
 

 SPORTS, PERFORMANCE AND WELLBEING 1 

Analytical model of modular upper limb rehabilitation 

M. Hasanlu1, M. Siavashi2, M. Shirvani3 
1State Key Laboratory of Mechanical System and Vibration, Shanghai Jiao Tong University,  
Shanghai 200240, China 
1Sound and Vibration Research and Development Laboratory, PiezoSignal Co., Qazvin, Iran 
2Department of Mechanical Engineering, Babol Noshirvani University of Technology, Babol, Iran 
3Department of Molecular Sciences and Nanosystems, Ca’ Foscari University of Venice, Via Torino 155, 
30172 Venezia, Mestre, Italy 
1Corresponding author 
E-mail: 1hasanlumojtaba@sjtu.edu.cn, 2mostafasiavashi@nit.ac.ir, 3mahdiyehshirvani@outlook.it 
Received 26 July 2025; accepted 3 December 2025; published online 21 February 2026 
DOI https://doi.org/10.21595/spw.2025.25221 

Copyright © 2026 M. Hasanlu, et al. This is an open access article distributed under the Creative Commons Attribution License, which 
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract. This article presents a modular, reconfigurable robotic system for upper-limb 
rehabilitation that supports customizable therapy of the wrist, elbow, and shoulder – individually 
or in coordinated multi-joint modes. Unlike fixed-structure devices, the design features adjustable 
link lengths and a symmetric architecture that accommodates both left and right limbs and a wide 
range of patient anatomies. The current paper develops complete kinematic and dynamic models 
that include nonlinear inertial, Coriolis, and gravitational effects and integrates these models with 
real-time torque- and force-control strategies to achieve precise, safe motion tracking. The 
modular hardware and control stack facilitate instantaneous reconfiguration of the workspace, 
impedance, and safety limits to align with patient-specific protocols and progression. This 
research paper simulates the approach in detailed numerical modeling that demonstrates the 
robot’s kinematic reachability, dynamic controllability, and the effectiveness of fault-tolerant 
reconfiguration strategies under representative disturbance scenarios. Finally, the current analyses 
discuss practical considerations for implementation, friction and contact modeling – and outline 
how the system can accelerate translation for clinical trials. This work mathematically provides a 
practical, model-based platform for patient-tailored rehabilitation robotics and a foundation for 
further research in adaptive control and assistive therapy technologies.  
Keywords: human-machine interaction, therapeutic devices, biomechanics, motion analysis, 
kinematic analysis. 

1. Introduction 

Upper limb rehabilitation robots are special medical machines that help patients regain 
movement in their arms, hands, and shoulders after injuries like strokes or other conditions that 
affect movement. These robotic systems work by guiding patients through repetitive, controlled 
movements that help retrain the nervous system and rebuild muscle strength and coordination. 
The robots can operate in various modes, from fully passive assistance, where the device moves 
the patient's limb, to active resistance training, where patients work against the robot’s force. Key 
advantages include the ability to provide consistent, precise therapy sessions, collect detailed data 
on patient progress, and reduce the physical demands on human therapists. These systems have 
become increasingly important in rehabilitation medicine, as they can deliver high-intensity, 
repetitive training that research shows is essential for neuroplasticity and motor recovery. Upper 
limb rehabilitation robots can be divided into two primary categories based on their mechanical 
structure and connection to the user. End-effector-type robots connect to the patient's limb at a 
single point, typically the hand or wrist, using handles or grips to guide movement through 
predetermined trajectories [1, 2]. Notable examples include MIT-MANUS, GENTLE/S, and 
REHAROB [3]. These systems are easier to set up and control because they have simpler 
structures and can better fit different sizes of patients [4]. Exoskeleton-type robots are wearable 
devices that wrap around the human body with mechanical structures that correspond to human 
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joint movements. Each joint is controlled independently, allowing these systems to map motion 
and torque directly to corresponding human joints [5, 6]. Well-known examples include ARMIN, 
RUPERT, and ALEX [1, 7]. While historically most research focused on end-effector devices, 
there has been a notable shift toward exoskeleton robots because they offer better guidance for the 
human arm, especially for movements with a large range of motion [7]. The robots can also be 
classified by their target anatomical regions, with systems designed to assist shoulder movements, 
elbow movements, forearm movements, wrist movements, finger movements, or combinations of 
these joints [2, 8]. Modern rehabilitation robots typically provide three to seven degrees of 
freedom, with some advanced systems capable of performing rehabilitation training along 
arbitrary trajectories within the human upper limb's physiological workspace [1, 6]. Clinical 
studies have shown that end-effector devices may be superior to exoskeleton devices for 
improving activity and participation in chronic stroke patients with moderate-to-severe upper limb 
impairment [9]. Upper limb rehabilitation robots are designed with varying degrees of freedom to 
match human arm anatomy and movement requirements. End-effector systems commonly feature 
2-4 DOF configurations, such as two-link mechanisms that mimic the upper arm and forearm 
structure [10-13]. More advanced systems incorporate 3-5 degrees of freedom (DOF) to enable 
spatial rehabilitation training of shoulder and elbow joints [14-16]. Exoskeleton robots typically 
require higher DOF configurations to match human joint movements precisely. Modern 
exoskeleton designs feature 5-7 DOF systems that include shoulder flexion/extension, 
internal/external rotation, abduction/adduction, elbow flexion/extension, forearm 
pronation/supination, and wrist movements [5, 6, 17, 18]. Advanced systems like u-Rob provide 
seven degrees of freedom to enable general upper limb motions and function as both exoskeleton 
and end-effector-type devices [6]. Most rehabilitation robots use servo motor actuation with 
planetary gear reducers to achieve the necessary torque and precision. Typical configurations 
include AC servomotors with absolute encoders and gear ratios of 70:1 to increase output torque 
while decreasing rotation speed [13, 15]. Advanced systems employ dual manipulator 
configurations where each manipulator provides seven degrees of freedom with individual torque 
and position sensors at each joint [1, 7, 19, 20]. Alternative actuation methods include pneumatic 
systems for enhanced safety and compliance. Pneumatic muscle actuators are used in lightweight, 
portable designs that can apply forces up to 20 N while maintaining transportability [21]. Soft 
pneumatic actuators (RSPAs) enable wearable systems that provide high human-robot interaction 
security through soft components [22]. Modern rehabilitation robots incorporate multiple sensor 
types for comprehensive monitoring and control. Force sensing is achieved through 
multi-dimensional force sensors installed at end-effectors or handles to measure human-robot 
interaction forces [11, 15, 17]. Position feedback utilizes absolute encoders and displacement 
sensors to ensure precise trajectory tracking with accuracies within 1-2 mm [11, 22]. Control 
systems typically implement multiple operational modes, including passive mode (robot-guided 
movement), active mode (patient-guided movement with no resistance), and assist-as-needed 
mode (adaptive assistance based on patient performance) [11, 17]. Advanced systems incorporate 
impedance-based controllers that model human-robot interaction as spring-damping systems  
[1, 23]. Safety is paramount in rehabilitation robot design, with multiple protective systems 
implemented. Photoelectric limit switches automatically power off motors when handles exceed 
specified positions, while emergency stop switches provide immediate system shutdown [22]. 
Mechanical joint limits restrict movement ranges to physiologically safe parameters [15]. 
Ergonomic considerations include adjustable link lengths to accommodate different patient sizes 
and arm dimensions [16]. Wheelchair-based systems facilitate patient positioning and reduce 
preparation time, while modular designs allow targeting specific joint groups [12]. Rope and belt 
drive mechanisms in exoskeletons minimize driving torque requirements while ensuring proper 
force transmission to upper limb joints [17]. Upper limb rehabilitation robots are designed with 
multiple operational modes to accommodate different patient capabilities and rehabilitation stages. 
The three primary training modes include passive mode, where the robot guides patients through 
designed training trajectories; active mode, where patients control the robot with no resistance; 
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and assist-as-needed (AAN) mode, where the robot provides adaptive assistance based on 
real-time assessment of patient performance [11, 17, 23]. Modern systems can automatically 
adjust between these modes using EMG signals and fuzzy control algorithms that estimate muscle 
pain and fatigue in real-time, enabling autonomous exercise adjustment without direct therapist 
intervention [24]. Feedback mechanisms play a crucial role in rehabilitation training effectiveness. 
Force feedback provides resistance for muscle strengthening and assistance for individuals with 
limited mobility, while visual feedback offers guidance for precise movement execution and 
real-time monitoring for therapists [25, 26]. Gamified visual feedback has become increasingly 
important, transforming exercises into interactive experiences that encourage patient participation 
and make rehabilitation engaging [25, 27, 28]. Clinical applications have demonstrated significant 
effectiveness across different rehabilitation settings. Robot-mediated therapy using 
comprehensive device sets has shown equivalent outcomes to conventional therapy, with studies 
involving over 1,000 participants consistently indicating significant benefits in upper limb 
recovery, strength, motor control, and activities of daily living [3, 25, 29, 30]. Advanced bilateral 
training systems enable healthy-side assistance of the affected side, moving beyond traditional 
two-dimensional rehabilitation to three-dimensional spatial training [14]. Telerehabilitation and 
home-based applications represent a growing area of implementation. Remote rehabilitation 
systems allow patients to perform therapies from home, avoiding travel to rehabilitation centers 
while maintaining therapist oversight through standardized communication protocols [31-33]. 
These systems can establish tailored rehabilitation programs that effectively improve upper limb 
proprioception and motor function while reducing the physical burden on rehabilitation 
professionals [34]. This study introduces a novel modular upper-limb rehabilitation robot that 
addresses key limitations of traditional rehabilitation systems through adaptability, 
reconfigurability, and dynamic precision. Unlike existing devices with fixed configurations, the 
proposed system enables real-time structural reconfiguration and supports rehabilitation for the 
wrist, elbow, and shoulder – either independently or in combination. Because of its symmetrical 
mechanical design, it can fit both left and right limbs. The research also presents a detailed 
kinematic and dynamic model that incorporates nonlinear forces, such as inertia, Coriolis, and 
gravity, thereby providing a robust foundation for precise motion control and interaction safety. 
Additionally, the combination of torque and force control systems makes it possible to create 
rehabilitation protocols that are responsive and tailored to each patient. These features collectively 
position this work as a significant advancement in intelligent, adaptable, and clinically viable 
rehabilitation robotics, distinguishing it from conventional solutions. The investigation is divided 
into two primary sections: kinematic and dynamic analyses. The kinematic analysis provides 
formulas for the position, angular velocity, and angular acceleration of each link in three-
dimensional coordinates. The dynamic analysis formulates the total, inertial, Coriolis, and 
gravitational torques for each robotic link using a nonlinear model that incorporates sin(𝜃) and cos(𝜃). 

2. Methodology 

Kinematics plays a crucial role in the design of industrial robots, providing researchers 
invaluable information about the positions and movements of their components. It encompasses 
both direct and inverse kinematics, with the availability of multiple solutions being particularly 
important for the functionality of complex robotic systems. Direct kinematics involves 
determining the position and orientation of the end-effector based on given joint variables, 
focusing on the analysis of mechanical arms and their corresponding joint configurations. In this 
research, there are several assumptions during modelling and simulation processes, such as: 

1) For simplicity, this assumes a uniform cross-sectional area. This is a common preliminary 
assumption in robot modeling, since many links (e.g., cylindrical arms) have approximately 
constant cross-sections. It greatly simplifies calculating link inertia. In practice, if the real robot’s 
links have varying geometry, one would update the inertia values accordingly. For an initial 
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analysis, a uniform section is adequate. 
2) This procedure uses the same friction coefficient at all joints to simplify the model. In 

reality, different joints might have slightly different bearings or seals, but since this focus is on 
overall dynamics, assuming equal friction avoids over-complicating the analysis. This 
approximation should have only a modest effect on the computed torques (the main contributions 
are inertial and gravitational). In a physical system, joint-specific friction could be measured and 
included if needed. 

3) The links are treated as rigid, which is standard in robot dynamics. Rehabilitation robots 
typically use metal or composite links designed to be very stiff; hence, elastic deformations are 
usually negligible under normal operation and the rigid-link model is justified for control and 
torque estimation. If a particular design had noticeable link flexibility, that would require a more 
complex model, but for most stiff link designs, this assumption holds. 

2.1. Kinematic model 

Direct kinematics calculates the position and orientation of a robot's links and end-effector 
based on its joint variables. The SCARA robot, characterized by its RRPR structure, employs a 
serial arm configuration with four degrees of freedom: 𝑥 = 𝑑ଶ cos(𝜃ଵ + 𝜃ଶ) + 𝑑ଵ cos𝜃ଵ ,𝑦 = 𝑑ଶ sin(𝜃ଵ + 𝜃ଶ) + 𝑑ଵ sin𝜃ଵ,𝑧 = 𝑃.  (1)

Eq. (1) can be utilized to derive the velocity relationship between the workspace and the robot's 
joints: ሾ𝑥ሶ 𝑦ሶ 𝑧ሶሿ் = 𝐽ሾ𝜃ሶଵ 𝜃ሶଶ 𝑃ሿ், (2)

where 𝐽 is the Jacobian matrix, and a direct kinematics problem is solved using a 3D model of a 
modular robot consisting of 15 moving links and one fixed link. The geometrical and mechanical 
details of the modular robot are classified in Table 1 and Fig. 1. Furthermore, Table 1 is utilized 
for kinematic analysis and degrees of freedom, representing the robot as a rod mechanism to 
simplify the understanding and presentation of the associated mathematical relationships. 

Table 1. Assumed joints of modular robot within parameters’ value 
Link  Length (m) Mass (Kg) Joint  Joint type Degree of freedom Axis Parent to child 

1 0.3 0.5 A Revolute(motor)  𝜃ଵ Z 𝐵𝑎𝑠𝑒 → 𝐿ଵ  
2 0.2 0.75 B Fixed –  𝐿ଵ → 𝐿ଶ 
3 0.25 0.25 C Revolute(motor) 𝜃ଶ X 𝐿ଶ → 𝐿ଷ 
4 0.15 1 D Fixed –  𝐿ଷ → 𝐿ସ 
5 0.1 1.5 E Revolute(motor) 𝜃ଷ Y 𝐿ସ → 𝐿ହ 
6 0.15 0.5 F Fixed –  𝐿ହ → 𝐿଺ 
7 0.2 0.75 G Revolute(motor) 𝜃ସ Y 𝐿଺ → 𝐿଻ 
8 0.12 0.25 H Fixed –  𝐿଻ → 𝐿଼ 
9 0.1 1 I Revolute(motor) 𝜃ହ Y 𝐿଼ → 𝐿ଽ 
10 0.7 1.5 J Fixed –  𝐿ଽ → 𝐿ଵ଴ 
11 0.1 0.5 K Revolute(motor) 𝜃଺ Z 𝐿ଵ଴ → 𝐿ଵଵ 
12 0.15 0.75 L Fixed –  𝐿ଵଵ → 𝐿ଵଶ 
13 0.1 0.25 M Revolute(motor) 𝜃଻ X 𝐿ଵଶ → 𝐿ଵଷ 
14 0.5 1 N Fixed –  𝐿ଵଷ → 𝐿ଵସ 
15 0.1 1.5 P Revolute(motor) 𝜃଼ Y 𝐿ଵସ → 𝐿ଵହ 

Based on Fig. 1, in the 2D schematic, 15 links’ angles are defined, and the links are joined at 
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points that are defined in Table 1. In the 3D workspace, the modular mechanism is coupled with 
the right-hand side of the patient’s upper limb body, as shown in Fig. 2. 

Similarly, a 3D model is presented in Fig. 3 to illustrate the robot's structure, its components, 
and interactions with humans, based on visual representations. 

 
Fig. 1. Two-dimensional design of the modular robot mechanism 

 
Fig. 2. Three-dimensional schematic of the modular robot with joints 

As examples, the first and last points of the modular robot are mathematically formulated as 
points O and P, respectively. The dynamic Eqs. (3-15) are obtained by setting up the Lagrangian 
of the mechanism and applying the Euler-Lagrange equations. Eq. (3) shows the inertial 
contribution 𝐻(𝑞)𝑞ሷ  (mass times acceleration), while Eqs. (4-5) capture the Coriolis and 
centrifugal forces that depend on joint velocities. Eq. (6) includes gravity effects 𝐺(𝑞) on each 
joint. In biomechanical terms, these dynamics equations are similar to modeling how muscles 
(actuators) generate joint torques to move limb segments. For instance, if a link is heavy or 
extended (large inertia), the corresponding diagonal element of 𝐻 is larger, meaning more torque 
is needed for the same acceleration. The off-diagonal elements of 𝐶indicate how motion in one 
joint can create forces in another, analogous to coupled muscle actions in multi-joint movements. 

2.1.1. Joint O 

Point O serves as a fixed coordinate reference, maintaining a constant position, velocity, and 
acceleration due to the absence of translational motion in Eqs. (3-5). 
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Coordination: 𝑥ை = 𝑦ை = 𝑧ை = 0. (3)

Velocity: 𝑣௫ை = 𝑣௬ை = 𝑣௭ை = 0. (4)

Acceleration: 𝑎௫ை = 𝑎௬ை = 𝑎௭ை = 0. (5)

2.1.2. Joint P 

The point P as an end effector, representing the end-effector, has its three-dimensional 
position, angular velocity, and angular acceleration determined based on Eqs. (6-8) and the 
parameters of the preceding links. For simplicity, the sin(𝜃௜) and cos(𝜃௜) functions are 
abbreviated as 𝑠(𝜃௜), 𝑐(𝜃௜), and also the notation 𝑙௜ା௝ = 𝑙௜ + 𝑙௝ is used in the derivation of the 
kinematic equations: 

Coordination: 𝑥௉ = 𝑙ହାଵିଵହ − 𝑙ଶ 𝑐 𝜃ଶ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙଼ାଽ 𝑐 𝜃ସ + 𝑙ଵ଴ 𝑠 𝜃ହ + 𝑙ଵଶ 𝑐 𝜃଺, 𝑦௉ = 𝑙ଵଵ + 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ + 𝑙ଵଶ 𝑠 𝜃଺ + 𝑙ଵସ 𝑐 𝜃଻, 𝑧௉ = 𝑙ଷ + 𝑙ଵଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ + 𝑙଼ାଽ 𝑠 𝜃ସ + 𝑙ଵ଴ 𝑐 𝜃ହ + 𝑙ଵସ 𝑠 𝜃଻. (6)

Velocity: 𝜔௫௉ = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙଼ାଽ𝜃ሶସ 𝑠 𝜃ସ + 𝑙ଵ଴𝜃ሶହ 𝑐 𝜃ହ − 𝑙ଵଶ𝜃ሶ଺ 𝑠 𝜃଺, 𝜔௬௉ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙ଵଶ𝜃ሶ଺ 𝑐 𝜃଺ − 𝑙ଵସ𝜃ሶ଻ 𝑠 𝜃଻, 𝜔௭௉ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼ାଽ𝜃ሶସ 𝑐 𝜃ସ − 𝑙ଵ଴𝜃ሶହ 𝑠 𝜃ହ + 𝑙ଵସ𝜃ሶ଻ 𝑐 𝜃଻. (7)

Acceleration: 𝛼௫௉ = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙଼ାଽ൫𝜃ሷସ 𝑠 𝜃ସ + 𝜃ሶସଶ 𝑐 𝜃ସ൯       +𝑙ଵ଴൫𝜃ሷହ 𝑐 𝜃ହ − 𝜃ሶହଶ 𝑠 𝜃ହ൯ − 𝑙ଵଶ൫𝜃ሷ଺ 𝑠 𝜃଺ + 𝜃ሶ଺ଶ 𝑐 𝜃଺൯, 𝛼௬௉ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ − 𝜃ሶସଶ 𝑐 𝜃ଶ൯ + 𝑙ଵଶ൫𝜃ሷ଺ 𝑐 𝜃଺ − 𝜃ሶ଺ଶ 𝑠 𝜃଺൯− 𝑙ଵସ൫𝜃ሷ଻ 𝑠 𝜃଻ + 𝜃ሶ଻ଶ 𝑐 𝜃଻൯, 𝛼௭௉ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼ାଽ൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ 𝑠 𝜃ସ൯− 𝑙ଵ଴൫𝜃ሷଷ 𝑠 𝜃ଷ − 𝜃ሶହଶ 𝑐 𝜃ହ൯ + 𝑙ଵଶ൫𝜃ሷ଺ 𝑐 𝜃଺ − 𝜃ሶ଺ଶ 𝑠 𝜃଺൯. 
(8)

According to Fig. 1, there are various connection points between points O and P in the modular 
robot, which are detailed in the appendix section at the end of this paper. 

2.2. Direct dynamic 

The dynamics section examines the relationship between forces and kinematic parameters, 
deriving the differential equations of motion. Direct dynamics is employed for simulation, while 
inverse dynamics is used in control, path planning, and optimization. Key tasks include 
determining the coefficients of the motion equations, estimating inertial parameters, identifying 
unknown forces and accelerations, and conducting dynamic analysis in Eq. (9): 𝜏 = 𝐻(𝑞)𝑞ሷ + 𝑐(𝑞, 𝑞ሶ , 𝑓௘௫௧). (9)
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The 𝑓௘௫௧ external force corresponds to the force required to maintain equilibrium. The inertial 
matrix is represented by an 𝑁×𝑁 matrix in Eq. (10): 

𝑇 = 12 𝑞ሶ ்𝐻𝑞ሶ . (10)

The dynamic equation, commonly used for robot control, can be expressed by Eq. (11) [35]: 𝜏 = 𝐻(𝑞)𝑞ሷ + 𝐶(𝑞, 𝑞ሶ)𝑞ሶ + 𝜏௚(𝑞) + 𝐽(𝑞)𝑓௘௫௧ . (11)

In Eq. (11), the robot’s dynamics are governed by three equations: 𝜏௚, 𝐶(𝑞, 𝑞ሶ), and 𝐽(𝑞)𝑓௘௫௧, 
which represent the gravitational torques, Coriolis forces, and the external forces acting on the 
joints and body, respectively. The study examines a system with a uniform cross-sectional area, 
unknown but equal friction coefficients, a rigid object, linearly elastic contact, and touch sensors. 
Using the Lagrangian method, the dynamic equations for the SCARA robot are derived (see 
Fig. 3(a)), modelling the object's rigidity and friction coefficients as spring constants: 𝑇 − 𝐽்(𝑞)𝑓௘௫௧ = 𝑀(𝑞)𝑞ሷ + 𝐻(𝑞). (12)

The vertical forces 𝑁ோ and 𝑁௅ act on the object, applied by the left and right jaws, respectively. 
Assuming symmetrical movement, the object has three degrees of freedom (in the 𝑥, 𝑦, and 𝑧 
directions) without rotation. The resulting Eq. (13) of motions is provided below: 

൥𝑚 0 00 𝑚 00 0 0൩ ൥𝑥ሷ𝑦ሷ𝑧ሷ൩ = ቎𝑁௅ − 𝑁ோ2𝐹௬2𝐹௬ − 𝑤቏, (13)

where, the 𝐹௬ represents the frictional force on the object’s surface, while 𝑚 and 𝑤 denote the 
mass and weight, correspondingly. The study investigates the dynamics of a system, focusing on 
the force and torque components. The modular robot’s mechanism is described using the Cartesian 
coordinates, with fundamental relations derived from Newton's second law and D'Alembert's 
principle in Eqs. (14) and (15): ෍𝑀 = 𝐽𝜃ሷ . (14)

To express the modular robot’s dynamics directly based on D’Alembert’s law, it can rewrite 
the system as follows: 𝑀(𝜃)𝜃ሷ + 𝑉൫𝜃,𝜃ሶ൯ + 𝜏௙൫𝜃,𝜃ሶ൯ − 𝜆௨ − 𝐽ଵ் (𝜃)Γଵ − 𝐽ଶ் (𝜃)Γ = 𝜏. (15)

The parameters used in the preceding relationship are summarized in Table 3. The frictional 
relationship consists of two components: friction at the joints and friction between the skin of the 
members. This relationship can be expressed as Eq. (16): 𝜏௙൫𝜃,𝜃ሶ൯ = 𝜏௥൫𝜃,𝜃ሶ൯ + 𝜏௦൫𝜃,𝜃ሶ൯. (16)

Consequently, the components used in Eq. (16) are defined in Table 4. 
All simulations are carried out in MATLAB using an ordinary differential equation solver that 

is the numerical differences and approximate derivatives so-called Y = diff(X), velocity and 
acceleration are obtained by velocity = diff(displacement), and acceleration = diff(velocity), 
respectively. Simulation works with relative tolerance 1e-6, absolute tolerance 1e-9, and a fixed 
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time step of Δ𝑡 = 0.01 s. The simulation horizon was 10 seconds. Ultimately, the source code of 
this paper has been uploaded in [36]. Initial joint states were 𝑞(0) = ሾ0,0, … ,0ሿ் and  𝑞ሶ(0) = ሾ0,0, … ,0ሿ். The simulation outline is worked based on Fig. 3(b). 

Table 2. Dynamical parameters 
Definition Parameter 

Inertia matrix 𝑀(𝜃) 
Angle 𝜃 

Angular velocity 𝜃ሶ  
Angular acceleration 𝜃ሷ  

Central torque and Coriolis torque 𝑉൫𝜃,𝜃ሶ൯ 
Joint friction 𝜏௙ 

Error and uncertainty 𝜆௨ 
Jacobian matrices 𝐽ଵ, 𝐽ଶ 

Friction between joints 𝜏௥ 
Friction between links’ skin 𝜏௦ 

 

 
a) 

 
b) 

Fig. 3. a) Three-dimensional SCARA robot, b) modeling simulation process in this research 

3. Result and discussion 

3.1. Kinematics and dynamics 

In this section, the results of the simulation modeling in kinematics, dynamics, stability, and 
sensitivity analyses are presented. These analyses were formulated in the previous section, and 
Figs. 4 to 8 display the displacement, velocity, acceleration, and torque responses of each link of 
the modular robot (the configuration of the system is shown in Fig. 1). Joint O serves as the first 
support and base of the modular robot; accordingly, it remains fixed and exhibits zero 
displacement, zero velocity, and zero acceleration. Using Eqs. (6-8) (and the complete kinematic 
derivation in the Appendix, covering Eqs. (17-58), the motions of joints A through N are computed 
in three Cartesian directions (𝑥,𝑦, 𝑧) for displacements, velocities, and accelerations. Fig. 4 shows 
translational displacements (blue curves), angular velocities (red curves), and angular 
accelerations (black curves) in the 𝑥, 𝑦, and 𝑧 directions under prescribed motion patterns that 
align with typical upper-limb rehabilitation ranges of motion. The smooth and continuous nature 
of the displacement curves indicates that the motion-planning algorithm yields trajectories 
resembling natural limb movements. Such smooth trajectories enhance patient comfort and 
support motor learning in rehabilitation contexts (see e.g., [37-39]). Joint displacements remain 
within physiological limits, which is essential for safe rehabilitation use, avoiding hyperextension 
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or unnatural joint angles (see e.g., [40]). The angular velocity profiles show gradual increases and 
decrease in amplitude. This profile avoids abrupt jumps in speed and thus reduces potential 
discomfort for patients. The peak velocity values fall within therapeutic windows – neither 
extremely slow nor excessively fast – contributing to safe and effective interaction. The angular 
accelerations (obtained through differentiation of the angular velocities) reflect the rate of change 
of velocity during movement. These acceleration curves remain within safe operational thresholds, 
thereby preventing excessive dynamic forces on the patient’s limb (see e.g., [38, 41]). Consistency 
in acceleration profiles across different joints highlights uniform motion throughout the 
mechanism, a desirable property in rehabilitation robotics where coordinated movement is critical. 
Moreover, the absence of rapid fluctuations in acceleration reduces potential mechanical vibration 
or resonance in the robot structure, further improving comfort and mechanical reliability (see e.g., 
[42]). In the subplots of Fig. 5, derived from Eqs. (9-16), the direct dynamics of the modular robot 
are shown – comprising total, inertial, Coriolis, and gravitational torque components across all 
links. The torque profiles exhibit clear peaks (for example, approximate values: joint 1 ≈ 2.5 Nm, 
joint 2 ≈ 1 Nm). These peak values provide critical input for actuator selection. Actuators – either 
geared motors or Series Elastic Actuators (SEAs) – should have continuous and peak torque 
ratings exceeding these simulated values by an adequate safety margin. The SEAs are widely 
adopted in rehabilitation and assistive robotic systems for precise torque control and mechanical 
compliance, ensuring both safety and accurate force feedback (see e.g., [43-45]). When compared 
to existing hardware, many upper-limb rehabilitation robots employ actuators within the  
10-50 Nm range. For instance, the MAHI Exo-II wrist rehabilitation robot and similar devices 
utilize brushless DC motors rated around 20-25 Nm peak (see e.g., [46]).  

 
Fig. 4. Displacement, velocity, acceleration in three directions for all points 
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The relatively smaller torques predicted in this study (2.5 Nm and 1 Nm) suggest that the 
proposed modular mechanism is lightweight and energy-efficient. Nonetheless, maintaining a  
20-30 % torque margin remains advisable to accommodate unmodeled effects such as friction, 
wear, and safety considerations (see e.g., [44, 47]). Motor speed and gearing ratios should also be 
selected to ensure that the simulated angular velocities are physically achievable. Beyond noting 
that Coriolis torques are relatively small, the torque decomposition provides valuable guidance 
for actuator and transmission design. Since inertial and gravitational torques dominate, actuator 
selection must ensure adequate capacity to handle these loads under worst-case motion. Although 
smaller in magnitude, Coriolis torques are still essential for ensuring responsiveness and smooth 
control during dynamic rehabilitation tasks (see e.g., [43, 48]).  

 
Fig. 5. Total torques, inertial, Coriolis, gravitational on acting on all links 

Understanding the relative magnitude of each torque component helps optimize actuator 
efficiency, thermal performance, and control bandwidth. Overall, Fig. 5 validates the mechanical 
design of the modular robot and highlights how gravitational loading and inertial properties 
influence actuation demands. These insights are essential for designing a rehabilitation system 
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that meets mechanical requirements while maintaining safety, comfort, and energy efficiency (see 
e.g., [49]). The simulation results are subject to certain limitations stemming from key modeling 
assumptions. (i) The links are modeled as perfectly rigid; thus high-frequency structural or elastic 
effects (such as link flexing or vibration) are not captured. (ii) Friction is simplified to coarse joint 
and contact terms and does not represent complex behaviors such as Stribeck friction or micro-
slip at the robot-patient interface (see e.g., [50, 51]). (iii) Symmetry assumptions – identical link 
geometry and mass – simplify the model but may not hold in real systems due to manufacturing 
tolerances or asymmetric human loading. These simplifications may result in underestimation of 
torque requirements or overlooked vibration and comfort effects in practice. Future work should 
incorporate detailed friction and compliance models, asymmetric parameters, and experimental 
validation with a physical prototype to refine actuator sizing, control design, and patient–robot 
interaction safety (see e.g., [52]). 

3.2. Stability analysis 

This subsection represents stability displacements in three directions. especially the 
end-effector of the modular robot, because of two significant reasons: firstly, the end-effector is 
the main link connected to the user; therefore, it has the main role to perform correctly and support 
the user’s demands; secondly, the end-effector is the final link attached to the previous 14 links; 
hence, it can show any faults if there are any in the previous links. 

 

 
Fig. 6. Stability analysis results in end-effector 

The Fig. 6 demonstrates stability analyses of the end-effector in different positions and 
directions; that means the displacement and velocity of the end-effector are input and output, 
respectively. Furthermore, in each direction, roots of the transfer function of the modular robot 
are plotted as real-imaginary figures based on the criteria of the Routh-Hurwitz stability. The roots 
are located on the left-hand side of the complex plane; it proves that the robot performs in stable 
conditions. 
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3.3. Sensitivity analysis 

This section analyzes geometrical and dynamical sensitivities globally through parameters; for 
example, in kinematics, the length of links and in dynamics, the mass of links that are varied by 
adding and subtracting a reasonable value. This method is known as the perturbation approach. 

Table 3. Sensitivity analysis of the kinematics and dynamics of the modular robot 
Type Approach Peturbution 1 Peturbution 2 
Kinematics (m) 𝐿௜௣௨௥ଵ = 𝐿௜௢௥௜௚ + 0.01 𝐿௜௣௨௥ଶ = 𝐿௜௢௥௜௚ − 0.01 
Dynamics (Kg) 𝑚௜௣௨௥ଵ = 𝑚௜௢௥௜௚ + 0.1 𝑚௜௣௨௥ଶ = 𝑚௜௢௥௜௚ − 0.1 

Based on the former table, 0.15 meter and 1.5 kg are added and subtracted from the length and 
mass of the links, respectively. Perturbing parameters such as the length and mass of the links are 
restimulated by the program based on Table 3, which is shown in Figs. 7 and 8. The comparison 
includes the displacement and torque of the end effector as examples, highlighting their errors due 
to two perturbations, which demonstrates that this modeling is concise enough to remain stable 
and robust against variations in parameters such as length and mass. 

 
a) Displacements of the eneffector 

 
b) Error of displacements 

Fig. 7. Comparison of end effector displacement sensitivities  
with the original case and perturbations 1 and 2 

 
a) Total torque 

 
b) Error of torque 

Fig. 8. Comparison of torque sensitivities with the original case and perturbations 1 and 2 
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In summary, the current simplified model likely underestimates the complexity of a real robot. 
Before hardware implementation, the design should be validated experimentally. In a physical 
prototype, one would measure actual joint friction and link stiffness and adjust the control and 
torque estimates accordingly. Despite these limitations, the current model provides a clear baseline 
of the expected torques; more detailed models (including joint compliance or measured friction) 
can be developed in future work to refine these predictions. This paper notes that these 
simplifications could affect real-world performance. Unequal friction at the joints would mean 
one joint could need significantly more torque than predicted here. Any asymmetry in link shape 
or mass would also change inertia values. Furthermore, treating links as perfectly rigid ignores 
vibrations or deflection that might occur under load, which could slightly change the effective 
torques. In other words, the model’s torque outputs represent idealized values; actual required 
torques might be higher once all real factors are included. Therefore, the results should be 
considered as a first estimate, with future work needed to incorporate detailed friction models, 
link compliance, and validate the predictions for a real rehabilitation robot. 

4. Conclusions 

This paper introduces a first-of-its-kind modular robotic system for upper-limb rehabilitation 
that combines mechanical reconfigurability, symmetric left/right operation, and nonlinear 
model-based control to support therapy of the wrist, elbow, and shoulder – individually or in 
coordinated multi-joint modes. Key results from the analytic and simulation studies demonstrate 
that the modular architecture (i) reproduces physiologically relevant kinematic workspaces across 
multiple configurations, (ii) yields numerically stable dynamic responses under representative 
disturbances when controlled with the proposed torque/force controllers, and (iii) enables  
on-the-fly adaptation of workspace and impedance to accommodate differing patient needs. The 
analyses (kinematic reachability, Jacobian conditioning, inertia distribution, and closed-loop 
torque tracking) provide quantitative evidence that a single modular platform can achieve the 
motion fidelity and interaction safety required for clinically meaningful rehabilitation tasks. This 
article carefully derived nonlinear dynamic models (inertia, Coriolis/centrifugal, and gravity 
g) and separated friction/contact effects to support controller design. The bold finding is that 
model-based torque/force control substantially improves disturbance rejection and reduces 
steady-state tracking errors in simulation relative to threshold-based methods (see Results and 
Discussion). These findings establish a firm theoretical basis for motor selection, energy 
budgeting, and control tuning in future hardware implementations. The current work is primarily 
analytic and simulation-based; several simplifying assumptions were adopted to make the 
modeling tractable (rigid links, symmetric grasp/contact, uniform mass distributions, and 
simplified friction models). These assumptions limit the prediction of high-frequency structural 
responses, asymmetric contact phenomena, and detailed Stribeck friction effects. Sensor models 
included additive Gaussian noise but do not yet capture sensor drift, intermittent faults, or 
bandwidth limitations that occur in practice. Therefore, it emphasizes that absolute numerical 
values reported here should be treated as indicative; relative performance comparisons across 
configurations and control laws are the most reliable outcomes of this study. To translate the 
concept into a clinical research prototype, a staged plan is recommended: bench-level component 
tests (instrumented rotors and bearings), subsystem integrations (actuated joint modules with 
onboard sensing and local control), and a system-level test rig for human-in-the-loop trials under 
institutional review. Acceptance criteria should include reproducible detection lead time for 
incipient faults, bounded interaction forces within safety limits, and end-to-end delay compatible 
with real-time impedance control. These experimental steps will also enable identification of 
realistic friction/inertia parameters and sensor noise models for improved model-based control. In 
the last sub-sections are demonstrated stable operations of the robot by stability and sensitivity 
analyses that are focused on displacement and velocity of the end-effector. In detail, stability 
analysis shows the stable status of the end-effector because the roots of the transfer function of 
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the robot are negatively positioned on the left-hand side of the real-imaginary axes, which agrees 
with the stability based on the important criteria in control engineering so-called Routh-Hurwitz. 
In the last sub-section, the sensitivity of the end-effector is displayed as perturbed by adding and 
reducing values of length and mass for mathematical kinematics and dynamics in each link. 
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Appendix 

The kinematic modeling of the modular mechanism has now been initiated, with a focus on 
points A through N. The displacement, velocity, and acceleration components are examined for 
each joint. Point A, functioning similarly to a pendulum, serves as both the initial moving point 
and the second rotational joint. The mathematical relationships between its coordinate velocity 
and translational acceleration can be expressed as follows in Eqs. (17) to (58): 

Joint A. 
Coordination: 𝑥஺ = 𝑙ଵ,     𝑦஺ = 0,     𝑧஺ = 0. (17)

Velocity: 𝜔௫஺ = 0,     𝜔௬஺ = 0,     𝜔௭஺ = 0. (18)

Acceleration: 𝛼௫஺ = 0,     𝛼௬஺ = 0,     𝛼௭஺ = 0. (19)

Joint B. 
Coordination: 𝑥஻ = 𝑙ଵ − 𝑙ଶ 𝑐 𝜃ଶ ,     𝑦஻ = 𝑙ଶ 𝑠 𝜃ଵ ,     𝑧஻ = 0. (20)

Velocity: 𝜔௫஻ = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ ,     𝜔௬஻ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ ,     𝜔௭஻ = 0. (21)

Acceleration: 𝛼௫஻ = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯,    𝛼௬஻ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯,    𝛼௭஻ = 0. (22)

Joint C. 
Coordination: 𝑥஼ = 𝑙ଵ − 𝑙ଶ 𝑐 𝜃ଶ ,     𝑦஼ = 𝑙ଶ 𝑠 𝜃ଵ ,     𝑧஼ = 𝑙ଷ. (23)

Velocity: 𝜔௫஼ = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ ,     𝜔௬஼ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ ,     𝜔௭஼ = 0. (24)

Acceleration: 𝛼௫஼ = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯,    𝛼௬஼ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯,     𝛼௭஼ = 0. (25)

Joint D. 
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Coordination: 𝑥஽ = 𝑙ଵ − 𝑙ଶ 𝑐 𝜃ଵ ,     𝑦஽ = 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ ,     𝑧஽ = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ. (26)

Velocity: 𝜔௫஽ = 𝑙ଶ𝜃ሶଵ 𝑠 𝜃ଵ ,     𝜔௫஽ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ ,     𝜔௫஽ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଵ. (27)

Acceleration: 𝛼௫஽ = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ + 𝜃ሶଵଶ 𝑐 𝜃ଵ൯,     𝛼௬஽ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯, 𝛼௭஽ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ + 𝜃ሶଶଶ 𝑠 𝜃ଶ൯. (28)

Joint E.  
Coordination: 𝑥ா = 𝑙ହାଵ − 𝑙ଶ 𝑐 𝜃ଵ ,     𝑦ா = 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ ,     𝑧ா = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ. (29)

Velocity: 𝜔௫ா = 𝑙ଶ𝜃ሶଵ 𝑠 𝜃ଵ ,     𝜔௬ா = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ ,     𝜔௭ா = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ. (30)

Acceleration: 𝛼௫ா = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ + 𝜃ሶଵଶ 𝑐 𝜃ଵ൯,     𝛼௬ா = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠𝜃ଶ +𝜃ሶଶଶ 𝑐 𝜃ଶ൯,  𝛼௭ா = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯. (31)

Joint F. 
Coordination: 𝑥ி = 𝑙ହାଵ − 𝑙ଶ 𝑐 𝜃ଵ + 𝑙଺ 𝑠 𝜃ଷ ,     𝑦ி = 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ ,     𝑧ி = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ 𝑐 𝜃ଷ. (32)

Velocity: 𝜔௫ி = 𝑙ଶ𝜃ሶଵ 𝑠 𝜃ଵ + 𝑙଺𝜃ሶଷ 𝑐 𝜃ଷ ,     𝜔௬ி = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ ,     𝜔௭ி = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺𝜃ሶଷ 𝑠 𝜃ଷ. (33)

Acceleration: 𝛼௫ி = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ + 𝜃ሶଵଶ 𝑐 𝜃ଵ൯ + 𝑙଺൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯, 𝛼௬ி = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯, 𝛼௭ி = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯. (34)

Joint G. 
Coord 

ination: 𝑥ீ = 𝑙ହାଵ − 𝑙ଶ 𝑐 𝜃ଵ + 𝑙଺ା଻ 𝑠 𝜃ଷ ,    𝑦ீ = 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ ,     𝑧ீ = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ. (35)

Velocity: 
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𝜔௫ீ = 𝑙ଶ𝜃ሶଵ 𝑠 𝜃ଵ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ ,     𝜔௬ீ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ, 𝜔௭ீ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ. (36)

Acceleration: 𝛼௫ீ = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ + 𝜃ሶଵଶ 𝑐 𝜃ଵ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯, 𝛼௬ீ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ − 𝜃ሶଶ 𝑐 𝜃ଶ൯, 𝛼௭ீ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯. (37)

Joint H. 
Coordination: 𝑥ு = 𝑙ହାଵ − 𝑙ଶ 𝑐 𝜃ଵ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙ସ 𝑐 𝜃ସ ,     𝑦ு = 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ, 𝑧ு = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ + 𝑙଼ 𝑠 𝜃ସ. (38)

Velocity: 𝜔௫ு = 𝑙ଶ𝜃ሶଵ 𝑠 𝜃ଵ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙ସ𝜃ሶସ 𝑠 𝜃ସ ,𝜔௬ு = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ, 𝜔௭ு = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼𝜃ሶସ 𝑐 𝜃ସ. (39)

Acceleration: 𝛼௫ு = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ + 𝜃ሶଵଶ 𝑐 𝜃ଵ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙ସ൫𝜃ሷସ 𝑠 𝜃ସ − 𝜃ሶସଶ 𝑐 𝜃ସ൯, 𝛼௬ு = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯, 𝛼௭ு = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ 𝑠 𝜃ସ൯. (40)

Joint I. 
Coordination: 𝑥ூ = 𝑙ହାଵ − 𝑙ଶ 𝑐 𝜃ଵ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙଼ାଽ 𝑐 𝜃ସ ,     𝑦ூ = 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ, 𝑧ூ = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ + 𝑙଼ାଽ 𝑠 𝜃ସ. (41)

Velocity: 𝜔௫ூ = 𝑙ଶ 𝜃ሶଵ𝑠 𝜃ଵ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙଼ାଽ𝜃ሶସ 𝑠 𝜃ସ ,     𝜔௬ூ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ, 𝜔௭ூ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼ାଽ𝜃ሶସ 𝑐 𝜃ସ. (42)

Acceleration: 𝛼௫ூ = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ + 𝜃ሶଵଶ 𝑐 𝜃ଵ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙଼ାଽ൫𝜃ሷସ 𝑠 𝜃ସ + 𝜃ሶସଶ 𝑐 𝜃ସ൯, 𝛼௬ூ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯, 𝛼௭ூ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼ାଽ൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ 𝑠 𝜃ସ൯. (43)

Joint J. 
Coordination: 𝑥௃ = 𝑙ଵାହ − 𝑙ଶ 𝑐 𝜃ଶ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙଼ାଽ 𝑐 𝜃ସ + 𝑙ଵ଴ 𝑠 𝜃ହ ,      𝑦௃ = 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ, 𝑧௃ = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଻ା଼ 𝑐 𝜃ଷ + 𝑙଼ାଽ 𝑠 𝜃ସ + 𝑙ଵ଴ 𝑐 𝜃ହ. (44)

Velocity: 
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𝜔௫௃ = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙଼ାଽ𝜃ሶସ 𝑠 𝜃ସ + 𝑙ଵ଴𝜃ሶହ 𝑐 𝜃ହ ,       𝜔௬௃ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ, 𝜔௭௃ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଻ା଼𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼ାଽ𝜃ሶସ 𝑐 𝜃ସ − 𝑙ଵ଴𝜃ሶହ 𝑠 𝜃ହ. (45)

Acceleration: 𝛼௫௃ = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙଼ାଽ൫𝜃ሷସ 𝑠 𝜃ସ + 𝜃ሶସଶ 𝑐 𝜃ସ൯+ 𝑙ଵ଴൫𝜃ሷହ 𝑐 𝜃ହ − 𝜃ሶହଶ 𝑠 𝜃ହ൯, 𝛼௬௃ = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶସଶ 𝑐 𝜃ଶ൯, 𝛼௭௃ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଻ା଼൫𝜃ሷଷ 𝑠 𝜃ଷ − 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼ାଽ൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ 𝑠 𝜃ସ൯− 𝑙ଵ଴൫𝜃ሷହ 𝑠 𝜃ହ − 𝜃ሶହଶ 𝑐 𝜃ହ൯. (46)

Joint K. 
Coordination: 𝑥௄ = 𝑙ହାଵ − 𝑙ଶ 𝑐 𝜃ଶ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙଼ାଽ 𝑐 𝜃ସ + 𝑙ଵ଴ 𝑠 𝜃ହ ,      𝑦௄ = 𝑙ଵଵ + 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ, 𝑧௄ = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ + 𝑙଼ାଽ 𝑠 𝜃ସ + 𝑙ଵ଴ 𝑐 𝜃ହ. (47)

Velocity: 𝜔௫௄ = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙଼ାଽ𝜃ሶସ 𝑠 𝜃ସ + 𝑙ଵ଴𝜃ሶହ 𝑐 𝜃ହ ,       𝜔௬௄ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ, 𝜔௭௄ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼ାଽ𝜃ሶସ 𝑐 𝜃ସ − 𝑙ଵ଴𝜃ሶହ 𝑠 𝜃ହ. (48)

Acceleration: 𝛼௫௄ = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙଼ାଽ൫𝜃ሷସ 𝑠 𝜃ସ + 𝜃ሶସଶ 𝑐 𝜃ସ൯       +𝑙ଵ଴൫𝜃ሷହ 𝑐 𝜃ହ − 𝜃ሶହଶ 𝑠 𝜃ହ൯, 𝛼௬௄ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ − 𝜃ሶଶଶ 𝑐 𝜃ଶ൯, 𝛼௭௄ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼ାଽ൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ 𝑠 𝜃ସ൯− 𝑙ଵ଴൫𝜃ሷହ 𝑠 𝜃ହ + 𝜃ሶହଶ 𝑐 𝜃ହ൯. (49)

Joint L. 
Coordination: 𝑥௅ = 𝑙ହାଵ − 𝑙ଶ 𝑐 𝜃ଶ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙଼ାଽ 𝑐 𝜃ସ + 𝑙ଵ଴ 𝑠 𝜃ହ + 𝑙ଵଶ 𝑐 𝜃଺, 𝑦௅ = 𝑙ଵଵ + 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ + 𝑙ଵଶ 𝑠 𝜃଺, 𝑧௅ = 𝑙ଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ + 𝑙଼ାଽ 𝑠 𝜃ସ + 𝑙ଵ଴ 𝑐 𝜃ହ. (50)

Velocity: 𝜔௫௅ = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙଼ାଽ𝜃ሶସ 𝑠 𝜃ସ + 𝑙ଵ଴𝜃ሶହ 𝑐 𝜃ହ − 𝑙ଵଶ𝜃ሶ଺ 𝑠 𝜃଺, 𝜔௬௅ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙ଵଶ𝜃ሶ଺ 𝑐 𝜃଺, 𝜔௭௅ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼ାଽ𝜃ሶସ 𝑐 𝜃ସ − 𝑙ଵ଴𝜃ሶହ 𝑠 𝜃ହ. (51)

Acceleration: 𝛼௫௅ = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙଼ାଽ൫𝜃ሷସ 𝑠 𝜃ସ + 𝜃ሶସଶ 𝑐 𝜃ସ൯       +𝑙ଵ଴൫𝜃ሷହ 𝑐 𝜃ହ − 𝜃ሶହଶ𝑠 𝜃ହ൯ − 𝑙ଵଶ൫𝜃ሷ଺ 𝑠 𝜃଺ + 𝜃ሶ଺ଶ 𝑐 𝜃଺൯, 𝛼௬௅ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙ଵଶ൫𝜃ሷ଺ 𝑐 𝜃଺ − 𝜃ሶ଺ଶ 𝑠 𝜃଺൯, (52)
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𝛼௭௅ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼ାଽ൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ 𝑠 𝜃ସ൯− 𝑙ଵ଴൫𝜃ሷହ 𝑠 𝜃ହ + 𝜃ሶହଶ 𝑐 𝜃ହ൯, 
Joint M. 
Coordination: 𝑥ெ = 𝑙ଵାହ − 𝑙ଶ 𝑐 𝜃ଶ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙଼ାଽ 𝑐 𝜃ସ + 𝑙ଵ଴ 𝑠 𝜃ହ + 𝑙ଵଶ 𝑐 𝜃଺, 𝑦ெ = 𝑙ଵଵ + 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ + 𝑙ଵଶ 𝑠 𝜃଺, 𝑧ெ = 𝑙ଷ + 𝑙ଵଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ + 𝑙଼ାଽ 𝑠 𝜃ସ + 𝑙ଵ଴ 𝑐 𝜃ହ. (53)

Velocity: 𝑤௫ெ = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙଼ାଽ𝜃ሶସ 𝑠 𝜃ସ + 𝑙ଵ଴𝜃ሶହ 𝑐 𝜃ହ − 𝑙ଵଶ𝜃ሶ଺ 𝑠 𝜃଺, 𝑤௬ெ = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙ଵଶ𝜃ሶ଺ 𝑐 𝜃଺, 𝑤௭ெ = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼ାଽ𝜃ሶସ 𝑐 𝜃ସ − 𝑙ଵ଴𝜃ሶହ 𝑠 𝜃ହ. (54)

Acceleration: 𝛼௫ெ = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙଼ାଽ൫𝜃ሷସ 𝑠 𝜃ସ + 𝜃ሶସଶ 𝑐 𝜃ସ൯       +𝑙ଵ଴൫𝜃ሷହ 𝑐 𝜃ହ − 𝜃ሶହଶ 𝑠 𝜃ହ൯ − 𝑙ଵଶ൫𝜃ሷ଺ 𝑠 𝜃଺ + 𝜃ሶ଺ଶ 𝑐 𝜃଺൯, 𝛼௬ெ = 𝑙ଶ൫𝜃ሷଵ 𝑐 𝜃ଵ − 𝜃ሶଵଶ 𝑠 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙ଵଶ൫𝜃ሷ଺ 𝑐 𝜃଺ − 𝜃ሶ଺ଶ 𝑠 𝜃଺൯, 𝛼௭ெ = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼ାଽ൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ 𝑠 𝜃ସ൯− 𝑙ଵ଴൫𝜃ሷହ 𝑠 𝜃ହ − 𝜃ሶହଶ 𝑐 𝜃ହ൯. (55)

Joint N. 
Coordination: 𝑥ே = 𝑙ଵାହ − 𝑙ଶ 𝑐 𝜃ଶ + 𝑙଺ା଻ 𝑠 𝜃ଷ + 𝑙଼ାଽ 𝑐 𝜃ସ + 𝑙ଵ଴ 𝑠 𝜃ହ + 𝑙ଵଶ 𝑐 𝜃଺, 𝑦ே = 𝑙ଵଵ + 𝑙ଶ 𝑠 𝜃ଵ + 𝑙ସ 𝑐 𝜃ଶ + 𝑙ଵଶ 𝑠 𝜃଺ + 𝑙ଵସ 𝑐 𝜃଻, 𝑧ே = 𝑙ଷ + 𝑙ଵଷ + 𝑙ସ 𝑠 𝜃ଶ + 𝑙଺ା଻ 𝑐 𝜃ଷ + 𝑙଼ାଽ 𝑠 𝜃ସ + 𝑙ଵ଴ 𝑐 𝜃ହ + 𝑙ଵସ 𝑠 𝜃଻. (56)

Velocity: 𝜔௫ே = 𝑙ଶ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙଺ା଻𝜃ሶଷ 𝑐 𝜃ଷ − 𝑙଼ାଽ𝜃ሶସ 𝑠 𝜃ସ + 𝑙ଵ଴𝜃ሶହ 𝑐 𝜃ହ − 𝑙ଵଶ𝜃ሶ଺ 𝑠 𝜃଺, 𝜔௬ே = 𝑙ଶ𝜃ሶଵ 𝑐 𝜃ଵ − 𝑙ସ𝜃ሶଶ 𝑠 𝜃ଶ + 𝑙ଵଶ𝜃ሶ଺ 𝑐 𝜃଺ − 𝑙ଵସ𝜃ሶ଻ 𝑠 𝜃଻, 𝜔௭ே = 𝑙ସ𝜃ሶଶ 𝑐 𝜃ଶ − 𝑙଺ା଻𝜃ሶଷ 𝑠 𝜃ଷ + 𝑙଼ାଽ𝜃ሶସ 𝑐 𝜃ସ − 𝑙ଵ଴𝜃ሶହ 𝑠 𝜃ହ + 𝑙ଵସ𝜃ሶ଻ 𝑐 𝜃଻. (57)

Acceleration: 𝛼௫ே = 𝑙ଶ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ + 𝑙଺ା଻൫𝜃ሷଷ 𝑐 𝜃ଷ − 𝜃ሶଷଶ 𝑠 𝜃ଷ൯ − 𝑙଼ାଽ൫𝜃ሷସ 𝑠 𝜃ସ + 𝜃ሶସଶ 𝑐 𝜃ସ൯       +𝑙ଵ଴൫𝜃ሷହ 𝑐 𝜃ହ − 𝜃ሶହଶ 𝑠 𝜃ହ൯ − 𝑙ଵଶ൫𝜃ሷ଺ 𝑠 𝜃଺ + 𝜃ሶ଺ଶ 𝑐 𝜃଺൯, 𝛼௬ே = 𝑙ଶ൫𝜃ሷଵ 𝑠 𝜃ଵ + 𝜃ሶଵଶ 𝑐 𝜃ଵ൯ − 𝑙ସ൫𝜃ሷଶ 𝑠 𝜃ଶ + 𝜃ሶଶଶ 𝑐 𝜃ଶ൯ − 𝑙ଵଶ൫𝜃ሷ଺ 𝑐 𝜃଺ − 𝜃ሶ଺ଶ 𝑠 𝜃଺൯− 𝑙ଵସ൫𝜃ሷ଻ 𝑠 𝜃଻ + 𝜃ሶ଻ଶ 𝑐 𝜃଻൯, 𝛼௭ே = 𝑙ସ൫𝜃ሷଶ 𝑐 𝜃ଶ − 𝜃ሶଶଶ 𝑠 𝜃ଶ൯ − 𝑙଺ା଻൫𝜃ሷଷ 𝑠 𝜃ଷ + 𝜃ሶଷଶ 𝑐 𝜃ଷ൯ + 𝑙଼ାଽ൫𝜃ሷସ 𝑐 𝜃ସ − 𝜃ሶସଶ𝑠 𝜃ସ൯− 𝑙ଵ଴൫𝜃ሷହ 𝑠 𝜃ହ + 𝜃ሶହଶ 𝑐 𝜃ହ൯ 𝑐 𝜃ହ + 𝑙ଵସ൫𝜃ሷ଻ 𝑐 𝜃଻ − 𝜃ሶ଻ଶ 𝑠 𝜃଻൯. 
(58)
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