation systems focuses on single-degree-
of-freedom vibration isolation or double-layer vibration isolation [19-23]. Lu et al. [24] placed
quasi-zero-stiffness isolators on the upper and lower layers of a double-layer vibration isolation
system and found that the stiffness nonlinearity of the lower layer had a greater impact on the
vibration isolation performance of the system than that of the upper layer. Ji et al. [25] explored
the vibration isolation performance of two-degree-of-freedom quasi-zero stiffness isolators under
different parameters. The study found that the damping ratio and the vertical stiffness ratio can
improve the low-frequency vibration isolation performance. Zhao et al. [26] established a vertical
vehicle-quasi-zero stiffness floating plate track coupling dynamic model and found that
excessively high nonlinear stiffness levels would weaken the vibration isolation effect in the
resonance and high-frequency regions. Zhang et al. [27] established the raft dynamic equation
considering the foundation flexibility and the nonlinear stiffness of the isolator, and analyzed the
vertical vibration of the system under single-frequency and multi-frequency excitation. Zhao et al.
[28] established the dynamic equations of the airbag raft-rotor system considering the vertical and
horizontal vibrations of the raft body, and analyzed the nonlinear characteristics of the system
such as bifurcation and chaos under a single vibration excitation source. Li et al. [29] introduced
the quasi-zero-stiffness isolator into the floating raft vibration isolation system and established a
high-dimensional coupled dynamic equation with 12 degrees of freedom. They found that its
vibration isolation performance was significantly improved, but did not analyze the nonlinear
characteristics of the system. Li et al. [30] established a 6-degree-of-freedom vibration isolation
model composed of eight isolators to solve the complex problem of rolling and pitching motions
of ocean-going vessels. Wei et al. [31] designed a 2-degree-of-freedom bottom-springs grounded
nonlinear vibration isolator model, and carried out numerical simulation under typical harmonic
excitation. The results showed that the model has a good vibration isolation effect. Sun et al. [32]
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adopted the improved Incremental Harmonic Balance Method to discuss the coupling relationship
between different degrees of freedom of the quasi-zero stiffness Gough-Stewart vibration isolation
platform, considering the coupling relationship between each degree of freedom.

However, it is worth mentioning that researchers’ works mainly concentrated on either single-
degree-of-freedom or double-layer vibration isolation while the floating raft vibration isolation
with quasi-zero-stiffness isolators is not referred. In addition, the excitation resource from their
research is always a single vibration excitation source, and the definition of excitation was not
accurate enough to describe the real movement of the floating raft.

In this paper, an investigation into the nonlinear dynamic behaviors of the floating raft isolation
system coupled with quasi-zero-stiffness isolators under multiple disturbance sources is presented.
First, the coupling effects between the excitation source and isolation system are considered, and
movements in the vertical, horizontal, and rotational directions are also taken into account. Based
on this, the floating raft isolation model subjected to multiple disturbance sources and its motion
equation is developed, and then its dynamic responses are mainly investigated by using the
techniques of time history diagram, spectrum diagram, phase diagram, Poincaré¢ diagram, and the
bifurcation diagram. Last, the bifurcations of the floating raft isolation system with different
parameters are analyzed through numerical methods, especially the effect of center distance and
mass ratio. In particular, this work aims to present the theoretic supporting for the dynamics,
vibration control and its parametric optimization of the floating raft isolation system coupled with
quasi-zero-stiffness isolators.

2. Modeling of the floating raft vibration isolation system
2.1. Dynamics modeling

A plane motion model is established for the floating raft vibration isolation system considering
multi-disturbance sources, as shown in Fig. 1. The plane motion model includes five parts:
machinery A, machinery B, upper vibration isolator I, lower vibration isolator 11, and raft C.
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O xAl Ya O xg| VB
1 » . 1 I
3 c C
| O xe[ ¥ |
. [0 C
X J
A B :Vibratory machinery C:Floating raft
I:Layer I isolator 11 :Layer II isolator

Fig. 1. Plane motion model of the floating raft isolation system

The floating raft vibration isolation system is modeled by the multi-rigid body dynamic
method. The machinery and raft are regarded as rigid bodies. A couple of quasi-zero-stiffness
vibration isolators are vertically installed under each machinery, and three quasi-zero-stiffness
vibration isolators are vertically installed under the raft. The foundation is rigidly fixed. As shown
in Fig. 1, the mass centers of machinery A, machinery B and raft C are set as the origins of their
local coordinate systems oy, 0g, O¢, respectively. 0,x4, 0gXp, 0cX are the ordinate axes of the
local coordinate systems, and their directions are perpendicular to the geodetic plane where the
system is located. 0,V,, 05Yg, 0cYc are the horizontal axes of the local coordinate systems, and
their directions are parallel to the geodetic plane. ¢pA, ¢B, ¢C represents the rotation angles of
machinery A, machinery B and raft C in the plane, respectively. Set the origin of the global
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coordinate system at point 0. oy, 0, are the ordinate axis and horizontal axis of the overall
coordinate system.

The dynamic equations of machinery A, machinery B and raft C are established respectively
based on Newton's second law, which is formulated in Eq. (1):

( 2
M, i, = RpFy — Z FIti'
i=1
4
Mgiz = RgFg — Z F5, (1)
i=3

3 4
Mcic = —ZF{U —ZF{;.
j=1 i=1

In the equilibrium equation of machinery A, M, = dig[M,, My, /4] represents the mass matrix
of machinery A. M, and J, represent the mass and planar moment of inertia, respectively.
¥4 = [Xa, a, Pa]” represents the acceleration vector of the center of machinery A. R, represents
the transformation matrix of the local coordinate system to the overall coordinate system for
machinery A, which can be expressed as Eq. (2). Fy = [Facosw,t, 0,0]7 represents the simple
harmonic excitation vector of machinery A. Assuming the machinery is only subjected to vertical
excitation, the excitation amplitude is F, and the excitation frequency is w,. Ff; represents the
restoring forces at the top ends of the upper vibration isolator I. The subscript i indicates the ith
vibration isolator in the upper level I. Superscript t represents the top end of the isolator:

Ry = 2)

sinp, cos¢p, Of.

cosp, —singy Ol
0 0 1

Similarly, in the equilibrium equation of machinery B, Mg = dig[Mg, Mg,Jz],
iy = [¥p, V', P5]7, Fg = [Fgcos(wgt + ¢),0,0]” represent the mass matrix, acceleration array
and simple harmonic excitation array of machinery B, respectively. ¢ represents the phase
difference between motivation Fg and F,. Ry represents the transformation matrix of the local
coordinate system to the overall coordinate system for machinery B, and it is formulated in the
same form as Ry.

Similarly, in the equilibrium equation of raft C, M¢ = dig[M¢, M, Jc] and ¢ = [¥c, Ve, pc]”
represent the mass matrix and acceleration vector of raft C, respectively. Ff ; represents the
restoring forces acting on the top end of the lower vibration isolator II. FZ represents the restoring
forces at the bottom end of the upper vibration isolator I. The subscript j indicates the jth vibration
isolator in the lower level II. Superscript b represents the bottom end of the isolator.

Both the upper vibration isolator I and the lower vibration isolator II are selected as quasi-
zero-stiffness vibration isolators. Their restoring forces Fj;, FY and Fﬁj can be expressed as
kAx(1 + eAx?), where Ax is the deformation, k is the stiffness coefficient, & is the cubic
nonlinear stiffness coefficient.

The stiffness coefficient matrix and damping coefficient matrix of the upper vibration isolator
L are K; = dig[kiy, kiy, kig ], C; = dig[ciy, Ciy, Cig]- Kix, K1y and kyg are the stiffness coefficients
of the upper vibration isolator I in the vertical, horizontal and rotational directions. Accordingly,
Cix> Cry and ¢y are the damping coefficients of the upper vibration isolator I in the vertical,
horizontal and rotational directions.

The stiffness coefficient matrix and damping coefficient matrix of the lower vibration
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isolator II are KII = dig[knx, k”y, k11¢], CIl = dig[CHx, CIly' C”¢]. k”x, kny and k11¢ are the
stiffness coefficients of the lower vibration isolator II in the vertical, horizontal and rotational
directions. Accordingly, cyiy, cii, and ¢y are the damping coefficients of the lower vibration

isolator II in the vertical, horizontal and rotational directions.
At the same time, the frequency parameters corresponding to the stiffness matrix can be
obtained, as shown in Table 1.

Table 1. Frequency parameters
Parameter | Expression | Parameter | Expression

W1x v 2kix /My Wiy ,Zkly/MA
Wox v 2kix /Mg Way 2kyy /Mg

W3y \'3kIIX/MC (D3y ’3klly/MC

The equilibrium equations of the upper vibration isolator I and the lower vibration isolator II
are formulated. And their restoring forces are expressed as:

F, = TEK[(ArS — Arp) + e(Arf; — Ar)?] + TEC (AR — AFR), i=1,234,
Ff; = —T&K[(Arf; — Arf}) + e(Ar; — Ar)%] - TEC(AK; — AFE), i =1234, 3)
Fi; = TEKul(Arf, — Arf)) + e(Arf; — Arf))3] + T Cu(Ak],; — ARY;),  j=1,2,3.

Among them:
“4)

where, T5; and T§; represents the translation transformation matrix of the top end of the upper
vibration isolator I in the global coordinate system. The specific form is expressed as follows:

1 0 0
-y X 1

where xf; and y{; represents the coordinates of the upper end of the upper isolator I in the local
coordinate system. The meaning and form of T§;, Tg;, and T¢ ; are similar to T,;, which needs no
further elaboration:

Art =t —rt .
{A-If T 12,34, (©)
Iy = Iy — I,

where r;, and 1, represents the deformation and velocity when the coordinates of the top end of
the upper isolator I are in the local coordinate system. Ar{, Arf; 4o Arp o ArE, Arf j» and Arp ; have
similar meaning and form as Ary; and A¥f;, which needs no further elaboration.

2.2. Dimensionless kinetic equations

Define characteristic length, x,, characteristic angle, ¢, and the planar moment of inertia of
the raft, Jq:
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_ Myg
xO - Zklx' (7)
Mg
(PO - zklbe' (8)
Mc(ag + bd)
—_¢c\*c T Fe) 9
¢ 12 ®

where b, indicates the height of machinery A, ac and b respectively represents the width and
height of raft C. The plane moment of inertia of machinery A and machinery B, J, and Jg have
similar form as J¢.

Define two dimensionless parameters: centroid distances and mass ratio 7. Centroid distances
indicates the horizontal distance L from the machinery center to the raft center, which is divided
by the characteristic length x,. Mass ratio 1 represents the mass of the raft M and machinery A

L

s=—, (10)
0

_ Mc 11

n= M, (11)

In addition to considering the centroid distance s and mass ratio 7, the following
dimensionless parameters are further introduced, as shown in Table 2.

Table 2. Dimensionless parameters

Parameter Expression Parameter Expression Parameter Expression

X, xa/%o Qix Wi/ X0/ 9 Fa Fa/(2kpyxxo)
Y1 Yal%o Doy WoxX0/ 9 Fg Fg/(2kixxo)
1 ba/do Q3 W3+ X0/ 9 Qa W Xo/9
X2 xB/%o Q4y Wiy X0/9 Qg Wg~/Xo/9
Y2 ¥B/%o Qay Way+/X0/g Y Xo/g®/wg
oF $B/Po Q3 W3y X0/ g
X3 Xc/Xo A ‘U1x/w1y
Y3 Ye/%o $1x Cre/+ 2k My
o3 Pc/do gly Cly/ 2kIyMA
aa aa/xo $ox Cre/+ 2k1xMp
[45:] ag/xg ny CIy/ ZkIyMB
ac ac/xo $3x 3cie/y 12k Mc
Ba ba/xo fay 3Cny/ ,12k11yMc
Br bg/xq
Bc bc/xg
T t\x0/9
A ex?

Note: a,, ag and ac respectively represent the width of machinery A, machinery B and machinery C,

by, bg and b indicates the height of machinery A, machinery B and machinery C

Substituting the above dimensionless parameters into Eq. (1), it can obtain the dimensionless
kinetic equation:
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Mz" +Cz' +Kz+ Q =F. (12)
Among them:

z= [xl,y1,¢1,x2,y2, ¢2!x3'y3' ¢3]T' (13)

In Eq. (12), the superscripts " and "’ denote the dimensionless time derivative and superscript *
indicates dimensionless parameter. M, C and K represent the mass, damping and linear stiffness
matrices of the system, respectively. Q represents the nonlinear restoring force.
F=[F; F§ 0,,]" represents the simple harmonic excitation of the system, where Fy and Fg
are formulated as follows:

Fy = [FacosQ,1,0,0]7, (13)
Fg = [FgcosQg(t + 1),0,0]7.

Considering a floating raft device of a diesel generator set, it is feasible to determine the value
and variation range of the dimensionless parameters. The upper vibration isolator I is arranged
symmetrically about the machinery center, and the lower vibration isolator II is arranged
symmetrically about the raft center. External excitation frequency is wp = wg = w4,. Excitation
period is T = 2m/w,. Excitation amplitude is Fy = Fg = Mpg. The values of dimensionless
parameters involved in the kinetic equation are shown in Table 3.

Table 3. Dimensionless parameters value

Parameter | Expression | Parameter | Expression | Parameter | Expression
X 0.084 Qqy 1.00 Fa 1.00
bo 0.092 Qyy 1.00 Fy 1.00
ap 12.77 Qi 1.88 Qp 1.00
ag 12.77 Qqy 0.89 Qp 1.00
ac 34.60 Qyy 0.89 P /2
Ba 2.09 Q3 1.50
Bs 2.09 M 1.12
Bc 8.65 &ix 0.015
n 0.80 $1y 0.015
A 0.30 $ax 0.015

&2y 0.015
&3y 0.015
3y 0.015

3. Bifurcation characteristics of the floating raft vibration isolation system

Parameter analysis is carried on bifurcation characteristics of the floating raft vibration
isolation system with quasi-zero-stiffness. Since machineries A and B are arranged symmetrically,
only the movement of machinery A and raft C is considered. The fourth-order Runge-Kutta
method is used to solve the nonlinear dynamic equations, with the time step is specified as T /125.

3.1. The influence of the distance between the centroids
Centroid distance s is a dimensionless parameter reflecting the installation distance between

machinery A and machinery B. Fig. 2 shows the bifurcation diagram of the steady-state
displacement response of machinery A as the centroid distance varies.
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Fig. 2. Bifurcation diagrams of machinery A with s

As shown in Fig. 2, the motions of machinery A in vertical and horizontal direction have close
trend with the centroid distance s. Since the excitation direction is vertical, the vibration amplitude
of vertical motion is larger. When the centroid distance s > 19.68, the motion of machinery A
shows an alternating state of periodic motion and chaotic motion. When the centroid distancesis
between 19.94 and 20.02, the motion of machinery A in three directions transforms into quasi-
periodic motion. As the centroid distancescontinues to increase, the motion goes through a period
of alternating periodic motion and chaotic motion, and then transforms into periodic motion. It is
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worth noting that machinery A has no single-period motion. That is because the vertical and
horizontal directions of machinery A provide coupling stiffness for the rotation direction. The
rotation response of machinery A is affected by the movement in the other two directions, and the
movement state is more complicated.

In general, under the motivation of vertical equal-amplitude double excitation with a phase
difference of m/2, the motion of machinery A conforms to the law of period-chaos-period
according to the centroid distances.
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Fig. 3. Bifurcation diagrams of raft C with s
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Fig. 3 is the bifurcation diagram of the steady-state displacement response of raft C as the
distance from the mass center varies. Similar to the movement of machinery A, the movement of
raft C in all directions varies according to the centroid distances. The variation rules are basically
similar With the centroid distances, the motion of the raft C in all directions first shows a stable
periodic motion, followed by an alternating state of periodic motion, quasi-periodic motion, multi-
periodic motion, and chaotic motion. Compared with machinery A, the vibration amplitude of raft
C in all directions is smaller. However, in the unstable quasi-periodic motion state, the bifurcation
of the raft C is more complex and the nonlinear vibration characteristics are more obvious.

In summary, when the value of the centroid distances approaches 20, the movement of the
floating raft vibration isolation system will be greatly affected. The system movement will
produce more obvious quasi-periodic motion and chaotic motion, and the movement in the three
directions will become more unstable. Especially for horizontal movement and rotation, the
vibration amplitude will be greatly increased.

Therefore, in order to avoid the nonlinear motion state in the process of system motion, this
value range s = 19.6-20.2 should be excluded in the design of floating raft isolation system. It can
be seen from the above that s = L/xy, xo = Mag/2ki,, so s can be optimized by designing the
vertical stiffness coefficient ki, of the upper vibration isolator.

3.2. The influence of the mass ratio

Mass ratio 1 is a dimensionless parameter reflecting the mass ratio between raft C and
machinery A. Fig. 4 is the bifurcation diagram of the steady-state displacement response of
machinery A as the mass ratio varies.
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b) Horizontal response bifurcation diagram of machinery A
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Fig. 4. Bifurcation diagrams of machinery A with n

It can be seen from the Fig. 4 that the displacement response of machinery A in each direction
varies with the mass ratio . There are multiple discontinuous quasi-periodic motion intervals and
chaotic motion intervals in the variation. When the mass ratio n < 0.890, the motion state of
machinery A is stable. The motion of machinery A comes into a quasi-periodic state when the
mass ratio 7 is between 0.716 and 0.750 and at 0.766. It is in periodic motion in the rest of the
value range. When the mass ratio 7 is in the range of 0.892 and 1.398, the motion of machinery A
in all directions entered an obvious nonlinear motion state. In particular, its horizontal response
entered chaos through period-doubling bifurcation, and the vibration amplitudes in all directions
oscillated over a large range. Quasi-periodic motion states and chaotic motion states appears
alternately, and the vibration amplitude in the horizontal direction reaches the same order of
magnitude as that in the vertical direction. After the mass ratio n exceeding 1.400, quasi-periodic
motion and chaotic motion states only appear between 1.530-1.606 and 1.944-2.000, and the rest
of the value range is periodic motion.

In general, the motion of machinery A shows a pattern of alternating periodic-quasi-periodic-
chaotic appearance according to the increment of mass ratio 7.

Fig. 5 is the bifurcation diagram of the steady-state displacement response of raft C as the mass
ratio i changes. Similar to the movement of machinery A, the movement of raft C in all directions
varies with the mass ratio. As the mass ratio 7 increases, the motion of the raft C in all directions
first shows a stable periodic motion, followed by periodic motion, quasi-periodic motion, multi-
periodic motion, and chaotic motion. Compared with machinery A, the vibration amplitude of raft
C in all directions is smaller. At the same time, the rotation response of raft C also has the
phenomenon of entering a chaotic state by period-doubling bifurcation.

Fig. 4(c) and Fig. 5(c) reveal that the rotational response of machinery A and raft C varies with
the mass ratio 7. In the bifurcation characteristics, there is also a period-doubling bifurcation
phenomena, which is also caused by the coupling stiffness in the rotation direction.

In summary, in order to avoid the nonlinear motion state during the system motion, the mass
ratio 17 should avoid the value ranges of 0.892-1.398, 1.530-1.606 and 1.944-2.000. The mass ratio
7 is optimized by designing the raft mass M and the machinery A mass My.

4. Chaotic characteristics of the floating raft vibration isolation system

In nonlinear systems, the Lyapunov exponent is a quantitative analysis method to identify
chaotic motion. When the maximum Lyapunov exponent is positive, the system is in a chaotic
state; otherwise, the system is in a periodic or quasi-periodic motion state. From the analysis in
Section 3.2, we can see that the mass ratio, n has more obvious and complex impact on the
vibration characteristics of the system. Therefore, it is necessary to use the Lyapunov exponent to
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further analyze the nonlinear characteristics of the system.
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motion quasi-periodic motion quasi-periodic motion motion
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a) Vertical response bifurcation diagram of floating raft C
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b) Horizontal response bifurcation diagram of floating raft C
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S

S

0.6 0.8 1 12 14 1.6 1.8

¢) Rotation response bifurcation diagram of floating raft C
Fig. 5. Bifurcation diagrams of raft C with n

This section adopts the Benettin method [33]to calculate the maximum Lyapunov index of the
floating raft vibration isolation system based on the orbit perturbation principle. The initial
condition of the phase trajectory is Zy = Ogy1, Z'g = g1, Z; = [1077,0,45]7. Fig. 6 plots the
curve of maximum Lyapunov exponent versus mass ratio 1 . By comparing Fig. 6 with Fig. 4, it
can be found that the maximum Lyapunov exponent of the system is basically consistent with the
period-doubling bifurcation diagram. As the mass ratio increases, when the system motion is in a
periodic motion state, the maximum Lyapunov exponent is negative, when the system motion is
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in a chaotic motion state, the maximum Lyapunov exponent is positive.

In general, it also shows the evolution law of nonlinear vibration characteristics with
alternating periodic motion, quasi-periodic motion, and chaotic motion. The local stability of the
system can be further analyzed based on the Lyapunov exponent.
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0F--

-0.01
06 08 1 12 14 16 1.8 2

7

Fig. 6. LLE diagram of floating raft system with n

Fig. 7 shows the time history diagram, spectrum diagram, phase diagram and Poincaré map of
the vertical vibration response of machinery A when mass ratio 7 = 1.002. The time history
diagram in Fig. 7(a) depicts the steady-state vibration response, and the vibration amplitude
fluctuates periodically within a certain range. The spectrum diagram in 7(b) shows that there are
obvious double frequency components in the system. The phase diagram in Fig. 7(c) plots the
steady-state vibration response and the velocity numerical solution, and the phase trajectory forms
a ring with a certain width. Fig. 7(d) Poincaré¢ map with 2000 intervals T. The points of the curve
are drawn, and their Poincaré mapping points form a closed curve. Based on the results in Fig. 7,
machinery A is in a quasi-periodic motion state at this time.
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Fig. 7. Machinery A is in a quasi-periodic motion at n = 1.002
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Fig. 8 shows time history diagram, spectrum diagram, phase diagram and Poincaré map of the
vertical vibration response of machinery A when the mass ratio n = 1.050. Fig. 8(a) depicts the
steady-state vibration response, and the vibration amplitude fluctuates periodically within a certain
range. The spectrum diagram in 8(b) shows that there are complex frequency components in the
system and continuous frequency. Fig. 8(c) plots the steady-state vibration response and the
velocity numerical solution, and the phase trajectory is messy which indicates unstable state.
Fig. 8(d) plots Poincaré map with 2000 intervals T. The points scattered in a certain area. Based
on the results in Fig. 8, machinery A is currently exhibiting chaotic motion state.
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Fig. 8. Machinery A is in chaotic motion atn = 1.050

5. Conclusions

The nonlinear dynamic behavior of a floating raft isolation system coupled with quasi-zero-
stiffness isolators under multiple disturbance sources is carried out. In this study, based on the
multi-rigid body dynamic theory, the mathematical model of the 9-degree-of-freedom system is
developed. And its nonlinear dynamic characteristics are analyzed by applying the Runge-Kutta
method. The dynamic responses are mainly investigated by using time history diagram, spectrum
diagram, phase diagram, Poincaré diagram, and the bifurcation diagram. The results of this
research significantly extend and enrich the understanding of the behavior of the system. Based
on the results of the numerical simulations, the following conclusions can be summarized. First,
the floating raft exhibits alternate phenomenon of periodic motion, quasi-periodic motion, and
chaotic motion when the center distance and mass ratio vary. The motion state of the floating raft
vibration isolation system is more sensitive to the mass ratio than to the center distance. Second,
the horizontal and rotational responses of the system become very intense in the chaotic state, with
the response amplitudes in the horizontal and vertical directions reaching the same order of
magnitude. Above all, the dynamic characteristics can provide theoretic supporting for the
dynamics, vibration control, and parametric optimization of the floating raft isolation system
coupled with quasi-zero-stiffness isolators. This study is based on the basic assumption that the
external excitation phase difference is /2, which cannot fully reflect the real system working
scenario. In the future, it is planned to carry out research on different phase differences.
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