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Abstract. A multi-dimensional repair approach is the most effective policy for restoring 
repairable systems. This research study analyzes a complex repairable system that consists of four 
subsystems with different configurations. The system consists of four subsystems: Subsystem 1 
contains a single unit, Subsystem 2 includes n identical units operating under a k-out-of-n: G 
policy, Subsystem 3 features two identical load balancers responsible for distributing the load 
(with at least one required for operation), and Subsystem 4 consists of four identical units 
functioning under a 3-out-of-4: G policy. It is assumed that all subsystems have constant failure 
rates that are distributed exponentially. General repair, which is utilized while the system 
continues to function in accordance with the established operating policy, and copula-based repair, 
which is employed when the system stops completely, are the two types of repair techniques that 
are put into practice. A supplementary variable approach is incorporated to analyses system 
performance. Various reliability measures are computed using Maple 18, software, and future 
behaviour of system have been predicted in long run operation. By means of illustrations in the 
tables and graph it clearly shown how the copula repair is beneficial over ordinary repair.  
Keywords: k-out-of-n: G system configuration, system availability measure, system reliability 
measure, MTSF, sensitivity analysis, profit analysis, Gumbel-Hougaard family copula 
distribution. 

Nomenclature 𝑠, 𝑡 Laplace transform / Time scale variable 𝜇ଵ,𝜇ଶ,𝜇ଷ,𝜇ସ The failure rate of units in subsystems 1, 2, 3 and 4 𝜑ଵሺ𝑥ሻ,𝜑ଶሺ𝑥ሻ,𝜑ଷሺ𝑥ሻ Repair rate of units in subsystems 2, 3 and 4 respectively whenever partial 
failure has occurred 𝑃௜ሺ𝑡ሻ In the time span ሾ𝑡, 𝑡 ൅ ∆𝑡ሿ, the state transition probability that the system 
is in the state 𝑆௜ for 𝑖 ൌ 0 to 10 𝑃ሜ ሺ𝑠ሻ Laplace conversion of the state transition probability 𝑃ሺ𝑡ሻ 𝑃௜ሺ𝑥, 𝑡ሻ If 𝑥 is the repair variable and 𝑡 is the time variable, then 𝑃௜ሺ𝑥, 𝑡ሻ is the 
probability that the system is in the state 𝑆௜ for 𝑖 ൌ 0 to 10 with elapsed 
repair time 𝐸௣ሺ𝑡ሻ Expected profit by operation of the system during the time interval ሾ0, 𝑡ሻ 𝐾ଵ,𝐾ଶ Revenue and service cost parameters, respectively 𝑆ఝሺ𝑥ሻ Notation functions 𝑆ఝሺ𝑥ሻ ൌ 𝜑ሺ𝑥ሻ𝑒ି׬ ఝሺ௫ሻௗ௫బೣ  with repair distribution 𝜑ሺ𝑥ሻ 𝑆ሜఝሺ𝑠ሻ Laplace transform 𝑆ఝሺ𝑥ሻ i.e., 𝑆ሜఝሺ𝑥ሻ ൌ ׬ 𝑒ି௦௫ஶ଴ 𝜑ሺ𝑥ሻ𝑒ି׬ ఝሺ௫ሻௗ௫బೣ  
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𝜇଴ሺ𝑥ሻ Repair rate for wholly failed states for supplementary variable 𝑥. It is a 
joint probability function by the Gumbel-Hougaard family copula (G H) 
from complete failed state 𝑆௜ to 𝑆଴.  𝜇଴(𝑥) = expൣ𝑥ఏ + ሼlog𝜑 (𝑥)ሽఏ൧ଵ ఏ⁄  

1. Introduction 

One defining feature of engineering systems is their artificial nature. The role of human 
intervention in such systems varies depending on their function and design. Engineering systems 
must be reliable; otherwise, they fail to serve their intended purpose. Many existing systems in 
production, communication, transportation, information technology, and computing are artificial 
and range in complexity from simple to highly complex. However, real-world system reliability 
can be significantly impacted by interdependent components (subsystems), primarily through 
shared stress, shared loads, or common-cause failures, see Barlow and F. Prochan, [1]. In system 
reliability analysis, the dependence concept of multivariate models for nonrepairable systems have 
been studied by many authors including. H. Joe [2]. Repairable systems are defined as those that 
can be fixed to work properly again after a failure, without needing to replace the whole thing. 
Repairable systems are commonly modeled using renewal processes for perfect repair and 
nonhomogeneous Poisson processes for minimal repair. The model of system failure is built from 
the failures of its components. A common simplification is to model systems and components as 
having only two possible states: functioning or non-functioning. This failure process is open to 
several interpretations. The reliability block diagram (success-oriented) and fault tree analysis 
(failure-oriented) are among these. The failures and repairs of models in system reliability follow 
different patterns. The models in which both failure and repairs follow constant and exponential 
distribution and constant repair distributions are usually analyzed by employing the Champman 
Kolmogorov method, however, the systems in which failures follow constant exponential 
distribution and repair follow variable distribution are analyses incorporating supplementary 
variable method D. R. Cox [3]. The repair follows different distributions as general distribution 
and copula distribution. In general repair distribution an ordinary repair facility is provided to the 
failed unit/ component/ subsystem. Due to normal efficiency of repair man, it takes more time to 
repair, and the system remains shutdown for the time during maintenance. Another type of repair 
distribution is exponential distribution which might be costly than normal repair. Whenever the 
system is in operational mode with some reduce efficiency, the general repair can be employed to 
restore the failed unit but if the system/ subsystem is in complete shutdown mode the copula 
distribution should be employed for quickly restore the failed system. Varies copula distribution 
are available in probabilistic theory literature and the Gumbel Hougaard family copula Nelson, R. 
B. Nelson [4] is one of the simple forms which couples general distribution and exponential 
distribution. 

Numerous repairable systems have been analyzed in past research, including studies by, and 
Ashish Kumar and Malik [5], Dalah and Singh [6], Singh and Jyoti Gulati [7], and I. Yusuf and 
B. Yusuf [8]. These studies assume different types of failure and repair strategies. The 
Chapman-Kolmogorov differential equation typically analyzes the performance of a system 
following constant failure and repair rates in the available literature. However, when a system 
follows constant failure rates but incorporates variable multi-repair strategies, its performance is 
evaluated using the supplementary variable approach. 

Authors such as Dalah and Singh [6] and Singh and Gulati [7] have employed the 
supplementary variable approach to analyze system performance. A system is a combination of 
components, parts, and subsystems that one can arrange in different configurations, including 
series, parallel, and mixed configurations. Among these, the k-out-of-n: G/F; system configuration 
is significant in industrial systems such as oil transfer networks, digital parking systems, and street 
lighting systems, where two fixed numbers (𝑘 and 𝑛) play a crucial role in determining system 
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operation. 
Several researchers have explored the k-out-of-n: G system configuration. A. Mishra and 

M. Jain [9] examine availability of k-out-of-n: F system with constant failure and general repair 
using supplementary variable approach. Four states were taken into consideration when Rawal et 
al. [10] examined the performance of networked systems: perfect, minor degraded, major 
degraded, and complete failure. K. G. Ramamurthy [11] have characterized the simple form of 
reliability functions of consecutive k-out-of-n: G system. Xiaolin et al. [12], studied a complex 
repairable system with two types of components: ordinary components and key components in 
which the repair was preference to key components failure over ordinary components. Rawal and 
Singh [13] studied a system with two subsystems operating under this configuration using joint 
probability distribution and a copula repair scheme. A genetic algorithm was used by Vijaykumar 
and Kumudini Devi [14] to suggest the best position for FACTS controllers in a multi-power 
machine system. Ibrahim Yusuf et al. [15] analyzed the cost-benefit aspects of mixed standby unit 
systems. Singh and Poonia [16] examined a two-subsystem series configuration by evaluating 
system reliability metrics under two repair strategies. Author P. K. Poonia [17] analyzed a system 
with computer lab of networking systems consisting of subsystems in a series configuration under 
various types of failure and multi repair using copula linguistic. When redundant units in the 
system are ready to take over the load of a failed unit, standard repair procedures may be used to 
repair the failed unit or component. Also in case of many industrial system where the system 
configuration of k-out-n:G/ F exits one can use the ordinary/general repair to restore the failed 
components till it approaches to minor partial failure or major partial failure but as the system 
bears the completely shut down mode it need fast repair hence the completely failed state need to 
be restore via incorporate the copula distribution. Although several copula distributions are 
available in the stochastic theory, the Gumbel Hougaard family copula is easy and approachable 
to use. 

In order to assess multiple reliability measures, use of copula distribution, Dhruv Raghav et al. 
[18] investigated the performance of a k-out-of-n: G system utilizing two types of repair processes 
and multiple states failure modes. Ajay Kumar et al. [19] explored system performance under 
software upgrades and load recovery using Weibull distribution. Authors, H. I. Ayagi et. [20] 
assessed the performance of a complex system with three subsystems in series arrangement and a 
multi-repair technique. Monika Saini and Ashish Kumar [21] examined the operational production 
efficiency of a ghee production unit in a milk plant through RAMD (Reliability, Availability, 
Maintenance, and Dependability) analysis, employing the Markov process and the Kolmogorov 
differential equation method. Ibrahim Yusuf et al. [22] assessed the performance of mixed standby 
serial systems using a probabilistic approach with supplementary variables. A complex system 
under 𝑘 degraded states with non-identical load balance have been examined by V. V Singh et al. 
[23]. 

While recent publications exist, comparative studies are lacking. Ahmed T Alhasani et al. [24] 
conducted a collaborative study on diagnosing breast cancer using data mining, achieving 96 % 
accuracy, with precision (18.57 %) and recall (50 %) as weighted averages. The model’s results, 
benchmarked against similar research, reveal substantial advancements, suggesting new 
possibilities in breast cancer detection. Mahmoud E Mohamed [25] studied a review management 
technique for sustainable energy production. These results emphasize the critical part waste-to-
power energy (WPE) plays in boosting energy efficiency, promoting cleaner production, and 
creating a robust financial framework. Recently, Khodadadi and associates explored an archive-
based multi-objective arithmetic optimization algorithm to tackle industrial engineering 
challenges. To assess its effectiveness for real-world engineering problems, the method was 
evaluated using seven benchmark functions, ten CEC-2020 mathematical functions, and eight 
constrained engineering design problems. The study by Hobiny, Abbas, and Marin [26] examines 
the impact of hyperbolic two-temperature theory on wave propagation within a semiconductor 
material featuring a spherical cavity. El-Sayed et al. [27] investigated the particle swarm 
optimization algorithm, a nature-inspired optimization technique. Meta-heuristic algorithms, 
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inspired by nature, use biological evolution to develop powerful, innovative algorithms. 

 
a) 

 
b) 

Fig. 1. a) System architecture, and b) state transition diagram 

Although extensive research has been conducted by the authors, very few studies have 
analyzed the performance of mixed k-out-of-n: G systems using the supplemental variable 
approach in conjunction with copula-based repair. In the present study, we focus on analyzing a 
system comprising four subsystems arranged in a series configuration: 

1) Subsystem 1 consists of a single independent unit. 
2) Subsystem 2 includes parallel units working under the k-out-of-n: G policy. 
3) Subsystem 3 features two identical load balancers that distribute the load from Subsystem 

2; at least one balancer must be operational for proper functioning. 
4) Subsystem 4 consists of four identical units operating in parallel under the 3-out-of-4: G 

working policy. 
Using probabilistic theoretical arguments, we define eleven possible states (𝑆଴, 𝑆ଵ, 𝑆ଶ, … , 𝑆ଵ଴), 

representing the system’s perfectly operational state 𝑆଴, minor degraded states 𝑆ଵ, 𝑆ଶ, 𝑆଼, major 
degraded states 𝑆ଷ, 𝑆଺, 𝑆ଽ, and complete shutdown states 𝑆ସ, 𝑆ହ, 𝑆଻, 𝑆ଵ଴. The state transition 
diagram (Fig. 1(b)) provides a foundation for developing mathematical equations that help predict 
the future behaviour of the system model. 
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1.1. State description of the model 

The model structure allows us to develop the following states for studying the model given in 
Table 1. 

Table 1. State description for various transitions 
State State description 𝑆௢ In the state description that displays 𝑆଴, the system is in a flawless state and all its subsystems are 

operating efficiently 𝑆ଵ The state indicates that the system is in a minor degraded state after failing one unit in the second 
subsystem 𝑆ଶ State 𝑆ଶ represents a minor degraded state after failing second unit of subsystem 2 𝑆ଷ The state 𝑆ଷ represents major degraded state in which system is working under critical condition 𝑆ସ State 𝑆ସ represents a complete failure state in subsystem 2 due to the failure of 𝑘 + 1 units in 
subsystem 2. The system is under repair with the copula repair 𝑆ହ State 𝑆ହ is a complete failure state due to the failure of subsystem 1. The system is under repair 𝑆଺ State 𝑆଺ represents a major degrade state due to the failure of one unit in subsystem 3 (that is load 
balancer) 𝑆଻ State 𝑆଻ is a complete failure due to failing both units in subsystem 3 𝑆଼ State 𝑆଼ represents a minor degraded state due to failing one unit in subsystem 4 𝑆ଽ 
This state represents a major degraded state in which the system is in a critical state after failing 
two units in subsystem 4. The system is working, and general repair is employed for the failed 
unit 𝑆ଵ଴ The state 𝑆ଵ଴ is a complete failed state after failing 3 units in subsystem 4 the system is under 
repair 

1.2. Mathematical modeling of the model 

By the probability constraint and arguments, and using the state changeover diagram in 
Fig. 1(b) we can develop following differential equations associated with a present mathematical 
model as: 

𝑆଴: ൬ 𝜕𝜕𝑡 + 𝜇ଵ + 𝑛𝜇ଶ + 2𝜇ଷ + 4𝜇ସ൰𝑃଴(𝑡) = න 𝜑ଵ(𝑥)𝑃ଵ(𝑥, 𝑡)𝑑𝑥ஶ
଴ + න 𝜑ଶ(𝑥)𝑃଺(𝑥, 𝑡)𝑑𝑥ஶ

଴  +න 𝜑ଷ(𝑥)𝑃 (𝑥, 𝑡)𝑑𝑥ஶ
଴ + ෍න 𝜇଴(𝑥)𝑃௝(𝑥, 𝑡)𝑑𝑥ஶ

଴ ,      𝑗 = 4, 5, 7, 10, (1)

𝑆ଵ:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + (𝑛 − 1)𝜇ଶ + 𝜑ଵ(𝑥)൱𝑃ଵ(𝑥, 𝑡) = 0, (2)

𝑆ଶ:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + (𝑛 − 𝑘)𝜇ଶ + 𝜑ଵ(𝑥)൱𝑃ଶ(𝑥, 𝑡) = 0, (3)

𝑆ଷ:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + (𝑛 − 𝑘 − 1)𝜇ଶ + 𝜑ଵ(𝑥)൱𝑃ଷ(𝑥, 𝑡) = 0, (4)

𝑆ସ:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃ସ(𝑥, 𝑡) = 0, (5)

𝑆ହ:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃ହ(𝑥, 𝑡) = 0, (6)

𝑆଺:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + 𝜇ଵ + 𝜇ଷ + 𝜑ଶ(𝑥)൱𝑃଺(𝑥, 𝑡) = 0, (7)
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𝑆଻:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃଻(𝑥, 𝑡) = 0, (8)

𝑆଼:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + 𝜇ଵ + 2𝜇ଷ + 3𝜇ସ + 𝜑ଷ(𝑥)൱𝑃 (𝑥, 𝑡) = 0, (9)

𝑆ଽ : ൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + 𝜇ଵ + 2𝜇ଷ + 2𝜇ସ + 𝜑ଷ(𝑥)൱𝑃ଽ(𝑥, 𝑡) = 0, (10)

𝑆ଵ଴:൭ 𝜕𝜕𝑡 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃ଵ଴(𝑥, 𝑡) = 0. (11)

Boundary Condition: If repair is not employed then the relation between various states 
connecting states can have the following relationship: 𝑃ଵ(0, 𝑡) = 𝑛𝜇ଶ𝑃଴(𝑡), (12)𝑃ଶ(0, 𝑡) = 𝑛(𝑛 − 1)𝜇ଶଶ𝑃଴(𝑡), (13)𝑃ଷ(0, 𝑡) = 𝑛(𝑛 − 1)(𝑛 − 𝑘)𝜇ଶଷ𝑃଴(𝑡), (14)𝑃ସ(0, 𝑡) = 𝑛(𝑛 − 1)(𝑛 − 𝑘)(𝑛 − 𝑘 − 1)𝜇ଶସ𝑃଴(𝑡), (15)𝑃ହ(0, 𝑡) = 𝜇ଵሾ1 + 2𝜇ଷ + 8𝜇ଷ𝜇ସ + 24𝜇ଷ𝜇ସଶ + 4𝜇ସ + 12𝜇ସଶሿ𝑃଴(𝑡), (16)𝑃଺(0, 𝑡) = 2𝜇ଷሾ1 + 4𝜇ସ + 12𝜇ସଶሿ𝑃଴(𝑡), (17)𝑃଻(0, 𝑡) = 2𝜇ଷଶሾ1 + 4𝜇ସ + 12𝜇ସଶሿ𝑃଴(𝑡), (18)𝑃 (0, 𝑡) = 4𝜇ସ𝑃଴(𝑡), (19)𝑃ଽ(0, 𝑡) = 12𝜇ସଶ𝑃଴(𝑡), (20)𝑃ଵ଴(0, 𝑡) = 24𝜇ସଷ𝑃଴(𝑡). (21)

Taking Laplace transform of the state Eqs. (1-11) with the help of 𝑃଴(0) = 1 and 𝑃௜(𝑥, 0) = 0 
for 𝑖 = 1,2, . .10: 

(𝑠 + 𝜇ଵ + 𝑛𝜇ଶ + 2𝜇ଷ + 4𝜇ସ)𝑃ത଴(𝑠) = න 𝜑ଵ(𝑥)𝑃തଵ(𝑥, 𝑠)𝑑𝑥ஶ
଴ + න 𝜑ଶ(𝑥)𝑃ത଺(𝑥, 𝑠)𝑑𝑥ஶ

଴        +න 𝜑ଷ(𝑥)𝑃ത଼ (𝑥, 𝑠)𝑑𝑥ஶ
଴ + ෍න 𝜇଴(𝑥)𝑃ത௝(𝑥, 𝑠)𝑑𝑥ஶ

଴ , 𝑗 = 4,5,7,10, (22)

൭𝑠 + 𝜕𝜕𝑥 + (𝑛 − 1)𝜇ଶ + 𝜑ଵ(𝑥)൱𝑃ሜଵ(𝑥, 𝑡) = 0, (23)

൭𝑠 + 𝜕𝜕𝑥 + (𝑛 − 𝑘)𝜇ଶ + 𝜑ଵ(𝑥)൱𝑃ሜଶ(𝑥, 𝑡) = 0, (24)

൭𝑠 + 𝜕𝜕𝑥 + (𝑛 − 𝑘 − 1)𝜇ଶ + 𝜑ଵ(𝑥)൱𝑃ሜଷ(𝑥, 𝑡) = 0, (25)

൭𝑠 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃ሜସ(𝑥, 𝑠) = 0, (26)

൭𝑠 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃ሜହ(𝑥, 𝑠) = 0, (27)

൭𝑠 + 𝜕𝜕𝑥 + 𝜇ଵ + 𝜇ଷ + 𝜑ଶ(𝑥)൱𝑃ሜ଺(𝑥, 𝑠) = 0, (28)

൭𝑠 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃ሜ଻(𝑥, 𝑠) = 0, (29)
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൭𝑠 + 𝜕𝜕𝑥 + 𝜇ଵ + 2𝜇ଷ + 3𝜇ସ + 𝜑ଷ(𝑥)൱𝑃ሜ଼(𝑥, 𝑠) = 0, (30)

൭𝑠 + 𝜕𝜕𝑥 + 𝜇ଵ + 2𝜇ଷ + 2𝜇ସ + 𝜑ଷ(𝑥)൱𝑃ሜଽ(𝑥, 𝑠) = 0, (31)

൭𝑠 + 𝜕𝜕𝑥 + 𝜇଴(𝑥)൱𝑃ሜଵ଴(𝑥, 𝑠) = 0. (32)

Laplace transform of the boundary equation: 𝑃ሜଵ(0, 𝑠) = 𝑛𝜇ଶ𝑃ሜ଴(𝑠), (33)𝑃ሜଶ(0, 𝑠) = 𝑛(𝑛 − 1)𝜇ଶଶ𝑃ሜ଴(𝑠), (34)𝑃ሜଷ(0, 𝑠) = 𝑛(𝑛 − 1)(𝑛 − 𝑘)𝜇ଶଷ𝑃ሜ଴(𝑠), (35)𝑃ሜସ(0, 𝑠) = 𝑛(𝑛 − 1)(𝑛 − 𝑘)(𝑛 − 𝑘 − 1)𝜇ଶସ𝑃ሜ଴(𝑠), (36)𝑃ሜହ(0, 𝑠) = 𝜇ଵሾ1 + 2𝜇ଷ + 8𝜇ଷ𝜇ସ + 24𝜇ଷ𝜇ସଶ + 4𝜇ସ + 12𝜇ସଶሿ𝑃ሜ଴(𝑠), (37)𝑃ሜ଺(0, 𝑠) = 2𝜇ଷሾ1 + 4𝜇ସ + 12𝜇ସଶሿ𝑃ሜ଴(𝑠), (38)𝑃ሜ଻(0, 𝑠) = 2𝜇ଷଶሾ1 + 4𝜇ସ + 12𝜇ସଶሿ𝑃ሜ଴(𝑠), (39)𝑃ሜ଼(0, 𝑠) = 4𝜇ସ𝑃ሜ଴(𝑠), (40)𝑃ሜଽ(0, 𝑠) = 12𝜇ସଶ𝑃ሜ଴(𝑠), (41)𝑃ሜଵ଴(0, 𝑠) = 24𝜇ସଷ𝑃ሜ଴(𝑠). (42)

Solving equation the above Eqs. (22)-(32) with help of Eqs. (33) to (42) one can get the 
solution of system of equations: 𝑃ሜଵ(𝑥, 𝑠) = 𝑃ሜଵ(0, 𝑠) ቄ𝑒ି൫௦ା(௡ିଵ)൯௫𝑒ି׬ ఝభ(௫)బೣ ௗ௫ቅ, (43)𝑃ሜଶ(𝑥, 𝑠) = 𝑃ሜଶ(0, 𝑠) ቄ𝑒ି൫௦ା(௡ି௞)൯௫𝑒ି׬ ఝభ(௫)బೣ ௗ௫ቅ, (44)𝑃ሜଷ(𝑥, 𝑠) = 𝑃ሜଷ(0, 𝑠) ቄ𝑒ି൫௦ା(௡ି௞ିଵ)൯௫𝑒ି׬ ఝభ(௫)బೣ ௗ௫ቅ, (45)𝑃ሜସ(𝑥, 𝑠) = 𝑃ሜସ(0, 𝑠) ቄ𝑒ି௦భ௫𝑒ି׬ ఓబ(௫)బೣ ௗ௫ቅ, (46)𝑃ሜହ(𝑥, 𝑠) = 𝑃ሜହ(0, 𝑠) ቄ𝑒ି௦௫𝑒ି׬ ఓబ(௫)బೣ ௗ௫ቅ, (47)𝑃ሜ଺(𝑥, 𝑠) = 𝑃ሜ଺(0, 𝑠) ቄ𝑒ି(௦ାఓభାఓయ)௫𝑒ି׬ ఝమ(௫)బೣ ௗ௫ቅ, (48)𝑃ሜ଻(𝑥, 𝑠) = 𝑃ሜ଻(0, 𝑠) ቄ𝑒ି௦௫𝑒ି׬ ఓబ(௫)బೣ ௗ௫ቅ, (49)𝑃ሜ଼(𝑥, 𝑠) = 𝑃ሜ଼(0, 𝑠) ቄ𝑒ି(௦ାଶఓయାఓభାଷఓర)௫𝑒ି׬ ఝయ(௫)బೣ ௗ௫ቅ, (50)𝑃ሜଽ(𝑥, 𝑠) = 𝑃ሜଽ(0, 𝑠) ቄ𝑒ି(௦ାଶఓయାఓభାଶఓర)௫𝑒ି׬ ఝయ(௫)బೣ ௗ௫ቅ, (51)𝑃ሜଵ଴(𝑥, 𝑠) = 𝑃ሜଵ଴(0, 𝑠) ቄ𝑒ି௦௫𝑒ି׬ ఓబ(௫)బೣ ௗ௫ቅ. (52)

Using the above relations in Eqs. (22-32) one can get the solution as: (𝑠 + 𝑛𝜇ଶ + 𝜇ଵ + 2𝜇ଷ + 4𝜇ସ)𝑃ሜ଴(𝑠)= 1 + න 𝜑ଵ(𝑥)ஶ
଴ 𝑃ሜଵ(0, 𝑠) ቄ𝑒ି൫௦ା(௡ିଵ)൯௫𝑒ି׬ ఝభ(௫)బೣ ௗ௫ቅ 𝑑𝑥 + න 𝜇଴(𝑥)𝑃ሜହ(0, 𝑠) ቄ𝑒ି௦௫𝑒ି׬ ఓబ(௫)బೣ ௗ௫ቅஶ

଴ 𝑑𝑥 + න 𝜇଴(𝑥)𝑃ሜସ(0, 𝑠) ቄ𝑒ି௦భ௫𝑒ି׬ ఓబ(௫)బೣ ௗ௫ቅ 𝑑𝑥ஶ
଴   (53)

      +න 𝜇଴(𝑥)𝑃ሜ଻(0, 𝑠) ቄ𝑒ି௦௫𝑒ି׬ ఓబ(௫)బೣ ௗ௫ቅ 𝑑𝑥ஶ
଴  
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      +න 𝜇଴(𝑥)𝑃ሜ଺(0, 𝑠) ቄ𝑒ି(௦ାఓభାఓయ)௫𝑒ି׬ ఝమ(௫)బೣ ௗ௫ቅ 𝑑𝑥ஶ
଴+  න 𝜑ଷ(𝑥)𝑃ሜ଼(0, 𝑠) ቄ𝑒ି(௦ାଶఓయାఓభାଷఓర)௫𝑒ି׬ ఝయ(௫)బೣ ௗ௫ቅ 𝑑𝑥ஶ
଴ , (𝑠 + 𝑛𝜇ଶ + 𝜇ଵ + 2𝜇ଷ + 4𝜇ସ)𝑃ሜ଴(𝑠) = 1 + 𝑛𝜇ଶ𝑃ሜ଴(𝑠)𝑆ఝ̅భ(𝑠 + (𝑛 − 1)𝜇ଶ)        +𝜇ଵൣ1 + 2𝜇ଷ + 8𝜇ଷ𝜇ସ + 24𝜇ଷ𝜇ଶସ + 4𝜇ସ + 12𝜇ଶସ൧𝑃ሜ଴(𝑠)𝑆ఓ̅బ(𝑠) + 𝑛(𝑛 − 1)(𝑛 − 𝑘)(𝑛− 𝑘 − 1)𝜇ଶସ𝑃ሜ଴(𝑠)𝑆ఓ̅బ(𝑠 + 2𝜇ଶଷൣ1 + 4𝜇ସ + 12𝜇ଶସ൧𝑃ሜ଴(𝑠)𝑆ఓ̅బ(𝑠)+ 2𝜇ଷൣ1 + 4𝜇ସ + 12𝜇ଶସ൧𝑃ሜ଴(𝑠)𝑆ఓ̅బ(𝑠 + 𝜇ଵ + 𝜇ଷ) + 4𝜇ସ𝑃ሜ଴(𝑠)𝑆థ̅య(𝑠 + 2𝜇ଷ + 𝜇ଵ + 3𝜇ସ)+ 24𝜇ଷସ𝑃ሜ଴(𝑠)𝑆ఓ̅బ(𝑠) (54)

𝐷(𝑠)𝑃ሜ଴(𝑠) = 1 ⇒ 𝑃ሜ଴(𝑠) = 1𝐷(𝑠), (55)𝑃ሜଵ(𝑠) = න 𝑃ሜଵ(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 𝑛𝜇ଶ𝐷(𝑠) ቊ1 − 𝑆ఝభ(𝑠 + (𝑛 − 1)𝜇ଶ)(𝑠 + (𝑛 − 1)𝜇ଶ) ቋ, (56)𝑃ሜଶ(𝑠) = න 𝑃ሜଶ(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 𝑛(𝑛 − 1)𝜇ଶଶ𝐷(𝑠) ቊ1 − 𝑆ఝభ(𝑠 + (𝑛 − 𝑘)𝜇ଶ)(𝑠 + (𝑛 − 𝑘)𝜇ଶ) ቋ, (57)𝑃ሜଷ(𝑠) = න 𝑃ሜଷ(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 𝑛(𝑛 − 1)(𝑛 − 𝑘)𝜇ଷଶ𝐷(𝑠) ቊ1 − 𝑆ఝభ(𝑠 + (𝑛 − 𝑘 − 1)𝜇ଶ)(𝑠 + (𝑛 − 𝑘 − 1)𝜇ଶ) ቋ, (58)𝑃ሜସ(𝑠) = න 𝑃ሜସ(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 𝑛(𝑛 − 1)(𝑛 − 𝑘)(𝑛 − 𝑘 − 1)𝜇ସଶ𝐷(𝑠) ቊ1 − 𝑆ఓబ(𝑠)𝑠 ቋ, (59)𝑃ሜହ(𝑠) = න 𝑃ሜହ(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 𝜇ଵሾ1 + 2𝜇ଷ + 8𝜇ଷ𝜇ସ + 24𝜇ଷ𝜇ସଶ + 4𝜇ସ + 12𝜇ସଶሿ𝐷(𝑠) ቊ1 − 𝑆ఓబ(𝑠)𝑠 ቋ, (60)

𝑃ሜ଺(𝑠) = න 𝑃ሜ଺(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 2𝜇ଷ൫1 + 4𝜇ସ + 12𝜇ଶସ൯𝐷(𝑠) ቊ1 − 𝑆ఝమ(𝑠 + 𝜇ଵ + 𝜇ଷ)(𝑠 + 𝜇ଵ + 𝜇ଷ)) ቋ, (61)

𝑃ሜ଻(𝑠) = න 𝑃ሜ଻(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 2𝜇ଶଷ൫1 + 4𝜇ସ + 12𝜇ଶସ൯𝐷(𝑠) ቊ1 − 𝑆ఓబ(𝑠)𝑠 ቋ, (62)𝑃ሜ଼(𝑠) = න 𝑃ሜ଼(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 2𝜇ସ𝐷(𝑠) ቊ1 − 𝑆ఝయ(𝑠 + 𝜇ଵ + 2𝜇ଷ + 3𝜇ସ)(𝑠 + 𝜇ଵ + 2𝜇ଷ + 3𝜇ସ) ቋ, (63)𝑃ሜଽ(𝑠) = න 𝑃ሜଽ(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 12𝜇ଶସ𝐷(𝑠) ቊ1 − 𝑆ఝయ(𝑠 + 𝜇ଵ + 2𝜇ଷ + 2𝜇ସ)(𝑠 + 𝜇ଵ + 2𝜇ଷ + 2𝜇ସ) ቋ, (64)𝑃ሜଵ଴(𝑠) = න 𝑃ሜଵ଴(𝑥, 𝑠)ஶ
଴ 𝑑𝑥 = 24𝜇ଶସ𝐷(𝑠) ቊ1 − 𝑆ఓబ(𝑠)𝑠 ቋ, (65)𝑃ത௨௣(𝑠) = 𝑃ത଴(𝑠)෍𝑃ത௝(𝑠)௝ ,      𝑗 = 1, 2,3,6,8, 9. (66)

2. Analysis and discussion of results 

2.1. Availability analysis 

In case when repair follows joint probability distribution copula, i.e., general distribution and 
exponential distribution. 

Setting, failure and repair expressions as; 𝜇ଵ = 0.02, 𝜇ଶ = 0.015,  𝜇ଷ = 0.02, 𝜇ସ = 0.03,  𝑆ሜఓబ(𝑠) = ୣ୶୮[௫ഇା{୪୭୥ఝ(௫)}ഇ]భ/ഇ௦ାୣ୶୮[௫ഇା{୪୭୥ఝ(௫)}ഇ]భ/ഇ, ఝ೔(௫)௦ାఝ೔(௫), 𝑖 = 1, 2, 3 and then taking the inverse Laplace to 
transform of 𝑃ത௨௣(𝑠) with use of Maple 18 version software we gotten. 

Availability computation when failure and repair parameters are given as: 𝜇ଵ = 0.02,  𝜇ଶ = 0.015,  𝜇ଷ = 0.02, 𝜇ସ = 0.03, 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30: 
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(𝑎):𝑃௨௣(𝑡) = −0.001885798695𝑒ିଵ.଺଴଴଴଴଴଴଴଴௧ + 0.01263602761𝑒ିଶ.଼଴ଵଵଽସହଵସ௧        −0.1354340237𝑒ିଶ.ଶ଻଴଼ସସ଺଺଼௧ + 0.02006937624𝑒ିଵ.ଶଶହଵଷ଴ହଵ଺௧+ 0.004714369016𝑒ିଵ.଴଺ସ଻ଷସ଴ଵ଼௧ + 1.099900050𝑒ି଴.ଶଶଵଷଽ଺ଶ଼ଷସ௧ . (67a)

Availability computation when failure and repair parameters are given as: 𝜇ଵ = 0.025,  𝜇ଶ = 0.02,  𝜇ଷ = 0.025, 𝜇ସ = 0.035, 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30: (𝑏):𝑃௨௣(𝑡) = −0.001885798695𝑒ିଵ.଺଴଴଴଴଴଴଴଴௧ + 0.01263602761𝑒ିଶ.଼଴ଵଵଽସହଵସ௧        −0.1354340237𝑒ିଶ.ଶ଻଴଼ସସ଺଺଼௧ + 0.02006937624𝑒ିଵ.ଶଶହଵଷ଴ହଵ଺௧+ 0.004714369016 𝑒ିଵ.଴଺ସ଻ଷସ଴ଵ଼௧ + 1.099900050𝑒ି଴.ଶଶଵଷଽ଺ଶ଼ଷସ௧ − 0.3147998517𝑒ିସ.ଵଷ଺଺ହଽ଼ଶଵ௧ + 0.02010433333𝑒ିଶ.଻ଷଽଶ଼଼଻଼௧+ 0.3707211311𝑒ିଵ.ସସ଴଻ସଽ଴଺଴௧ + 0.03081206260𝑒ିଵ.଴ଽ଴଼ଽ଼ଶ଴ଶ௧+ 0.9030248052𝑒ି଴.଻ସହ଻଴ସଵଷହ଼௧ + −0.009862480541𝑒ିଶ.ସ଴଴଴଴଴଴଴଴ ௧ . 
(67b)

Availability computation when failure and repair parameters are given as: 𝜇ଵ = 0.03,  𝜇ଶ = 0.025,  𝜇ଷ = 0.03, 𝜇ସ = 0.04, 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30: (𝑐):𝑃௨௣(𝑡) = −0.001885798695𝑒ିଵ.଺଴଴଴଴଴଴଴଴௧ + 0.01263602761𝑒ିଶ.଼଴ଵଵଽସହଵସ௧        −0.1354340237𝑒ିଶ.ଶ଻଴଼ସସ଺଺଼௧ + 0.02006937624𝑒ିଵ.ଶଶହଵଷ଴ହଵ଺௧+ 0.004714369016 𝑒ିଵ.଴଺ସ଻ଷସ଴ଵ଼௧ + 1.099900050𝑒ି଴.ଶଶଵଷଽ଺ଶ଼ଷସ௧ − 0.3894696845𝑒ିସ.଼ଵଷ଻ଷଷଶ଼ଷ௧ + 0.05888428350𝑒ିଶ.଻ଽସ଼଻ଷସ଻଻௧+ 0.6115052181𝑒ିଵ.଺ଷଷହ଴ଽଽ଻ସ௧ + 0.06070343560𝑒ିଵ.ଵଵ଼ଵଶସ଼ହଶ௧  + 0.6466801610𝑒ି଴.଼଻ଷ଴ହ଼ସଵଷ଻௧  + 0.01169658612𝑒ିଶ.଻ହ଴଴଴଴଴଴଴଴଴ ௧ . 
(67c)

Availability computation when failure and repair parameters are given as: 𝜇ଵ = 0.035,  𝜇ଶ = 0.03,  𝜇ଷ = 0.035, 𝜇ସ = 0.045, 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30: (𝑑):𝑃௨௣(𝑡) = −0.001885798695𝑒ିଵ.଺଴଴଴଴଴଴଴଴௧ + 0.01263602761𝑒ିଶ.଼଴ଵଵଽସହଵସ௧        −0.1354340237𝑒ିଶ.ଶ଻଴଼ସସ଺଺଼௧ + 0.02006937624𝑒ିଵ.ଶଶହଵଷ଴ହଵ଺௧+ 0.004714369016𝑒ିଵ.଴଺ସ଻ଷସ଴ଵ଼௧ + 1.099900050𝑒ି଴.ଶଶଵଷଽ଺ଶ଼ଷସ௧ − 0.45909997370𝑒ିହ.ସ଻ସ଼ଷଵଷ଴ସ௧ + 0.2368779506𝑒ିଶ.଼଼ସ଴ହଷହଷ଻௧+ 0.7434259302𝑒ି଴..଼ସ଻଴ସ଻଴ଷ଺௧ + 0.08963494914𝑒ିଵ.ଵସ଼ହସ଻଻ହଷ௧+ 0.4306783862𝑒ି଴.ଽସ଼଼ଶ଴ଷ଺଼ଽ௧ − 0.0415174881𝑒ିଷ.ଵ଴଴଴଴଴଴଴଴ ௧.  
(67d)

Table 2 and Fig. 2 illustrate how different values of time the system availability can be obtained 
for different values of the time variable 𝑡 = 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 units of time using 
Eqs. (67a, 67b, 67c, and 67d). 

Table 2. Variation of availability with respect to time t 
Time 𝑡 Availability case (a) Availability case (b) Availability case (c) Availability case (d) 

0 1.000 1.000 1.000 1.000 
1 0.838 0.767 0.692 0.618 
2 0.626 0.505 0.395 0.300 
3 0.459 0.326 0.221 0.141 
4 0.334 0.209 0.124 0.066 
5 0.243 0.134 0.069 0.030 
6 0.177 0.086 0.038 0.014 
7 0.129 0.055 0.021 0.006 
8 0.094 0.036 0.012 0.002 
9 0.068 0.023 0.007 0.001 
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Fig. 2. Variation of availability with respect to time 𝑡 

The Table 2 and Fig. 2 presents four different cases of system performance through system 
availability measures for different four cases of illustrations when the set of failure and repair 
values when the parameter of subsystems are highlighted as: 𝜇ଵ = 0.02, 𝜇ଶ = 0.015,  𝜇ଷ = 0.02, 𝜇ସ = 0.03, 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30, 𝜇ଵ = 0.025, 𝜇ଶ = 0.02, 𝜇ଷ = 0.025, 𝜇ସ = 0.035, 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30, 𝜇ଵ = 0.03, 𝜇ଶ = 0.025,  𝜇ଷ = 0.03, 𝜇ସ = 0.04, 𝜑 ௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30 
and 𝜇ଵ = 0.035, 𝜇ଶ = 0.03,  𝜇ଷ = 0.035, 𝜇ସ = 0.045, 𝜑 ௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100, 𝑘 = 30 respectively. From Fig. 2 concludes the first case of illustration is the more 
acceptable and the fourth case is least beneficial for system operation. 

2.2. Reliability Analysis. 

Reliability is a metric of system performance of a non-repairable system. Therefor assuming 
all repair equal to zero in Eq. (66),  and taking inverse Laplace transform of Eq. (66) keeping fix 
values of 𝑘 = 30, 𝑛 = 100, one may have expressions: 𝑅ଵ, 𝑅ଶ, 𝑅ଷ and 𝑅ସ for the system reliability 
for given values of failure rates: Lets fix the failure and repair in Eq. (66) as; (i) 𝜇ଵ = 0.02,  𝜇ଶ = 0.015,  𝜇ଷ = 0.02, 𝜇ସ = 0.03, (ii) 𝜇ଵ = 0.025, 𝜇ଶ = 0.020,  𝜇ଷ = 0.025, 𝜇ସ = 0.035, (iii) 𝜇ଵ = 0.030, 𝜇ଶ = 0.025,  𝜇ଷ = 0.03, 𝜇ସ = 0.040, (iv) 𝜇ଵ =0.035, 𝜇ଶ = 0.030,  𝜇ଷ = 0.035,  𝜇ସ = 0.045 in Eq. (66), one can get an expressions of the reliability of the system as: 𝑅1 = 3.846153846𝑒ି଴.଻ଷହ଴଴଴଴଴଴଴௧ − 3.093391608𝑒ି଴.ଽଷ଴଴଴଴଴଴଴଴௧+ 0.0454545454545𝑒ି଴.଴ହ଴଴଴଴଴଴଴଴଴௧ + 0.03409090909𝑒ି଴.଺଴଴଴଴଴଴଴଴଴௧+ 0.1676923077𝑒ି଴.ଵହ଴଴଴଴଴଴଴଴௧, 𝑅2 = −3.496270562𝑒ିଵ.ଶଵହ଴଴଴଴଴଴௧ + 0.04819277108𝑒ି଴.଼଴଴଴଴଴଴଴଴଴௧+ 0.1494685990𝑒ି଴.ଵ଼଴଴଴଴଴଴଴଴௧ + 0.04329004329𝑒ି଴.଴଺଴଴଴଴଴଴଴଴଴௧+ 4.255319149𝑒ି଴.ଵଽ଼଴଴଴଴଴଴଴଴௧, 𝑅3 = 0.06250000000𝑒ିଵ.௧ + 4.545454545𝑒ିଵ.ଶଶହ଴଴଴଴଴଴௧ − 3.788827316𝑒ିଵ.ହ଴଴଴଴଴଴଴଴௧+ 0.1389147287𝑒ି଴.ଶଵ଴଴଴଴଴଴଴଴௧ + 0.04195804196𝑒ି଴.଴଻଴଴଴଴଴଴଴଴଴௧, 𝑅4 = −3.496270562𝑒ିଵ.ଶଵହ଴଴଴଴଴଴௧ + 0.04819277108𝑒ି଴.଼଴଴଴଴଴଴଴଴଴௧+ 0.1494685990𝑒ି଴.ଵ଼଴଴଴଴଴଴଴଴௧ + 0.04329004329𝑒ି଴.଴଺଴଴଴଴଴଴଴଴଴௧+ 4.255319149𝑒ି଴.ଽ଼଴଴଴଴଴଴଴଴௧. 

(68)

The Table 3 and Fig. 3 presents four different cases of system performance through system 
reliability measures for different four cases of illustrations when the set of failure and repair values 
when the parameter of subsystems are highlighted as: 𝜇ଵ = 0.02, 𝜇ଶ = 0.015,  𝜇ଷ = 0.02, 𝜇ସ =0.03, 𝜑 ௜(𝑥) = 0, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 0, 𝜇ଵ = 0.025, 𝜇ଶ = 0.02,  𝜇ଷ =0.025, 𝜇ସ = 0.035, 𝜑௜(𝑥) = 0, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 0, 𝜇ଵ = 0.03, 𝜇ଶ = 0.025,  𝜇ଷ = 0.03, 𝜇ସ = 0.04, 𝜑௜(𝑥) = 0,  
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𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 0 and 𝜇ଵ = 0.035, 𝜇ଶ = 0.03,  𝜇ଷ = 0.035, 𝜇ସ = 0.045, 𝜑௜(𝑥) = 0, 𝑖 =1, 2, 
3, 𝜇଴(𝑥) = 0 respectively. From Fig. 3 concludes the first case of illustration is the more 
acceptable and the fourth case is least beneficial for system operation. 

Table 3. Variation of reliability regarding time 

Time (𝑡) Reliability 
Case R1 Case R2 Case R3 Case R4 

0 1.000 1.000 1.000 1.000 
1 0.830 0.747 0.665 0.587 
2 0.578 0.444 0.340 0.262 
3 0.385 0.261 0.184 0.138 
4 0.260 0.166 0.117 0.091 
5 0.184 0.117 0.086 0.070 
6 0.137 0.908 0.096 0.057 
7 0.109 0.075 0.058 0.048 
8 0.090 0.064 0.050 0.041 
9 0.077 0.055 0.043 0.035 

 
Fig. 3. Time reliability graph 

2.3. Profit analysis/ cost analysis 

For the same set of the parametric values that used in Eq. (66), one can get the expression for 
an expected profit of the system in interval [0, 𝑡): Taking the failure rates of the system as 𝜇ଵ =0.02, 𝜇ଶ =0.015,  𝜇ଷ =0.02, 𝜇ସ =0.03 and repair 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3,  𝑆ሜఓబ(𝑠) = ୣ୶୮[௫ഇା{୪୭୥ఝ(௫)}ഇ]భ ഇ⁄௦ାୣ୶୮[௫ഇା{୪୭୥ఝ(௫)}ഇ]భ ഇ⁄ , 𝑥 = 1, 𝜃 = 1, 𝜑 ௜(𝑥) = 1, 𝑖 = 1, 2, 3 and assuming  the repair 
facility is always available. Knowing the revenue generation (𝐾ଵ) and service cost (𝐾ଶ) per unit 
time in the interval [0, 𝑡), we can compute the predicted expected profit with the given formula: 

𝐸௣(𝑡) = 𝐾ଵ න𝑃௨௣(𝑡)𝑑𝑡௧
଴ − 𝐾ଶ𝑡. 

Hence: 𝐸௣(𝑡) = 𝐾ଵ(−0.004510942𝑒ିଶ.଼଴ଵଵଽସହଵସ௧ + 0.0596403𝑒ିଶ.ଶ଻଴଼ସସ଺଺଼௧       −0.00442774𝑒ିଵ.଴଺ସ଻ଷସ଴௧−0.00117862𝑒ିଵ.଺଴଴଴଴௧ + 4.9325) − 𝐾ଶ (𝑡). (69)

Setting 𝐾ଵ = 1 and 𝐾ଶ = 0.6, 0.4, 0.2 and 0.1 respectively and varying 𝑡 = 0, 1, 2, 3, 4, 5, 6, 
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7, 8, 9…one gets table 3. The corresponding figure 3 represents the variation of profit respect 
time 𝑡. 

Table 4. Expected profit in [0, 𝑡): 𝑡 = 0, 1, 2, 3,… ,9 
Time 𝑡 𝐾ଵ = 1, 𝐾ଶ = 0.6 𝐾ଵ = 1, 𝐾ଶ = 0.5 𝐾ଵ = 1, 𝐾ଶ = 0.4 𝐾ଵ = 1, 𝐾ଶ = 0.2 𝐾ଵ = 1, 𝐾ଶ = 0.1 

0 0.0 0.0 0.0 0.0 0.0 
1 0.350 0.451 0.550 0.750 0.851 
2 0.540 0.741 0.940 1.340 1.541 
3 0.574 0.875 1.1749 1.774 2.075 
4 0.483 0.883 1.283 2.083 2.483 
5 0.290 0.790 1.290 2.290 2.790 
6 0.016 0.616 1.216 2.416 2.016 
7 0.0 0.378 1.077 2.477 3.177 
8 0.0 0.087 0.887 2.487 3.287 
9 0.0 0.0 0.655 2.455 3.355 

 

 
Fig. 4. Expected profit graph for copula repair 

The Table 4 and Fig. 4 presents five different cases of expected profit for system through 
system availability measures for different five cases of illustrations when the set of failure and 
repair values when the parameter of subsystems are highlighted as: 𝜇ଵ = 0.02, 𝜇ଶ = 0.015,  𝜇ଷ = 0.02, 𝜇ସ = 0.03, 𝜑௜(𝑥) = 1, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 2.7183, 𝑛 = 100 and 𝑘 = 30 (30-out-of-
100:G). The curve 1, curve 2, curve 3, curve 4 and curve 5 shows the expected profit variation for 
the values of 𝐾ଵ = 1 and 𝐾ଶ = 0.6, 0.5, 0.4, 0.3, 0.2, 0.1 respectively. From Fig. 4 the expected 
profit in time interval [0, 𝑡) decreases when the service cost per unit increases.  

3. MTTF analysis  

Meaning Time to Failure, or MTTF, is a crucial reliability indicator that calculates how long 
an item that cannot be repaired typically lasts before failing. Because it enables businesses to 
anticipate component failure and preemptively plan for replacement, this statistic is essential for 
asset management. Maintenance lineups can create efficient preventative maintenance programs 
that reduce expensive repairs and improve overall system reliability by realizing MTTF. A key 
component of strategic maintenance planning, MTTF, is especially pertinent for possessions and 
equipment that cannot or should not be fixed. 

Conserving to the above treating all repairs rates  𝜑௜(𝑥) = 0, 𝑖 = 1, 2, 3, 𝜇଴(𝑥) = 0 in 𝑃ത௨௣(𝑠) 
and 𝑀𝑇𝑇𝐹 = lim௦→଴ 𝑃ത௨௣(𝑠) treating repairs to zero in Eq. (66). i.e.: 
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MTTF=  1(𝜇ଵ + 𝑛𝜇ଶ + 2𝜇ଷ + 4𝜇ସ)ቆ1 + 𝑛𝜇ଶ(𝑛 − 1)𝜇ଶ + 𝑛(𝑛 − 1)𝜇ଶଶ(𝑛 − 𝑘)𝜇ଶ + 𝑛(𝑛 − 1)(𝑛 − 𝑘)𝜇ଶଷ(𝑛 − 𝑘 − 1)𝜇ଶ+ 2𝜇ଷ(1 + 4𝜇ସ + 12𝜇ଵଶ)𝜇ସ + 𝜇ଷ ቇ. (70)

We may obtain the values of the MTTF corresponding to the failure rate 𝜇ଵ by fixing  𝜇ଶ = 0.015, 𝜇ଷ = 0.02, and 𝜇ସ = 0.03 and altering 𝜇ଵ as follows: 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 
0.8, and 0.9 in Eq. (70). Table 5 column 2 displays the MTTF change regarding failure1. 

By adjusting 𝜇ଵ = 0.02, 𝜇ଷ = 0.02, and 𝜇ସ = 0.03 and modifying 𝜇ଷ  as follows: 0.1, 0.2, 0.3, 
0.4, 0.5, 0.6, 0.7, 0.8, and 0.9 in Eq. (70), one may determine the MTTF values that correlate to 
the failure rate 𝜇ଷ . Table 5 column 4 displays the MTTF fluctuation in relation to failure rate 𝜇ଷ. 

Restoring, 𝜇ଵ = 0.02, 𝜇ଶ = 0.015, and, 𝜇ଷ = 0.02, and altering 𝜇ସ as; 0.1, 0.2, 0.3, 0.4, 0.5, 
0.6, 0.7, 0.8, 0.9 in Eq. (70) we can obtain the values of MTTF corresponding to the failure rate 𝜇ସ. Column 5 of table 5 shows the difference of MTTF with respect to the failure 𝜇ସ. 

Table 5. Variation of MTTF with failure rates. 
Failure rates MTTF (𝜇ଵ) MTTF (𝜇ଶ) MTTF (𝜇ଷ) MTTF (𝜇ସ) 

0.1 3.0863 4.166 2.790 3.967 
0.2 3.0531 2.411 3.053 3.415 
0.3 3.020 1.701 3.199 3.053 
0.4 2.988 1.317 3.280 2.789 
0.5 2.957 1.076 3.322 2.585 
0.6 2.927 0.911 3.339 2.418 
0.7 2.897 0.791 3.339 2.278 
0.8 2.868 0.700 3.327 2.158 
0.9 2.839 0.628 3.307 2.053 

 
Fig. 5. variation of MTTF with failure rates 

4. Sensitivity analysis 

Sensitivity analysis is the study of how various sources of input uncertainty might be assigned 
to the uncertainty in a mathematical model or system output. This entails calculating sensitivity 
indices, which measure how much an input or set of inputs affects the result. Ambiguity and 
sensitivity analysis should ideally be conducted together. Vagueness analysis is a similar activity 
that focuses more on the enumeration and spread of uncertainty. 
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Mathematically, sensitivity with respect to a particular parameter can be obtained by partial 
derivative of function with respect to the given variable. Since MTTF is a function of failure rates. 
The variation of partial derivative with respect to the failure rates while fixing the other failure 
rates gives the sensitivity analysis of the MTTF regarding failure rates. 

Sensitivity analysis for change in MTTF resulting from changes in the system parameters, i.e. 
system failure rates 𝜇ଵ, 𝜇ଶ, 𝜇ଷ and 𝜇ସ. Differentiating MTTF Eq. (70) with respect to failure rates 𝜇ଵ, 𝜇ଶ, 𝜇ଷ and 𝜇ସ (𝜕(𝑀𝑇𝑇𝐹) 𝜕𝜇௝⁄ , 𝑗 = 1, 2, 3, 4), while holding other failure rates constant, yields 
the values shown in Table 6. 

Table 6. Sensitivity of MTTF with failure rates 

Failure rate 
𝜕(𝑀𝑇𝑇𝐹)𝜕𝜇ଵ  

𝜕(𝑀𝑇𝑇𝐹)𝜕𝜇ଶ  
𝜕(𝑀𝑇𝑇𝐹)𝜕𝜇ଷ  

𝜕(𝑀𝑇𝑇𝐹)𝜕𝜇ସ  

0.01 –63.144 –77.893 –27.441 –71.908 
0.02 –43.039 –38.356 –43.039 –51.637 
0.03 –31.908 –25.373 –58.617 –43.039 
0.04 –25.048 –18.944 –74.028 –38.763 
0.05 –20.487 –15.112 –89.201 –36.400 
0.06 –17.278 –12.568 –104.098 –34.988 
0.07 –14.918 –10.756 –118.700 –34.091 
0.08 –13.122 –9.401 –133.000 –33.487 
0.09 –11.714 –8.349 –146.997 –33.061 

 
Fig. 6. MTTF Sensitivity variation respect to failure rates 

5. Result discussion and interpretation of the results 

In the present manuscript, the authors computed the performance of system reliability metrics 
of a complex system comprised of the four subsystems in series configuration. Fig. 1(a) and 1(b) 
is the system configuration and state transition diagram of mathematical model which presents the 
system architecture and the possible transition in the states. Table 2 and the corresponding Fig. 2 
show the system performance of repairable systems through multi repair approach. However, it 
was evidently observed that the system performance decreases when the failure rates values were 
enhanced. The best performance was seen for case 1 of computations and low performance for 
case 4 when failure rates were comparably high. The reliability metric can be predicted as the 
performance of a non-repairable system. The reliability variation with time is highlighted in Table 
3 and Fig. 3; a clear decrease in the reliability function is observed for all four cases, exceeding 
the decrease in availability. The same observations were found as high failure rates of subsystems 
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low reliability. Table 4 and the attached figure 4 show the system profit analysis corresponding to 
allocated failure and repair parameters of the repairable system. The fundamental fact found true 
when service cost per unit item interval [0, 𝑡) increases the net profit for running, the system 
decreases and when service cost per unit item decreases, the net profit increases. Table 5 presents 
the MTTF metric for the system, which predicts the average time of failure respect to failure rates. 
By Fig. 5 we conclude that the MTTF variation trend is decreased at a high rate for the failure rate 
of subsystem 2 with failure rate 𝜇ଶ which works for the k-out-of-n: G scheme. MTTF for failure 
rate of subsystem 3 with failure rate 𝜇ଷ is increasing trend but MTTF for subsystem 4 i.e., 𝜇ସ is 
decreasing trend. The trend of MTTF for subsystem 1 is almost fixed. Table 6 and Fig. 6 of the 
analysis presents the sensitivity analysis of mean time to failure MTTF corresponding to varying 
the failure rates of subsystems. By Fig. 6, it has been concentrated that the sensitivity decreases 
for the subsystem 3 but for subsystem 2, subsystem 3 and subsystem 4 is not seriously affected. 
In applications where the system's value is limited, this approach is especially helpful for design 
engineers who prioritize reliability since it makes it possible to choose components that are both 
efficient and of good quality. The application of comparable integrated reliability models in 
reliability engineering contexts can be improved by building them with redundancy by utilizing 
modern heuristic techniques. 

In the current paper, a system comprising four subsystems is analyzed. The third subsystem 
consists of two identical load balancers, which may be extended to non-identical load balancers 
or number of load balancers, can be increased and impact of system performance could be 
analyses. Also, in the subsystem four identical units’ subsystem have assumed it can be extended 
to extra units and non-identical also and the results can be compared for various reliability metrics. 
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Appendix 

Mathematical modeling equations of model.  
If the system is in state 𝑆଴ and it will remain in state 𝑆଴ during the time interval (𝑡, 𝑡 + ∆𝑡), 

then this will not move to any other state and if it is in any failed state then system must approach 
to S0 state. Initially the system is in 𝑆଴ and will remain in this state, the system must not move to 𝑆ଵ, 𝑆ହ, 𝑆଺, 𝑆଼, and it must come to state 𝑆଴ from the states 𝑆ସ, 𝑆ହ, 𝑆଻, 𝑆ଵ଴. Since the transaction 
rate from the state 𝑆଴ to other connecting states are 𝑛𝜇ଵ, 𝜇ଶ, 2𝜇ଷ, 4𝜇ସ, respectively consequently 
transaction rate of not transiting to states to 𝑆ଵ, 𝑆ହ, 𝑆଺, 𝑆଼, are (1 − 𝑛𝜇ଵΔ𝑡), (1 − 𝜇ଶΔ𝑡),  (1 − 2𝜇ଷΔ𝑡), (1 −  4𝜇ସΔ𝑡), respectively. Now probability that the system will be in state 𝑆଴ in 
interval (𝑡, 𝑡 + ∆𝑡) can be given as: 𝑃଴(𝑡 + Δ𝑡) = (1 − 𝑛𝜇ଵΔ𝑡)(1 − 𝜇ଶΔ𝑡) (1 − 2𝜇ଷΔ𝑡)(1 −  4𝜇ସΔ𝑡)𝑃଴(𝑡)       +න ∅ଵ(𝑥)𝑃ଵ(𝑥, 𝑡)𝑑𝑥Δ𝑡 +ஶ

଴ න 𝜇଴ஶ
௢ (𝑥)𝑃ସ(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜇଴ஶ

௢ (𝑥)𝑃ହ(𝑥, 𝑡)𝑑𝑥Δ𝑡+ න 𝜇଴ஶ
௢ (𝑥)𝑃଺(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜇଴ஶ

௢ (𝑥)𝑃଻(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜑ଷஶ
௢ (𝑥)𝑃 (𝑥, 𝑡)𝑑𝑥Δ𝑡+ න 𝜇଴ஶ

௢ (𝑥)𝑃ଵ଴(𝑥, 𝑡)𝑑𝑥Δ𝑡, 𝑃଴(𝑡 + Δ𝑡)= (1 − ( 𝑛𝜇ଵ + 4𝜇ଶ + 𝜇ଷ + 2𝜇ଶ + )Δ𝑡 + (Product of two failure rates)Δ𝑡ଶ− (Product of three failure rates)Δ𝑡ଷ + ⋯ )𝑃଴(𝑡)+ න ∅ଵ(𝑥)𝑃ଵ(𝑥, 𝑡)𝑑𝑥Δ𝑡 +ஶ
଴ න 𝜇଴ஶ

௢ (𝑥)𝑃ସ(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜇଴ஶ
௢ (𝑥)𝑃ହ(𝑥, 𝑡)𝑑𝑥Δ𝑡+ න 𝜇଴ஶ

௢ (𝑥)𝑃଺(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜇଴ஶ
௢ (𝑥)𝑃଻(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜑ଷஶ

௢ (𝑥)𝑃 (𝑥, 𝑡)𝑑𝑥Δ𝑡+ න 𝜇଴ஶ
௢ (𝑥)𝑃ଵ଴(𝑥, 𝑡)𝑑𝑥Δ𝑡,  
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lim∆௧→଴ 𝑃଴(𝑡 + Δ𝑡) − 𝑃଴(𝑡)Δ𝑡 + ( 𝑛𝜇ଵ + 4𝜇ଶ + 𝜇ଷ + 2𝜇ଶ +  )𝑃଴(𝑡)= (Product of two failure rates)Δ𝑡 − (Product of three failure rates)Δ𝑡ଶ … … )𝑃଴(𝑡)+ න ∅ଵ(𝑥)𝑃ଵ(𝑥, 𝑡)𝑑𝑥Δ𝑡 +ஶ
଴ න 𝜇଴ஶ

௢ (𝑥)𝑃ସ(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜇଴ஶ
௢ (𝑥)𝑃ହ(𝑥, 𝑡)𝑑𝑥Δ𝑡+ න 𝜇଴ஶ

௢ (𝑥)𝑃଺(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜇଴ஶ
௢ (𝑥)𝑃଻(𝑥, 𝑡)𝑑𝑥Δ𝑡 + න 𝜑ଷஶ

௢ (𝑥)𝑃 (𝑥, 𝑡)𝑑𝑥Δ𝑡+ න 𝜇଴ஶ
௢ (𝑥)𝑃ଵ଴(𝑥, 𝑡)𝑑𝑥Δ𝑡. 

Finally, we get the differential equation for state 𝑆଴: 

𝑆଴: ൬ 𝜕𝜕𝑡 + 𝜇ଵ + 𝑛𝜇ଶ + 2𝜇ଷ + 4𝜇ସ൰𝑃଴(𝑡) = න 𝜑ଵ(𝑥)𝑃ଵ(𝑥, 𝑡)𝑑𝑥ஶ
଴        +න 𝜑ଶ(𝑥)𝑃଺(𝑥, 𝑡)𝑑𝑥ஶ

଴ + න 𝜑ଷ(𝑥)𝑃 (𝑥, 𝑡)𝑑𝑥ஶ
଴   + ෍න 𝜇଴(𝑥)𝑃௝(𝑥, 𝑡)𝑑𝑥ஶ

଴ , 𝑗 = 4, 5, 7, 10. 
Similarly, the differential equations for other states can be obtained. 𝑆௜, 𝑖 = 1, 2, 3,…, 10. As 

available in in the Eqs. (2), to (11). 
The relations between various connecting states can be obtained as.  
Let the repair is not employed than state probability of any state 𝑆௜ାଵ = incoming failure rate 

× state transition probabilities of previous state of 𝑆௜ାଵ. 𝑃௜ାଵ(0, 𝑡) = incoming failure rates × 𝑃௜(0, 𝑡). Using the relation we can obtain the boundary 
condition equations from Eqs. (12) to (21). 

The Maple 18 software is used to evaluate various reliability metrics and update values in the 
table. Table Maple 18 software has been used for sketching graphs of expressions. 
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