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Abstract. Drum-type machines have become widely used in many industries for processing 
various granular materials. An innovative direction for significantly increasing the energy 
efficiency of such equipment is the use of self-oscillating working processes. Self-excitation of 
auto-oscillations allows you to bring into pulsating flow and activate the passive part of the intra-
chamber filling and significantly enhance the interaction of granular particles with each other and 
with the surrounding environment. The purpose of the study is to build a mathematical model of 
the conditions and factors of oscillatory instability of the flow of polydisperse granular filling in 
the chamber of a rotating drum. The research methodology includes analytical modeling of wave 
processes and experimental modeling of manifestations of instability of the filling flow. The 
inertial mode of flow of the active part of the filling in a shear flow state is analyzed, the behavior 
of which is described using averaged values. Based on the results obtained, an increase in 
instability with an increase in the dilatancy of the medium during deformation is established and 
the destabilizing effect of the damping action of the fine fraction on the interaction of particles of 
the coarse fraction is revealed. The main scientific novelty of this study is the identification of the 
regularities of the unsteady motion of the oscillatory system of a filled drum. The study confirms 
the possibility of generating, under certain conditions, self-excitation of auto-oscillations of the 
intra-chamber filling, which is a decisive factor in the predicted intensification of the technological 
process. The results obtained are valuable for researchers and engineers involved in the study and 
design of innovative energy-efficient working processes of drum machines. 
Keywords: drum-type machine, intra-chamber filling, polygranular flow, flow stability, 
dilatancy, damping effect, bifurcavtion rotation speed, self-excitation of auto-oscillations. 

1. Introduction 

The high energy intensity of drum-type machines for processing granular materials is due to 
the low intensity of the fill circulation in the chamber of the rotating drum, a significant part of 
which is passive, does not undergo deformation and does not participate in the processing process. 
The problem of reducing the energy intensity of the working processes of drum machines remains 
relevant [1]. A new direction for radically increasing the energy efficiency of drum machines is 
the use of a self-oscillating working process. Self-excitation of auto-oscillations activates the 
passive part of the fill and intensifies its interaction with the working bodies and the environment. 
The first video recording of the self-oscillating mode of flow of a polygranular fill of a rotating 
drum was carried out in [2]. The overall effectiveness of the pioneering application of the 
self-oscillating grinding process in a tumbling mill was considered in [3]. The influence on 
self-oscillating grinding of changes in the degree of filling of the chamber with the fill [4], changes 
in the content of the crushed material [5] and simultaneous synergistic changes in the degree of 
filling and material content [6] was further studied. Qualitative conditions for the stability of the 
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motion of the oscillatory system of a drum machine were established in [7]. In [8], individual 
parameters of the manifestation of the mechanism of loss of stability of the flow of granular filling 
were analyzed. However, the conditions for the occurrence of self-oscillations of the filling 
remained unclear. Instead, the behavior of the granular filling of a rotating drum has a clearly 
pronounced unstable character [9]. Such instability is manifested in the occurrence of an 
avalanche-like collapse of the free surface and the redistribution of particles inside the medium 
with the formation of cluster-like structures that can be stationary and drift and oscillate. An 
attempt to analytically determine the stability conditions of fast planar shear granular flows was 
made in [10]. The factors of loss of stability of translational shear flows were studied: the effect 
of a decrease in the density of the medium on the instability of the flow [11], on instability with 
shear bands [12] and on the formation of unstable cluster structures [13], and the effect of an 
increase in the dilatancy of the medium on the destabilization of the flow [14], on the collapse of 
granular columns [15] and on the collapse during the collapse of columns [16]. The factors of loss 
of stability of the flow of the rotating drum filling were also studied: granular temperature [17], 
dilatancy [18], compaction and dispersion [19], an increase in the content and increased dispersion 
of the fine fraction [20, 21]. However, at present, no models have been created to determine the 
strict conditions of stability of the flow during self-excitation of a complex transient pulsating 
motion of the intra-chamber filling. This is due to the insurmountable difficulties of analytical and 
numerical modeling and the increased complexity of instrumental experimental research of the 
behavior of a polygranular filling chamber of a rotating drum.  

The aim of the work was to create a mathematical model of the conditions and factors of 
stability of flow in the chamber of a drum machine with a two-fraction filling. This will make it 
possible to predict the conditions of self-excitation of auto-oscillations of the filling and the 
effectiveness of the implementation of the self-oscillating process of processing granular materials 
when the parameters of the dynamic system vary. To achieve the goal, the following tasks were 
set: to identify the part of the filling where unstable flow modes arise; to perform analytical 
modeling of wave processes in the part of the filling with an unstable flow; to establish qualitative 
factors of unstable flow based on model analysis; to experimentally determine the quantitative 
influence of the state and structure of the two-fraction filling on the stability of flow. 

2. Analytical research methodology 

2.1. Filling flow modes 

The granular filling of the drum, rotating with a moderate angular velocity 𝜔 around a 
horizontal axis, performs a circular flow in a three-phase mode (Fig. 1). 

 
a) Without tossing 

 
b) With partial tossing 

 
c) With full tossing 

Fig. 1. Scheme of zones and modes of flow of granular filling of a rotating drum in increasing 𝜔: zones:  
1 – solid, 2 – non-free fall, 3 – shear layer; modes of floq  

In the cross section of the drum chamber, three zones of flow of the granular medium can be 
conditionally distinguished. In the solid zone 1, the fill performs a quasi-solid flow together with 
the drum without relative movement of the particles. In the non-free fall zone 2, the particles are 
separated from the solid mass with subsequent fall with interaction between themselves. In the 
shear layer zone 3, a gravitational shear flow occurs near the free surface of the fill. At low 𝜔, the 
mass fraction of the fill zone 1 prevails. With increasing 𝜔, the fractions of zones 2 and 3 increase 
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at the expense of zone 1. As 𝜔 approaches the critical value, the fraction of zone 2 reaches a 
maximum value, and the fraction of zone 3 tends to zero. At high 𝜔, a flow regime in the form of 
a near-wall layer occurs, consisting only of zone 1. 

In the zone of non-free fall 2, an inertial mode of behavior of the granular fill, which is in a 
state of shear flow, arises. This mode is realized at a low density of the medium and a large shear 
of velocities. Under such conditions, some gaps always appear between the particles of the fill. 
The interaction of the particles is carried out as a result of their continuous collision, and sliding 
plays an insignificant role. At the moment of collision, the particles change the direction of flow, 
describing zigzag trajectories. 

2.2. Rheological filling model 

The behavior of the granular filling of the drum in the inertial mode is further analyzed within 
the framework of the mechanics of continuous media, operating with quantities that are averaged 
over a large number of particles. The known results of experimental and theoretical studies of fast 
motions of granular media allowed us to make a simplifying assumption when formulating the 
problem under consideration that the volume fraction of solid spherical particles is practically 
constant, i.e. the filling can be considered weakly compressible. It was shown that in inertial 
granular shear flows the pressure and shear stress are proportional to the square of the shear 
velocity if the dynamic friction angle does not depend on it, in contrast to the dependence of a 
Newtonian fluid, where this relationship is linear. 

Therefore, as a mathematical model of a dry incoherent weakly compressible granular drum 
filling, we can adopt the equation of an incompressible non-Newtonian fluid with a nonlinear 
relationship between the stress tensor and the flow shear rate. The flow has a moderate shear rate 
and the medium is described by functions of density, macroscopic velocity and thermal energy of 
particles. The original equations have the following form: 

𝜌 ቆ𝜕𝑢௜𝜕𝑡 + 𝑢௝ 𝜕𝑢௜𝜕𝑥௝ቇ = − 𝜕𝑝𝜕𝑥௜ + 𝜕𝑃௜௝𝜕𝑥௝ + 𝜌𝑔௜ , (1)

where 𝜌 = const is the mass density, 𝑢 is the average (macroscopic) velocity, 𝑝 is the pressure, 𝑃 
is the viscous stress tensor, 𝜌𝑔 is the bulk gravitational force, 𝑔 is the gravitational acceleration, 𝑡 is the time, 𝑥 is the coordinate, 𝑖 and 𝑗 are the directions of the coordinate. 

3. Flow modeling 

The considered granular filling of the drum chamber contains large particles of size 𝑑 and 
small particles of size 𝑑௠ (Fig. 2). Usually, the mass of large particles significantly exceeds the 
mass of small particles. It is assumed that the filling is not too dense and is under conditions that 
provide a large velocity shift, which corresponds to the inertial mode of flow. The energy of the 
chaotic motion of particles, which arises as a result of their collisions with each other, becomes 
quite significant and strongly affects the flow characteristics. 

 
Fig. 2. Schematic of the shear flow of filling in inertial mode 
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The behavior of the fill in the inertial mode is determined by the laws of conservation of mass, 
momentum, and granular thermal energy of chaotic particle motion, which can be written in tensor 
notation: 𝜕𝜌𝜕𝑡 + 𝑢௜ 𝜕𝜌𝜕𝑥௜ = −𝜌𝜕𝑢௜𝜕𝑥௜ , 𝜌 ቆ𝜕𝑢௜𝜕𝑡 + 𝑢௝ 𝜕𝑢௜𝜕𝑥௝ቇ = −𝜕𝑃௜௝𝜕𝑥௝ , 32𝜌 ൬𝜕𝑇𝜕𝑡 + 𝑢௜ 𝜕𝑇𝜕𝑥௜൰ = 𝜕𝜕𝑥௜ ൬𝜒 𝜕𝑇𝜕𝑥௜൰ − 𝑃௜௝ 𝜕𝑢௜𝜕𝑥௝ − 𝐼, (2)

where 𝑇 = ሺ1 3⁄ ሻ𝜐ଶ் is the granular temperature of the medium; 𝜐் is the granular thermal root-
mean-square velocity of chaotic motion of particles; 𝜒 is the coefficient of granular thermal 
conductivity; 𝜂 is the coefficient of viscosity; 𝐼 is the reduction of energy of chaotic motion of 
large particles due to inelastic collisions; 𝑃௜௝ = ൬𝑝 − ଵଷ 𝜂 డ௨ഖడ௫ഖ൰ 𝛿௜௝ − 𝜂 ൬డ௨೔డ௫ೕ + డ௨ೕడ௫೔൰ is the tensor of 

viscous stresses; 𝑖, 𝑗, ℎ = 1,2,3 is the indices. 
The selected closing relations have the form [10]: 

𝜌 = ൬ 𝑑𝑑 + 𝑠൰ଷ 𝜌௣,    𝑝 = 𝑎௣𝜌ሺ𝑑 + 𝑠ሻ𝜐்𝑡௘ ,    𝜂 = 𝑎ఎ𝜌ሺ𝑑 + 𝑠ሻଶ𝑡௘ ,    𝜒 = 𝑎ఞ𝜌ሺ𝑑 + 𝑠ሻଶ𝑡௘ , 𝐼 = 𝑎ூ𝜌ሺ1 − 𝑒ଶሻ𝜐ଶ்𝑡௘ ,    𝑡௘ = 𝑡௙ + 𝑡௖ = 𝑠𝜐் + 𝛼 𝑎𝑐 , (3)

where 𝑑 is the average particle size (Fig. 2); 𝑠 is the mean free path of the particle; 𝜌௣ is the bulk 
density of the filling at maximum particle packing; 𝑒 is the velocity recovery coefficient during 
an inelastic impact; 𝑡௘ is the total duration between two collisions of particles; 𝑡௙ is the free path 
duration; 𝑡௖ is the contact duration; 𝑐 is the elastic wave velocity in the filling substance; 𝛼 = 2 is 
a dimensionless parameter; 𝑎௣, 𝑎ఎ, 𝑎ఞ and 𝑎ூ are dimensionless coefficients of the order of unity. 

The coefficients Eq. (3) are functions of the mean free path of the particles 𝑠 and their thermal 
velocity 𝜐். Therefore, the desired functions in the original Eq. (2) will be 𝑢௜,௝,௛, 𝑠 and 𝜐். 

4. Stability analysis  

4.1. Initial equations 

After using Cartesian coordinates 𝑥, 𝑦, 𝑧 and notation 𝐮 = ሼ𝑢, 𝜐,𝑤ሽ, Eq. (2) in components 
takes the form: 𝜌் + 𝑢𝜌௫ + 𝜐𝜌௬ + 𝑤𝜌௭ = −𝜌൫𝑢௫ + 𝜐௬ + 𝑤௭൯, 𝜌൫𝑢் + 𝑢𝑢௬ + 𝜐𝑢௬ + 𝑤𝑢௭൯= −൤𝑝 − 13 𝜂൫𝑢௫ + 𝜐௬ + 𝑤௭൯൨ + 2ሺ𝜂𝑢௫ሻ௫ + ൣ𝜂൫𝑢௬ + 𝜐௫൯൧௬ + ሾ𝜂ሺ𝑢௭ + 𝑤௫ሻሿ௭, 𝜌൫𝜐் + 𝑢𝜐௫ + 𝜐𝜐௬ + 𝑤𝜐௭൯= −൤𝑝 − 13 𝜂൫𝑢௫ + 𝜐௬ + 𝑤௭൯൨ + 2൫𝜂𝜐௬൯௬ + ൣ𝜂൫𝑢௬ + 𝜐௫൯൧௫ + ൣ𝜂൫𝜐௭ + 𝑤௬൯൧௭, 𝜌൫𝑤் + 𝑢𝑤௫ + 𝜐𝑤௬ + 𝑤𝑤௭൯= −൤𝑝 − 13 𝜂൫𝑢௫ + 𝜐௬ + 𝑤௭൯൨ + 2ሺ𝜂𝑤௭ሻ௭ + ሾ𝜂ሺ𝑢௭ + 𝑤௫ሻሿ௫ + ൣ𝜂൫𝜐௭ + 𝑤௬൯൧௬, 

(4)
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32𝜌൫𝑇் + 𝑢𝑇௫ + 𝜐𝑇௬ + 𝑤𝑇௭൯= ሺ𝜒𝑇௫ሻ௫ + ൫𝜒𝑇௬൯௬ + ሺ𝜒𝑇௭ሻ௭ − ൤𝑝 − 13 𝜂൫𝑢௫ + 𝜐௬ + 𝑤௭൯൨ ൫𝑢௫ + 𝜐௬ + 𝑤௭൯+ 𝜂 ቂ2൫𝑢௫ଶ + 𝜐௬ଶ + 𝑤௭ଶ൯ + ൫𝑢௬ + 𝜐௫൯ଶ + ሺ𝑢௭ + 𝑤௫ሻଶ + ൫𝜐௭ + 𝑤௬൯ଶ +ቃ − 𝐼. 
In the considered case of a shear granular flow, the dissipation of energy of the chaotic motion 

of the fill particles is compensated by the work of external forces driving the drum into rotation. 

4.2. Linear equations 

To remove the medium from the equilibrium state, one can add small perturbations to all 
functions characterizing the system. This means representing the desired functions in the form 𝑓ሺ𝑟, 𝑡ሻ = 𝑓଴ሺ𝑟ሻ + 𝑓ᇱሺ𝑟, 𝑡ሻ, 𝑓ᇱ ≪ 𝑓଴, where stationary quantities are marked with the index 0, and 
small perturbations are marked with a dash. Such expressions can be substituted into Eq. (4) and 
leave only the first-order terms in terms of the amplitudes of the perturbations. In the case under 
consideration, the equilibrium functions are constant, except for the longitudinal velocity, and the 
velocity 𝑢଴ = 𝜉𝑦, where 𝜉 = 𝑑𝑢 𝑑𝑦⁄  is the shear velocity. Then the system of equations for such 
amplitudes has the form: 𝜌ᇱ் + 𝑢଴ሺ𝑦ሻ𝜌௫ᇱ = −𝜌଴൫𝑢௫ᇱ + 𝜐௬ᇱ + 𝑤௭ᇱ൯, 𝜌଴ሾ𝑢ᇱ் + 𝑢଴ሺ𝑦ሻ𝑢௫ᇱ + 𝜉𝜐ᇱሿ= −𝑝௫ᇱ + 13 𝜂଴൫𝑢௫ᇱ + 𝜐௬ᇱ + 𝑤௭ᇱ൯௫ + 𝜂଴ ቂ2𝑢௫௫ᇱ + ൫𝑢௬ᇱ + 𝜐௫ᇱ ൯௬ + ሺ𝑢௭ᇱ + 𝑤௫ᇱሻ௭ቃ + 𝜉𝜂௬ᇱ , 𝜌଴ሾ𝜐ᇱ் + 𝑢଴ሺ𝑦ሻ𝜐௫ᇱ ሿ= −𝑝௬ᇱ + 13 𝜂଴൫𝑢௫ᇱ + 𝜐௬ᇱ + 𝑤௭ᇱ൯௬ + 𝜂଴ ቂ൫𝜐௫ᇱ + 𝑢௬ᇱ ൯௫ + 2𝜐௬௬ᇱ + ൫𝜐௭ᇱ + 𝑤௬ᇱ ൯௭ቃ + 𝜉𝜂௫ᇱ , 𝜌଴ሾ𝑤ᇱ் + 𝑢଴ሺ𝑦ሻ𝑤௫ᇱሿ= −𝑝௭ᇱ + 13 𝜂଴൫𝑢௫ᇱ + 𝜐௬ᇱ + 𝑤௭ᇱ൯௭ + 𝜂଴ ቂሺ𝑤௫ᇱ + 𝑢௭ᇱ ሻ௫ + 2𝑤௭௭ᇱ + ൫𝑤௬ᇱ + 𝜐௭ᇱ൯௬ቃ, 32𝜌଴ሾ𝑇ᇱ் + 𝑢଴ሺ𝑦ሻ𝑇௫ᇱሿ == 𝜒଴൫𝑇௫௫ᇱ + 𝑇௬௬ᇱ + 𝑇௭௭ᇱ ൯ − 𝑝଴൫𝑢௫ᇱ + 𝜐௬ᇱ + 𝑤௭ᇱ൯ + 2𝜂଴𝜉൫𝑢௬ᇱ + 𝜐௫ᇱ ൯ + 𝜉ଶ𝜂ᇱ − 𝐼ᇱ. 

(5)

Only the perturbations of density 𝜌, velocity 𝑤 across the shear plane, and granular 
temperature 𝑇 propagating perpendicular to the shear plane of the flow 𝑥, 𝑦 with amplitudes that 
do not depend on the coordinate y across the flow can be considered. 

4.3. Dispersion equation 

In the following, the consideration is limited to the case of perturbations with the wave vector 𝐤 = ሼ0,0, 𝑘ሽ, which defines plane waves ∑ 𝐴௞exp𝑖ሺ𝑘𝑧 − Ω𝑡ሻஶ௞ୀ଴  with amplitude 𝐴, wave number 𝑘, and angular frequency Ω. 
Then the system of Eq. (5) reduces to a system containing the functions 𝜌ᇱ, 𝑤ᇱ and 𝑇ᇱ: 

𝜌௧ = −𝜌଴𝑤௫,    𝜌଴𝑤் = −𝑝௫ + 73 𝜂଴𝑤௭௭ ,    32𝜌଴𝑇் = 𝜒଴𝑇௭௭ − 𝜌଴𝑤௭ + 𝜉ଶ𝜂 − 𝐼. (6)

After replacing 𝜕 𝜕𝑡 = −𝑖Ω௞⁄ , 𝜕 𝜕𝑧 = 𝑖𝑘⁄ , system Eq. (6) takes the form: 

𝜌 = Ω𝜒𝜌଴Ω௞ ,    Ω൬𝑖𝜌଴Ω − 73 𝜂଴൰ = 𝑖𝑘𝑝,    𝑇 ൬32 𝑖𝜌଴Ω − 𝜒଴𝑘ଶ൰ = 𝑖𝑘𝑝଴𝑤 − 𝜉ଶ𝜂 + 𝐼. (7)



MATHEMATICAL MODELING OF THE ROTATING DRUM GRANULAR FILL FLOW OSCILLATORY STABILITY.  
KATERINA DEINEKA, YURII NAUMENKO 

 VIBROENGINEERING PROCEDIA. SEPTEMBER 2025, VOLUME 59 75 

Perturbations in density, pressure, and transport coefficients can be expressed as functions of 
mean free path and granular temperature: 𝜌 = − 3𝜌଴𝑠ሺ𝑑 + 𝑠଴ሻସ ,    𝑤 = − 3Ω௞𝑠ሺ𝑑 + 𝑠଴ሻସ𝑘 ,    𝑝, 𝜂, 𝐼 = ሺ𝑝ଵ, 𝜂ଵ, 𝐼ଵሻ𝑠 + ሺ𝑝ଶ, 𝜂ଶ, 𝐼ଶሻ𝑇, (8)

where 𝑝ଵ, 𝜂ଵ, 𝐼ଵ = డሺ௣,ఎ,ூሻడ௦ + డሺ௣,ఎ,ூሻడ் . 
By substituting Eq. (8) into system Eq. (7) and equating the corresponding determinant to zero, 

we can obtain a cubic equation for the complex frequency: Ωଷ + 𝑖ሺ𝑎ଵ𝑘ଶ − 𝑏ଵሻΩଶ + 𝑘ଶሺ𝑐ଵ𝑘ଶ − 𝑒ଵሻΩ − 𝑘ଶሺ𝑓ଵ𝑘ଶ + 𝑔ଵሻ = 0. (9)

By introducing the value 𝛽 = −𝑖Ω, we can transform Eq. (9) and obtain the dispersion 
equation: 𝛽ଷ + ሺ𝑎ଵ𝑘ଶ − 𝑏ଵሻ𝛽ଶ + 𝑘ଶሺ𝑐ଵ𝑘ଶ − 𝑒ଵሻ𝛽 − 𝑘ଶሺ𝑓ଵ𝑘ଶ + 𝑔ଵሻ = 0, (10)

where the coefficients of the equation are: 𝑎ଵ = 1𝜌଴ ൬73𝑎ఎ + 𝑎ఞ൰ 𝜂଴, 𝑏ଵ = 1𝜌଴ ൫𝑎ఎ𝜂ଶ𝜉ଶ + 𝑎ூ𝐼ଶ൯, 𝑐ଵ = 73𝜌଴ଶ 𝑎ఞ𝑎ఎ𝜂଴ଶ, 𝑒ଵ = 13𝜌଴ ൤7𝑎ఎ𝑏ଵ𝜂଴ + 𝑎௣ሺ𝑑 + 𝑠଴ሻ𝑝ଵ + 3𝑎௣𝑝ଶ𝜌଴ ൫𝜌଴𝑇଴ − 𝑎௣𝑝଴൯൨, 𝑓ଵ = 𝑑 + 𝑠଴3𝜌଴ 𝑎௣𝑎ఞ ൬𝑝ଵ + 3𝑇଴𝑝ଶ𝑑 + 𝑠଴൰ 𝜂଴,  𝑔ଵ = 𝑑 + 𝑠଴3𝜌଴ଶ 𝑎௣ൣ𝑝ଶ൫𝑎ఎ𝜂ଵ𝜉ଶ − 𝑎ூ𝐼ଵ൯ − 𝑝ଵ൫𝑎ఎ𝜂ଶ𝜉ଶ − 𝑎ூ𝐼ଶ൯൧. 
The real parts of the roots of Eq. (10) are decrements, and the imaginary parts of the roots are 

real frequencies with a minus sign. 

4.4. Numerical solution of the dispersion equation 

The solution of the dispersion equation has three roots, corresponding to three harmonics with 
time-varying density, velocity along the wave vector, and granular temperature. The problem of 
the stability of the flow of a granular fill is studied within the mechanics of continuous media. 
Therefore, the minimum wavelength of the considered disturbances must be much larger than the 
characteristic size, which can be taken as the sum of the diameter 𝑑 and the mean free path 𝑠଴ of 
large particles. 𝜆୫୧୬ ≫ 𝑑 + 𝑠଴ was adopted, as well as the maximum wave number of 
perturbations 𝑘୫ୟ୶ = 2𝜋 𝜆୫୧୬⁄ , which does not violate the limits of applicability of the continuous 
medium model. 

In the following, the stability of the shear flow with respect to small perturbations with wave 
numbers in the interval 0 < 𝑘 < 𝑘୫୧୬ is considered. In the calculations, 𝜆୫୧୬ = 10ሺ𝑑 + 𝑠଴ሻ was 
adopted. The roots of the dispersion Eq. (9) were determined by the Cardano formulas for various 
parameters of the medium. 

Calculations were performed for the case of single-grain filling only with large particles in the 
absence of small particles, when all bodies are considered absolutely rigid and the contact duration 𝑡௖ = 0. A neutral curve 𝑠଴ 𝑑⁄ ሺ𝑘଴𝑑ሻ (Fig. 3, line 1) was constructed, which separates the regions 
of stability and instability and corresponds to the zero value of the decrement 𝛾ሺଶ,ଷሻሺ𝑘଴𝑑ሻ = 0. 
The part of the planes ሺ𝑘଴𝑑, 𝑠଴ 𝑑⁄ ሻ, which lies below the neutral curve, corresponds to positive 
values of 𝛾ሺଶ,ଷሻ and instability, and above the neutral curve – to negative values and, accordingly, 
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stability. With an increase in the mean free path 𝑠଴, the wave number 𝑘଴, which characterizes the 
harmonic of the disturbance, which has neutral stability, increases slightly. 

 
Fig. 3. Scheme of regions of stable and unstable flow of filling in the planes ሺ𝑘଴𝑑, 𝑠଴ 𝑑⁄ ሻ:  

1 – neutral curve for absolutely rigid large particles in the absence of small particles  
(single-fraction filling) (𝑡௖ = 0), 2 – neutral curve for deformable large particles  

in the presence of small particles (two-fraction filling) (𝑡௖ = 𝑡௙) 

Fig. 3 also shows the neutral curve 2, which separates the regions of stability and instability 
for the case of polygranular filling in the presence of non-rigid small particles, when the large 
particles are considered deformed (𝑡௖ = 𝑡௙). Compared to the case 𝑡௖ = 0, this neutral curve 1 is 
shifted towards shorter mean free paths. An increase in the contact duration 𝑡௖ can cause the 
damping effect of the small particles on the collision of the large particles. 

5. Experimental research methodology 

Physical visualization of data was adopted as a method of experimental research, since the 
marginal edge effect of the flow of granular filling on the end wall of the chamber turned out to 
be insignificant. An experimental method of numerical modeling was applied based on 
visualization of the filling behavior in the chamber of a rotating drum. Visualization was carried 
out by fixing through a transparent end wall and subsequent processing of filling flow patterns in 
the cross-section of the chamber. 

Measurements of linear dimensions and areas of geometric figures in the flow patterns were 
carried out using specialized computer programs. Graphical and statistical procedures for 
processing the obtained experimental results corresponded to the tasks set. The errors of the 
obtained measurement results were determined and estimated, the values of which depended on 
the rotation speed and the degree of filling of the chamber with filling during experimental 
research.  

As a material for single-fraction and large fraction of two-fraction filling, a non-cohesive 
granular material with spherical particles with an average size 𝑑. Cement with an average particle 
size 𝑑௠ was used as the material of the fine fraction of the two-fraction filling. The volumetric 
degree of filling of the drum chamber with the filling was estimated as 𝜅 = 𝑊 (𝜋𝑅ଶ𝐿)⁄  [3-6], 
where 𝑊 is the volume of the coarse fraction at rest, 𝑅 is the radius of the drum chamber, and 𝐿 
is the length of the chamber. The volumetric degree of filling of the volume of the two-fraction 
filling with particles of the fine fraction was estimated as 𝜅௠ = 𝑊௠ (𝜅𝜋𝑅ଶ𝐿)⁄  [3-6], where 𝑊௠ is 
the volume of the fine fraction at rest. The value of 𝜅௠ was 0.4, which approximately 
corresponded to the complete filling of the gaps between the spherical particles of the coarse 
fraction at rest with fine particles.  

The relative rotation speed of the drum was estimated as 𝜓ఠ = (𝜔ଶ𝑅) 𝑔⁄  [3-6].  
The experimental conditions are given in Table 1. 
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Table 1. Experimental conditions 

Drum 

Camera radius (R) 106 mm 
Camera length (L) 100 mm 

Angular speed of rotation (ω)  0-12 rad/s 
Relative rotation (ψன) 0-1.5 

Grain filling of the 
drum chamber 

Number of fractions 1 and 2 
Degree of filling of the chamber with single and 

double fraction filling (𝜅) 
0.25, 0.3, 0.35, 0.4, 

0.45 and 0.5 
Degree of filling of the volume of a two-fraction 

filling with particles of a fine fraction (𝜅௠) 0.4 

Materials of filling Average particle size of the coarse fraction (d) 2.2 mm 
Average particle size of the fine fraction (d୫) (0.005-0.05)×10-3 mm 

Video recording of 
filling oscillations 

Video capture frame rate 24 FPS 

Fill self-oscillation frequency One faction 1.85 Hz 
Two factions 2–2.18 Hz 

Bifurcation values 
of auto-oscillation 

parameters 

Bifurcation value of relative drum 
rotation speed (𝜓ఠ௕௜௙) 

One faction 0.96–1.11 
Two factions 0.32–0.38 

Increment of the bifurcation value 
of the filling dilatancy (∆Dୠ୧୤) One faction 0.75–0.95 

Two factions 0.26–0.32 

The bifurcation value of the relative drum rotation speed 𝜓ఠ௕௜௙ = ൫𝜔௕௜௙ଶ 𝑅൯ 𝑔⁄  [8] was 
experimentally determined, which corresponds to the minimum speed value at the beginning of 
self-excitation of auto-oscillations. The bifurcation value of the filling dilatancy at the beginning 
of self-excitation of auto-oscillations was estimated as 𝐷௕௜௙ = 𝑆୫୧୬ (𝜅𝜋𝑅ଶ)⁄  [8], where 𝑆୫୧୬ is 
the minimum value of the area of the geometric figure of the filling in the flow pattern in the 
cross-section of the chamber during one period. The increase in the bifurcation value of the 
dilatancy Δ𝐷௕௜௙ =  𝐷௕௜௙ − 1 [8] was calculated. 

6. Experimental results 

The loss of stability of the filling flow during the experiment was accompanied by 
self-excitation of auto-oscillations. The onset of self-excitation corresponded to the achievement 
of 𝜓ఠ௕௜௙ and 𝐷௕௜௙. Sequential flow patterns were obtained for one period of pulsations (Table 2). 

The graphs of the obtained results of experimental registration of the change in 𝜓ఠ௕௜௙ and Δ𝐷௕௜௙ from 𝜅 for single-fraction and double-fraction filling are shown in Fig. 4. 

 
a) Bifurcation value of the relative  

rotation speed 𝜓ఠ௕௜௙(𝜅) 

 
b) Increase in the bifurcation value  

of dilatancy Δ𝐷௕௜௙(𝜅) 
Fig. 4. Experimental dependence of the change on 𝜅 for single-fraction and be-fraction filling 

7. Discussion 

The results of the visual analysis of the flow regimes of the granular filling of the rotating drum 
chamber showed the probability of the occurrence of instability of the flow in the zone of non-free 
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fall (zone 2 Fig. 1), where the inertial mode of behavior of the filling occurs, which is in a state of 
shear flow (Fig. 2). This mode is characterized by a small density of the medium and a large shear 
velocity. The interaction of granular particles here is carried out as a result of continuous collision. 

Table 2. Sequential patterns of flow of filling for one period  
of self-oscillations at video capture frequency 24 FPS  𝜅 = 0.25 𝜅 = 0.3 𝜅 = 0.35 𝜅 = 0.4 𝜅 = 0.45 𝜅 = 0.5 

Single-fraction filling 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Be-fraction filling 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The results of analytical modeling revealed that the flow of the fill in the non-free fall zone in 
the inertial regime is stable or unstable with respect to small perturbations. Such perturbations 
propagate perpendicular to the shear plane, depending on the mean free path of the particles or on 
the dilatancy of the fill. At a relatively small dilatancy, the flow of the fill is stable, since all 
perturbations decay over time in the entire wavelength range. At a dilatancy greater than the 
bifurcation value 𝐷௕௜௙, such a flow is unstable in a certain interval of wave numbers Eq. (10). This 
indicates the dependence of 𝐷௕௜௙ on the contact time during the collisions of large particles, which 
are damped due to the influence of the fine fraction. The value of 𝐷௕௜௙ decreases with increasing 
contact time relative to the mean free path time. It was found that the damping effect of the fine 
fraction on the interaction of large particles increases the instability of the flow (Fig. 3). The loss 
of stability of the flow causes self-excitation of the fill oscillations in the form of pulsations in the 
cross section of the chamber (Fig. 4). 

The influence of the fine fraction on the bifurcation value of the relative rotation speed 𝜓ఠ௕௜௙ 
(Fig. 5(a)) was experimentally evaluated. The value of 𝜓ఠ௕௜௙ decreases from 0.96-1.11 for a 
single-fraction filling to 0.316-0.382 for a two-fraction filling. This also indicates a decrease in 𝐷௕௜௙ under the influence of the fine fraction, since with a decrease in 𝜓ఠ௕௜௙, the fraction of the 
non-free fall zone decreases (Fig. 1), and therefore the value of dilatancy. 

The influence of the fine fraction on the increase in the bifurcation dilatancy value Δ𝐷௕௜௙ was 
experimentally evaluated (Fig. 5(b)). The value Δ𝐷௕௜௙ =  𝐷௕௜௙ − 1 decreases from 0.75-0.95 for 
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single-fraction filling to 0.26-0.32 for double-fraction filling. It was also found that the decrease 
in Δ𝐷௕௜௙ under the influence of the fine fraction, approximately 1.42 times, approaches in 
magnitude the decrease in the filling volume due to the decrease in the free path of particles 𝑠଴ 
(Fig. 3). In this case, the elementary filling volume with vertices in the centers of eight neighboring 
particles with a packing close to cubic (1 + 𝑠଴ 𝑑⁄ )ଷ was considered and some increase in the free 
path in the longitudinal direction to the flow, compared to the transverse, was taken into account. 
In addition, the magnitude of the decrease in Δ𝐷௕௜௙ under the influence of the fine fraction, by a 
factor of 2.92, is quite close to the magnitude of the decrease in 𝜓ఠ௕௜௙, by a factor of 3.02. This 
indicates a decrease in Δ𝐷௕௜௙ due to the influence of the fine fraction, which is due to the 
manifestation of the established dynamic effect of increased damping during the interaction of 
solid coarse particles by collision under the influence of soft particles of the fine fraction. 

In the future, it is advisable to find out the quantitative values of the parameters of the 
oscillatory system when an unsteady flow occurs. This will allow establishing numerical 
conditions for self-excitation of pulsations of the intra-chamber filling of the drum machine for 
the implementation of auto-oscillating processes for processing granular materials. 

8. Conclusions 

The article investigates the stability of the rotating drum vibration system with a polygranular 
intra-chamber filling. Unstable filling behavior occurs mainly in the non-free fall zone, where an 
inertial flow mode with a low density of the medium and a large velocity shift and particle 
interaction through continuous collisions takes place. Wave processes in the filling are formalized 
using the dispersion equation. 

The main factor of flow instability is the increase in the dilatancy of the granular medium. The 
increase in positive dilatancy during deformation above the bifurcation value causes the loss of 
flow stability. An additional factor of flow instability is the damping effect of particles of the fine 
fraction on the impact interaction of particles of the coarse fraction. Experimental data showed a 
decrease due to damping by approximately 3 times in the bifurcation values of the dilatancy 
increase of the two-fraction filling and the drum rotation speed at a particle size ratio of the coarse 
and fine fraction of about 80. 

The modeling results successfully demonstrated the principle qualitative possibility of 
implementing self-excitation of auto-oscillations of the granular filling of the rotating drum 
chamber. The obtained research results are valuable for developers of innovative self-oscillating 
technological processes for processing granular materials in drum-type machines. Further work 
will be focused on clarifying the quantitative values of the dynamic parameters of the oscillatory 
system when an unsteady filling flow occurs, which will allow predicting the numerical conditions 
for implementing self-excitation of auto-oscillations. 
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