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Abstract. Free axisymmetric circular plate vibrations resting on an inhomogeneous continuous
elastic Winkler foundation are considered. The inhomogeneity of the foundation is characterized
by a variable subgrade modulus, which generally can be described by any continuous function.
For this type of structures, analytical formulas of modal analysis predicated on the exact solution
of the corresponding partial differential equation are presented. Calculation results for a circular
plate are tabulated in the illustrative example. Comparison of the obtained results is presented with
those of finite element analysis performed using LIRA-FEM software package.

Keywords: circular plate, inhomogeneous foundation, Winkler’s hypothesis, variable subgrade
modulus, analytical calculation method, modal analysis.

1. Introduction

Circular plates resting on solid elastic foundations represent a distinct class of structural
systems commonly encountered in engineering applications, including industrial and civil
engineering, shipbuilding, hydraulic engineering, mechanical engineering, etc. The modal
analysis of circular plates resting on an inhomogeneous elastic Winkler foundation has practical
applications in problems involving soil-structure interaction and vibration control. Such models
are relevant for the design and dynamic assessment of circular foundations, raft and pile caps,
machine and turbine bases, pavements, manhole covers, storage tanks, and wind turbine or
aerospace landing pad foundations, where the underlying soil is rarely homogeneous. By
predicting natural frequencies and vibration modes, this research helps avoid resonance, improve
structural safety, and optimize material use.

One of the most common approaches for modeling the interaction of a structure with an elastic
foundation is the Winkler model, which considers the foundation as a set of independent vertical
springs that resist the movement of the structure. In this model, the foundation is characterized by
the subgrade modulus, which is the only parameter for describing its stiffness. In the simplest
scenario, the foundation is considered homogeneous, leading to a constant subgrade modulus. This
assumption significantly simplifies the solution of the governing differential equation for plate
vibrations. Although this idealization is widely adopted, it does not accurately reflect real
conditions and more qualitative studies require taking into account the heterogeneity (variability)
of the foundation [1]. In this case, the subgrade modulus is a function of coordinates, which, in
turn, substantially increases the complexity of solving the corresponding differential equation, so
in such cases, various approximate methods are usually employed to solve the problem.

Paper [2] presents a generalized numerical method based on the well-known Mohr method. In
particular, the method is adapted for the case of a variable single-parameter elastic foundation. It
is important to note that it has been implemented for computer application. Article [3] focuses on
the application of the two-dimensional differential transformation method to study the dynamic
response of functionally inhomogeneous circular plates supported on a Pasternak elastic
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foundation.

The theory of circular plates calculation is covered in detail in monographs [4]-[6] and many
others. As for the analytical calculations of circular plates on a variable Winkler foundation, they
are extremely rare in scientific periodicals [1], [7], [8]. In publications [7] and [8], an analytical
method is presented for calculating the axisymmetric bending of circular plates resting on a
Winkler-type foundation with varying stiffness. This approach relies on the general integral of the
governing differential equation with variable coefficients. Direct integration method, which was
developed in [7], [8], is used in this paper.

Scientific journals lack studies of vibrations of circular plates on a heterogeneous elastic
foundation predicated on the general integral of the corresponding differential equation.
Therefore, the development of such analytical calculation methods is relevant. The authors [1]
come to the same conclusion after a thorough analysis of works devoted to this problem.

This paper is dedicated to the development of an analytical approach for evaluating free
axisymmetric vibrations of circular plates resting on a heterogeneous continuous elastic Winkler
foundation. In this case, the heterogeneity of the foundation is characterized by a subgrade
modulus that varies in the direction of the radius, which generally can be described by any
continuous function.

2. Research methodology

The authors' research method is predicated on the general integral of the differential equation
of plate vibrations and the developed method of its numerical realization. This paper uses the
method of direct integration developed in [7], [8]. The method was developed using the theory of
functional series and the theory of partial differential equations.

3. Research results

The problem of axisymmetric vibrations of circular homogeneous plates of constant flexural
rigidity D supported by heterogeneous continuous elastic Winkler foundation is considered

(Fig. 1).
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Fig. 1. Solid circular plate: a — radius of the outer contour circle of the plate, m;
h — thickness of the plate, m; r — radial coordinate (0 < r < a), m

Flexural rigidity of the plate is calculated using the well-known formula:

D= Eh3
S 12(1 -2y
where E — elastic modulus of material, Pa, u — Poisson’s ratio. The heterogeneity of the

foundation is defined by a variable subgrade modulus k(r), which generally can be described by
any continuous function. For k(7), the representation is adopted:
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k(r) = koB(r), (D

where k, — value of the subgrade modulus at characteristic point, N/m?; B(r) — a dimensionless
continuous function that characterizes change of the subgrade modulus.

The mathematical problem lies in solving the corresponding differential equation of vibrations,
which in the amplitude state is presented as follows:

DAAW(T) + (koB(r) — phw?)w(r) = 0, )

2
where A = % + %% — Laplace operator; w(r) — amplitude function of deflections; w — unknown
frequency of free oscillations, 1/s, p — density of the material, kg/m?.
When fundamental functions X, (), X,(r), Y1 (r), Y»(r) of Eq. (2) are found, the general
solution of the equation is given by:

w(r) = G X1 (1) + G X, (1) + GY1(r) + CuY (1), (3)

where C;, C,, C3, C, — arbitrary constants. Functions X;(7), X,(r), Y1 (1), Y>(r) are found using
method of direct integration [7], [8]. At the same time Y; (), Y, (7) are represented as:

V() = Xa () In=+ 2,0, (n=12),

where Z, (), Z,(r) — auxiliary functions.

Eq. (3) is generally suitable for studying vibrations of solid and annular plates. However, in
the case of solid plates, it is somewhat simplified. After all, from the condition of finite deflection
in the center of the plate r = 0, we get C3 = C, = 0.

Fundamental functions X, (1), X, (r) are defined by the following set of formulas:

()= D) (KO (1),
m=0 k=0 )
r
a100(M) =1, a00(r) = (E) )
r\2nt4m-2
an,m,o (7") = Cn,m,O,O (E) ) (m = 1;2:3; e ):
_ 1
nm00 = Q2m (4 2m — 1))
1 r 1 r T 1 T
U ox(r) = —4f —f rf —f rB(r)a, o1 (r)drdrdrdr, (k=123,...), @)
a*Jo Tty Jo Tl
1 r 1 r T 1 T
anmie@ =z [ 2] 7 [ 3] (B0 Ianmics 03 + s @) drdrarar, )
0 0 0 0

(m=123,...), (k=123,...)

*k . . . . .
where K = % — known dimensionless parameter; () — a dimensionless frequency that is related
to frequency w by equation:
_a*phw?
D

02 (6)

For the numerical realization convenience, assuming function B(r) is regular near r = 0, it is
represented by the Maclaurin series:
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2

B(r) = B, + B, (r) +B, (2) +...+B (2)1 + oo (7)

a
As aresult, integral recursive Egs. (4), (5) are transformed into power series:

[ee]

Ao x(r) = (2)2’”‘”‘—22 Cn,0.k,j (g)i’ (k=123,...),
=0
e () = (£)2n+4(m+k)_zz Comic) (2)] (m=123,...), (t=123,..).

j=0
The coefficients of these series are calculated using the following recursive formulas:

CTL,O,O,O = 1, C‘I’l,O,O,j = 0, (] = 1,2,3,...),
Cnm,o,j = 0, (m = 1,2,3,...), (=123,...),

J
1
Cn,O,k,j = 2 ZBj—iCn,O,k—l,i; (k = 112;31-")’ (l = 011;2"");
Pn, ok,j =3
1 j
Camk,j = T2 Cnym-1,k j T Z Bj—icn,m,k—l,i ’
n, mk,j i=0

(m=123,..), (k=123,..), (=012...),
where pp i = 2n+4m+k)+j—4)(@2n+4(m+k) +j—2).

Note that in the case of a non-smooth B(r), the problem can be treated piecewise by
discretizing the structure.

4. Illustrative example

Consider the case when the subgrade modulus changes according to a linear law:
r
k(r) =k(0) - (k(O) - k(a)) p
Let's write this formula in the Eq. (1). If k(0) # 0, then:

k(D) r k(D\r

ie.
_ _ k(D) _ ._
By =1, Bl__(l_W)’ Bi=0, (j=234,...).
If k(0) = 0, then:
r r
k() =k, ko=kD, B)=-,

ie.By=0,B;=1,B;=0,( =234,..).
Let’s provide the calculation results for a solid steel plate with a clamped contour. By
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implementing boundary conditions for such case, we get a homogeneous system of two linear
algebraic equations. Writing down the condition for the existence of solutions of such a system,
we have the frequency equation:

X,(a) Xy(a) _

Xi@ x|~ %

AQ)=a

After finding the solutions Q; (j = 1,2,3,...) to this equation, we can determine the
frequencies of free axisymmetric vibrations of the plate by Eq. (6):

Q; |D
"7 P —
w] = E p—h, (] - 1,2,3, ...).

Input data for the calculation: p = 7800 kg/m3; E =2x10'! Pa; 4 =0.3; a =1 m; h = 0.05 m;
k(0) =5x10° N/m?; k(a) = 4x10° N/m’.

Table 1 presents the calculated results of the first five vibration modes obtained using the
authors’ method (AM) alongside those derived from the approximate finite element method
(FEM) implemented in the LIRA-FEM software package (72 triangle elements in the center of the
plate, 1368 rectangular elements). Fig. 2 shows the graphs of the first five vibration modes.

d) 4th mode e) 5th mode
Fig. 2. First five normalized axisymmetric vibration modes of plate with clamped edge

Table 1. Obtained results

Mode No. Vlbrzt;/cl)n fire uencn;zal\)i Is Relative error, %
1 249.907499 | 240.212143 3.879578
2 964.198606 | 926.195435 3.941425
3 2159.127307 | 2072.696045 4.003064
4 3832.715844 | 3677.532227 4.048920
5 5984.690065 | 5740.241699 4.084561
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It should be noted that in this example the series Eq. (7) degenerates into a finite polynomial
of'the first degree. Thus, there is no need to truncate the series during calculation, so the calculation
results in this example should be interpreted as accurate.

5. Conclusions

Analytical formulas are presented for axisymmetric modal analysis of circular plates supported
by elastic inhomogeneous Winkler foundation, based on the general solution of the differential
equation. Example is considered for the case of the plate with clamped edge resting on the
inhomogeneous elastic foundation characterized by linearly-variable subgrade modulus.
Comparison of the AM calculations with the corresponding FEM calculations in the LIRA-FEM
software package confirms the validity of the proposed method for the considered example.

Acknowledgements
The authors have not disclosed any funding.
Data availability

The datasets generated during and/or analyzed during the current study are available from the
corresponding author on reasonable request.

Conflict of interest
The authors declare that they have no conflict of interest.
References

[1] M. A. Foyouzat, M. Mofid, and J. E. Akin, “Free vibration of thin circular plates resting on an elastic
foundation with a variable modulus,” Journal of Engineering Mechanics, Vol. 142, No. 4, Apr. 2016,
https://doi.org/10.1061/(asce)em.1943-7889.0001050

[2] Z.C. Girgin and K. Girgin, “A numerical method for static or dynamic stiffness matrix of non-uniform
members resting on variable elastic foundations,” Engineering Structures, Vol. 27, No. 9,
pp. 1373-1384, Aug. 2005, https://doi.org/10.1016/j.engstruct.2005.04.005

[3] S. A. Salawu, M. G. Sobamowo, and O. M. Sadiq, “Analytical approach into dynamic behavior of
functionally graded circular plates resting on two-parameter foundations under excitation force,” The
Scientific World Journal, Vol. 139, No. 2, pp. 115-134, 2019.

[4] S. Timoshenko and S. Woinowsky-Krieger, Theory of Plates and Shells. New York: McGraw-Hill,
1959.

[S]1 S. Timoshenko, Vibration Problems in Engineering. New York: Van Nostrand, 1955.

[6] D. V. Vainberh and Y. D. Vainberh, Rozrakhunok plastyn. (in Ukrainian), Kyiv, Ukraine: Budivelnyk,
1970.

[71 Y. S. Krutii, M. G. Sur’Yaninov, and G. S. Karnaukhova, “Calculation method for axisymmetric
bending of circular and annular plates on a changeable elastic bed. Part 1. Analytical relations,”
Strength of Materials, Vol. 53, No. 2, pp. 247-257, Jul. 2021, https://doi.org/10.1007/s11223-021-
00282-2

[8] Y. S. Krutii, M. G. Sur’Yaninov, M. M. Soroka, and G. S. Karnaukhova, “Calculation method for
axisymmetric bending of circular and annular plates on a changeable elastic bed. Part 2. Calculation
results for continuous circular plates,” Strength of Materials, Vol. 53, No. 3, pp. 417422, Oct. 2021,
https://doi.org/10.1007/s11223-021-00301-2

138 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479





