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Abstract. The double pendulum is a well-known system exhibiting nonlinear dynamics and 
chaotic behavior. This study extends the conventional rigid double pendulum by introducing 
elastic extensions in the links, leading to a system known as the elastic double pendulum. The 
mathematical model incorporates both rotational and translational motion, accounting for elastic 
deformations using Hooke’s Law. The governing equations are derived using Lagrangian 
mechanics, considering both gravitational and spring potential energy contributions. Numerical 
simulations are performed to compare the motion of the elastic and rigid double pendulums, 
highlighting differences in phase-space trajectories, energy transfer, and stability characteristics. 
Results demonstrate that elasticity introduces additional oscillatory components, increases system 
nonlinearity, and affects the overall predictability of motion. These findings provide insights into 
elastic multi-body dynamics and have potential applications in flexible robotic arms, soft 
mechanisms, and bio-inspired locomotion. 
Keywords: double pendulum, elastic, rigid, nonlinear dynamics, Lagrange’s equations. 

1. Introduction 

The classical double pendulum, composed of two rigid links connected by revolute joints, is 
widely studied for its rich dynamic behavior and sensitivity to initial conditions. Despite its 
simplicity, it serves as a prototypical example of chaos in mechanical systems. However, in real-
world applications such as flexible robotics, biomechanics, and aerospace structures, components 
often exhibit elastic behavior. Therefore, modeling these systems using rigid-body dynamics alone 
is inadequate. Recent work has extended the theoretical understanding of the double pendulum 
through analytical studies of low-energy normal modes [1], near-resonance behaviors [2], and 
distributed mass configurations [3]. At the same time, advances in nonlinear dynamics and chaos 
theory [4-6] have clarified the role of sensitivity, fractal basin boundaries, and global attractor 
structures. This study builds on these developments by extending the rigid double pendulum with 
linkwise elasticity, leading to a hybrid dynamic model. Incorporating elastic extensions alters both 
the kinetic and potential energy formulations, resulting in a coupled system of nonlinear 
differential equations involving both angular and linear degrees of freedom [4]. The objective of 
this work is to derive the governing equations of motion for the elastic double pendulum using 
Lagrangian mechanics and to numerically analyze its behavior in comparison with the 
conventional rigid model. By simulating both systems under identical initial conditions, we aim 
to highlight the role of elastic energy storage, oscillation amplitudes, phase-space structures, and 
sensitivity to initial conditions. The comparative analysis not only enhances understanding of 
elastic multibody systems but also provides insights applicable to the design and control of flexible 
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robotic and biomechanical structures. The classical double pendulum [5], composed of two rigid 
links connected by revolute joints, is widely studied for its rich dynamic behavior and sensitivity 
to initial conditions. 

2. Materials and methods 

The double pendulum (see Fig. 1) consists of two rigid links connected serially and free to 
swing in a vertical plane. Its motion is fully described by two generalized coordinates. Position 
equations: 𝑥ଵ = 𝐿ଵsin𝜃ଵ, (1)𝑦ଵ = −𝐿ଵcos𝜃ଵ, (2)𝑥ଶ = 𝐿ଵsin𝜃ଵ + 𝐿ଶsin𝜃ଶ, (3)𝑦ଶ = −𝐿ଵcos𝜃ଵ − 𝐿ଶcos𝜃ଶ. (4)

Velocity equations (first derivative of position): 𝑑𝑥ଵ𝑑𝑡 = 𝐿ଵcos𝜃ଵ 𝑑𝜃ଵ𝑑𝑡 , (5)𝑑𝑦ଵ𝑑𝑡 = −𝐿ଵsin𝜃ଵ 𝑑𝜃ଵ𝑑𝑡 , (6)𝑑𝑥ଶ𝑑𝑡 = 𝐿ଵcos𝜃ଵ 𝑑𝜃ଵ𝑑𝑡 + 𝐿ଶcos𝜃ଶ 𝑑𝜃ଶ𝑑𝑡 , (7)𝑑𝑦ଶ𝑑𝑡 = −𝐿ଵsin𝜃ଵ 𝑑𝜃ଵ𝑑𝑡 − 𝐿ଶsin𝜃ଶ 𝑑𝜃ଶ𝑑𝑡 . (8)

Potential energy 𝑈. Potential energy is given by: 𝑈 = 𝑚ଵ𝑔𝑦ଵ + 𝑚ଶ𝑔𝑦ଶ. (9)

Substituting: 𝑈 = 𝑚ଵ𝑔ሺ−𝐿ଵcos𝜃ଵሻ + 𝑚ଶ𝑔ሺ−𝐿ଵcos𝜃ଵ − 𝐿ଶcos𝜃ଶሻ, 𝑈 = −ሺ𝑚ଵ + 𝑚ଶሻ𝑔𝐿ଵcos𝜃ଵ −𝑚ଶ𝑔𝐿ଶcos𝜃ଶ. (10)

Kinetic energy 𝑇. Kinetic energy is given by: 𝑇 = 12𝑚ଵ𝜗ଵଶ + 12𝑚ଶ𝜗ଶଶ, (11)𝜗ଵଶ = ൬𝑑𝑥ଵ𝑑𝑡 ൰ଶ + ൬𝑑𝑦ଵ𝑑𝑡 ൰ଶ = ൫𝐿ଵcos𝜃ଵ𝜃ଵሶ ൯ଶ + ൫−𝐿ଵsin𝜃ଵ𝜃ଵሶ ൯ଶ = 𝐿ଵଶ𝜃ሶଵଶ, (12)𝜗ଶଶ = ൬𝑑𝑥ଶ𝑑𝑡 ൰ଶ + ൬𝑑𝑦ଶ𝑑𝑡 ൰ଶ = ൫𝐿ଵcos𝜃ଵ𝜃ሶଵ + 𝐿ଶcos𝜃ଶ𝜃ଶሶ ൯ଶ + ൫−𝐿ଵsin𝜃ଵ𝜃ଵሶ − 𝐿ଶsin𝜃ଶ𝜃ଶሶ ൯ଶ. (13)

Expanding 𝜗ଶଶ: 𝜗ଶଶ = ൫𝐿ଵଶ𝜃ሶଵଶ + 𝐿ଶଶ𝜃ሶଶଶ + 2𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ൯. (14)

Final kinetic energy expression: 𝑇 = 12𝑚ଵ𝐿ଵଶ𝜃ሶଵଶ + 12𝑚ଶ൫𝐿ଵଶ𝜃ሶଵଶ + 𝐿ଶଶ𝜃ሶଶଶ + 2𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ൯. (15)
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Fig. 1. Scheme of the double pendulum 

Rearranging: 𝑇 = 12 ሺ𝑚ଵ + 𝑚ଶሻ𝐿ଵଶ𝜃ሶଵଶ + 12𝑚ଶ𝐿ଶଶ𝜃ሶଶଶ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ. (16)

Lagrangian 𝐿 = 𝑇 − 𝑈: 

𝑇 = 12 ሺ𝑚ଵ + 𝑚ଶሻ𝐿ଵଶ𝜃ሶଵଶ + 12𝑚ଶ𝐿ଶଶ𝜃ሶଶଶ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ + ሺ𝑚ଵ + 𝑚ଶሻ𝑔𝐿ଵcos𝜃ଵ−𝑚ଶ𝑔𝐿ଶcos𝜃ଶ. (17)

Compute డ௅డఏሶ భ and డ௅డఏሶ మ: 𝜕𝐿𝜕𝜃ሶଵ = ሺ𝑚ଵ + 𝑚ଶሻ𝐿ଵଶ𝜃ሶଵ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ, (18)𝜕𝐿𝜕𝜃ሶଶ = 𝑚ଶ𝐿ଶଶ𝜃ሶଶ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ. (19)

Compute ௗௗ௧ ቀ డ௅డఏሶ భቁ and ௗௗ௧ ቀ డ௅డఏሶ మቁ: 𝑑𝑑𝑡 ቆ 𝜕𝐿𝜕𝜃ሶଵቇ = ሺ𝑚ଵ + 𝑚ଶሻ𝐿ଵଶ𝜃ሷଵ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሷଶ − 𝑚ଶ𝐿ଵ𝐿ଶsinሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ, (20)𝑑𝑑𝑡 ቆ 𝜕𝐿𝜕𝜃ሶଶቇ = 𝑚ଶ𝐿ଶଶ𝜃ሷଶ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሷଵ + 𝑚ଶ𝐿ଵ𝐿ଶsinሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ. (21)

Compute డ௅డఏభ and డ௅డఏమ: 𝜕𝐿𝜕𝜃ଵ = −𝑚ଶ𝐿ଵ𝐿ଶsinሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ − ሺ𝑚ଵ + 𝑚ଶሻ𝑔𝐿ଵcos𝜃ଵ, (22)𝜕𝐿𝜕𝜃ଶ = 𝑚ଶ𝐿ଵ𝐿ଶsinሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ − 𝑚ଶ𝑔𝐿ଶsin𝜃ଶ. (23)

Euler-Lagrange equations: 𝑑𝑑𝑡 ቆ𝜕𝐿𝜕𝜃ሶ௜ቇ − 𝜕𝐿𝜕𝜃௜ = 𝑄௜ . (24)
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Assuming no external torques 𝑄ଵ = 𝑄ଶ = 0, we obtain the equations of motion: ሺ𝑚ଵ + 𝑚ଶሻ𝐿ଵଶ𝜃ሷଵ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሷଶ − 𝑚ଶ𝐿ଵ𝐿ଶsinሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ+ ሺ𝑚ଵ + 𝑚ଶሻ𝑔𝐿ଵsin𝜃ଵ = 0, (25)𝑚ଶ𝐿ଶଶ𝜃ሷଶ + 𝑚ଶ𝐿ଵ𝐿ଶcosሺ𝜃ଵ − 𝜃ଶሻ𝜃ሷଵ + 𝑚ଶ𝐿ଵ𝐿ଶsinሺ𝜃ଵ − 𝜃ଶሻ𝜃ሶଵ𝜃ሶଶ + 𝑚ଶ𝑔𝐿ଶsin𝜃ଶ = 0. (26)

These are the equations of motion for the double pendulum in terms of 𝜃ଵ and 𝜃ଶ. 

3. Results 

The numerical simulation of both the rigid and elastic double pendulum [1] systems reveals 
notable differences in their dynamic behavior. In the rigid case, the motion of the pendulum arms 
exhibits periodic and chaotic transitions typical of nonlinear systems. In contrast, the elastic 
double pendulum [2] demonstrates more complex and irregular motion due to the coupling 
between angular and elastic (spring) degrees of freedom (see Fig. 2). Time-dependent plots of 
angles 𝜃ଵ and 𝜃ଶ (in Fig. 3), as well as Cartesian positions 𝑥ଵ, 𝑦ଵ, 𝑥ଶ, 𝑦ଶ show larger oscillations 
and modulated amplitudes in the elastic system. These results confirm that elasticity introduces 
additional dynamic modes, increases sensitivity to initial conditions, and enhances the overall 
complexity of the system’s motion. 

 
Fig. 2. Diagram of the double pendulum in vibration. The black lines represent the pendulum arms,  

while the red and blue circles indicate the positions of the two masses 

The elastic double pendulum in Fig. 4 exhibits oscillatory behavior due to spring elongation 
and contraction. The rigid double pendulum [3] follows a smoother trajectory without additional 
oscillations. The second link 𝜃ଶ in the elastic system shows more deviation compared to the rigid 
system, indicating energy transfer from spring oscillations. 

The elastic pendulum [4] in Fig. 5 exhibits additional oscillations due to the spring extensions, 
making its motion more complex. The rigid pendulum follows a smoother path, with predictable 
periodic motion. The elastic system has larger deviations in 𝑥ଶ, 𝑦ଶ, indicating greater nonlinearity 
and energy transfer between rotational and elastic modes. 

The first link (blue) has a more structured and constrained motion. The second link (red) 
exhibits a more chaotic trajectory, indicating more irregular behavior (in Fig. 6). The second link’s 
motion is more sensitive to initial conditions and energy changes. 
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Fig. 3. Plot of 𝜃ଵ and 𝜃ଶ over time for the double pendulum. The solid line represents the angle  

of the first pendulum, while the dashed line represents the angle of the second pendulum 

 
Fig. 4. Comparison of the motion of 𝜃ଵ and 𝜃ଶ for the rigid double pendulum and the elastic double 
pendulum: solid blue 𝜃ଵ (rigid); dashed blue 𝜃ଵ (elastic); solid red 𝜃ଶ (rigid); dashed red 𝜃ଶ (elastic) 

 
Fig. 5. Comparison of the positions 𝑥ଵ, 𝑦ଵ, 𝑥ଶ, 𝑦ଶ for the rigid and elastic double pendulums over time: 
solid blue 𝑥ଵ (rigid); solid red 𝑦ଵ (rigid); dashed blue 𝑥ଶ (rigid); dashed red 𝑦ଶ (rigid); dotted blue 𝑥ଵ 

(elastic); dotted red 𝑦ଵ (elastic); dash-dot blue 𝑥ଶ (elastic); dash-dot red 𝑦ଶ (elastic) 

4. Discussion 

The inclusion of elasticity fundamentally alters the dynamic behavior of the double pendulum 
[5, 6]. Energy is stored and released through spring deformation, leading to modulated angular 
motion and coupling between longitudinal and rotational dynamics. These findings are relevant in 
the design of compliant robotic arms, soft manipulators, and bio-inspired mechanisms. The model 
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also demonstrates sensitivity to spring stiffness and initial conditions, highlighting the importance 
of precise parameter control in engineering systems. 

 
a) 

 
b) 

Fig. 6. Phase-space comparison of the motion of the two links in the double pendulum:  
a) the phase space (𝜃ଵ vs 𝜔ଵ) for the first link; b) the phase space (𝜃ଶ vs 𝜔ଶ) for the second link 

5. Conclusions 

This study presents a comprehensive comparison between rigid and elastic double pendulum 
systems. By introducing longitudinal elasticity along each link, the system exhibits coupled 
rotational and vibrational dynamics, leading to enriched and more complex behavior. While not 
necessarily chaotic under all initial conditions, this configuration allows for dynamic regimes that 
go beyond those observed in the rigid double pendulum. The modeling and simulation framework 
provides a useful tool for exploring elastic multibody systems, with potential applications in 
robotics, biomechanics, and aerospace. Future work could include damping effects, 
three-dimensional extensions, and control strategies for trajectory stabilization. 
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