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Abstract. In this work, the issue of checking the dynamics of nonlinear vibrations of a mechanical 
system protected from vibrations in case of random parametric excitations is considered. Using 
the Ito method, the analytical expressions of the mean square values of the absolute accelerations 
of the mechanical system and the dynamic absorber were determined. Statistical linearization 
method based on Davidenko's hypothesis was used to determine mean squared values. The 
average square value change of the random parametric vibration of the mechanical system 
protected against vibrations with the dynamic absorber at different values of the parameter 
describing the width of the vibration spectrum was analysed. It is shown that if the parameter 
describing the width of the vibration spectrum is taken smaller, the mean square value of the 
random parametric vibration of the protected object combined with the dynamic absorber will 
have a smaller vibration. At different values of the parameter of the hysteresis loop, the change of 
the mean square value of the random parametric vibration was analysed and appropriate 
conclusions were drawn.  
Keywords: dynamic absorber, mechanical system, hysteresis, random parametric excitations, 
stochastic process. 

1. Introduction 

Damping of harmful vibrations of mechanical systems under the influence of random 
parametric excitations is one of the urgent problems. Mathematical modeling of the materials of 
mechanical system elements, taking into account the elastic dissipative characteristics of the 
hysteresis type, and choosing their optimal parameters are important issues. 

The use of stochastic methods in solving the problems of protection of various types of 
mechanical systems from harmful vibrations is considered in works [1]-[6].  

In the works [7]-[11], the issue of dynamics and stability of nonlinear vibrations of a 
hysteresis-type elastic dissipative characteristic mechanical system combined with a liquid section 
dynamic absorber under the influence of random parametric excitations was considered. Using the 
method of stochastic averaging, the system of differential equations of motion is presented as a 
system of Ito equations. In this case, a random function was selected and the values at which 
stability conditions were determined through the spectral density of longitudinal and transverse 
vibrations in white noise excitations.  

In the article [12], the parametric vibration of a ship under the influence of random excitations 
caused by waves is studied. The differential equation of the parametric vibration of a ship under 
the influence of random excitations is constructed taking into account nonlinear damping and ship 
speed. The density function corresponding to the stability vibrations is obtained, and the 
correctness of the results is shown by numerical simulation. 

The work [13] considers the damping characteristics of a passive fluid-coupled dynamic 
absorber, which is effective in damping harmful vibrations of engineering systems. The issue of 
optimizing it to minimize the vibration amplitude over a wide range of frequencies, taking into 
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account the maximum fluid lift limit on the columns, is considered and solved using numerical 
methods. 

In works [14]-[16] mathematical modeling of nonlinear mechanical systems, study of 
dynamics and checking of stability of motions and instructions for selection of parameters 
corresponding to stable motions, in particular mechanical system materials are given. Modal mass 
and modal stiffness expressions are analytically expressed. With their help, the issues of choosing 
and modeling system materials were also solved. 

In the articles [17]-[19], nonlinear parametric vibrations of a beam with a dynamic absorber 
under the influence of external excitations are studied taking into account the elasticity and 
damping properties of materials. The linearization method is used to solve nonlinear differential 
equations of motion of the system. The non-stationary and stationary values of the amplitude and 
phase of vibrations are determined analytically. The stability conditions of stationary motion are 
obtained based on the Rous-Hurwitz criterion. The effect of changing the parameter values on the 
amplitude-frequency characteristic constructed based on the calculation results is shown. 

In the article [20], bridges reinforcement for usable geometric linear not been cable bending 
angle and bridge vibration the secret of the effect into account received without random movement 
sunder the influence parametric vibrations studied. Random in motion cable soft characteristic 
maybe as maybe and bridge plate joint movement differential equations system. This system of 
differential equations is transformed into Ito differential equations and the Milstein-Platen method 
is used for numerical analysis. In order to avoid the influence of the parametric diffusion 
coefficient in Ito differential equations, an iterative method for solving random differential 
vibrations of the beam is proposed. The amplitude, spectral density and density function changes 
are analyzed and the results obtained by this method are compared with those obtained by the 
Gaussian method. 

2. Materials and methods 

In this work, the problem of studying the dynamics of vibrations of a hysteresis-type elastic 
dissipative mechanical system with a dynamic absorber under the influence of random parametric 
excitations was considered (Fig. 1). The dissipative properties of the materials of the elastic 
damping elements of the mechanical system and the dynamic absorber are obtained in the 
hysteresis type. Connections between stress and deformation are obtained by nonlinear non-
single-valued functions and expressed by linear functions using the statistical linearization 
method. 

 
Fig. 1. A mechanical system protected from vibrations 

The system of differential equations of motion of a mechanical system protected from 
vibrations is as follows: 𝑚ଵ𝑥ሷଵ + 𝑐ଵሺ1 − 𝜂ଵ + 𝑖𝜂ଶሻ𝑥ଵ − 𝑐ଶሺ1 − 𝜈ଵ + 𝑖𝜈ଶሻ𝑥ଶ = −𝑐ଵ𝜉଴ሺ𝑡ሻ𝑥ଵሺ𝑡ሻ, 𝑚ଶ𝑥ሷଵ + 𝑚ଶ𝑥ሷଶ + 𝑐ଶሺ1 − 𝜈ଵ + 𝑖𝜈ଶሻ𝑥ଶ = 0, (1)

where 𝑚ଵ, 𝑚ଶ are the masses of the protected object and the dynamic absorber, respectively, 𝑥ଵ, 
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𝑥ଶ are the displacement coordinates of the protected object and the dynamic absorber; 𝑐ଵ, 𝑐ଶ are 
elasticity coefficients of the object to be protected and the dynamic absorber; 𝑖ଶ = –1; 𝜂ଵ, 𝜂ଶ are 
linearization coefficients representing the dissipative properties of the material of the elastic 
damping element of the object; 𝜈ଵ, 𝜈ଶ are linearization coefficients representing the dissipative 
properties of the material of the elastic damping element of the dynamic absorber [1]; 𝜉଴ሺ𝑡ሻ is a 
variable representing a stationary normal random process.  

Let’s express the differential equations of motion of the mechanical system as follows: 𝑥ሷଵ + 𝜔ଵଶሺ1 − 𝜂ଵ + 𝑖𝜂ଶሻ𝑥ଵ − 𝜇𝜔ଶଶሺ1 − 𝜈ଵ + 𝑖𝜈ଶሻ𝑥ଶ = −𝜔ଵଶ𝜉଴ሺ𝑡ሻ𝑥ଵሺ𝑡ሻ, 𝑥ሷଵ + 𝑥ሷଶ + 𝜔ଶଶሺ1 − 𝜈ଵ + 𝑖𝜈ଶሻ𝑥ଶ = 0, (2)

Where 𝜇 = 𝑚ଶ 𝑚ଵ⁄ ; 𝜔ଵଶ = 𝑐ଵ 𝑚ଵ⁄ , 𝜔ଶଶ = 𝑐ଶ 𝑚ଶ⁄ . 
The solution of the system of differential Eq. (2) is looked for in the following form: 𝑥ଵ = 𝐴𝑒௜ఠ௧ + 𝐵𝑒ି௜ఠ௧ ,     𝑥ଶ = 𝐶𝑒௜ఠ௧ + 𝐷𝑒ି௜ఠ௧ , (3)

where 𝜔 is the frequency of vibrations; 𝐴 = 𝐴ሺ𝑡ሻ, 𝐵 = 𝐵ሺ𝑡ሻ, 𝐶 = 𝐶(𝑡), 𝐷 = 𝐷(𝑡) are slowly 
variable functions, and the amplitude value of random parametric excitations of the mechanical 
system is 〈𝑥ଵ௔〉 = 2ඥ〈𝐴(𝑡)〉〈𝐵(𝑡)〉 satisfies the condition. 

Taking into account that 𝐴, 𝐵, 𝐶, 𝐷 are slowly variable functions, if the variables Eq. (3) and 
their respective derivatives are put into the system of differential Eq. (2), it is possible to get the 
following system of differential equations of the first order: 𝐴ሶ = 12𝑖𝜔 ቀ൫𝜔ଶ−𝜔ଵଶ𝜉଴(𝑡) − 𝜔ଵଶ(1 − 𝜂ଵ + 𝑖𝜂ଶ)൯(𝐴 + 𝐵𝑒ିଶ௜ఠ௧)+ 𝜇𝜔ଶଶ(1 − 𝜈ଵ + 𝑖𝜈ଶ)(𝐶 + 𝐷𝑒ିଶ௜ఠ௧)ቁ, 𝐵ሶ = − 12𝑖𝜔 ቀ൫𝜔ଶ−𝜔ଵଶ𝜉଴(𝑡) − 𝜔ଵଶ(1 − 𝜂ଵ + 𝑖𝜂ଶ)൯(𝐴𝑒ଶ௜ఠ௧ + 𝐵)  + 𝜇𝜔ଶଶ(1 − 𝜈ଵ + 𝑖𝜈ଶ)( 𝐶𝑒ଶ௜ఠ௧ + 𝐷)ቁ, 𝐶ሶ = 12𝑖𝜔 ቀ൫𝜔ଶ + (𝜇 + 1)𝜔ଶଶ(1 − 𝜈ଵ +  𝑖𝜈ଶ)൯(𝐷𝑒ିଶ௜ఠ௧ + 𝐶)+ ൫−𝜔ଵଶ𝜉଴(𝑡) + 𝜔ଵଶ(1 − 𝜂ଵ + 𝑖𝜂ଶ)൯(𝐴 + 𝐵𝑒ିଶ௜ఠ௧)ቁ, 𝐷ሶ = − 12𝑖𝜔 ((𝜔ଶ + (𝜇 + 1)𝜔ଶଶ(1 − 𝜈ଵ +  𝑖𝜈ଶ))(𝐶𝑒ଶ௜ఠ௧ + 𝐷) + (−𝜔ଵଶ𝜉଴(𝑡)+ 𝜔ଵଶ(1 − 𝜂ଵ + 𝑖𝜂ଶ))(𝐴𝑒ଶ௜ఠ௧ + 𝐵)). 

(4)

In stochastic processes, the variables of the system of Eq. (4) satisfy the Ito equations [6]. 
Therefore, use the stochastic averaging method and change the system of Eq. (4) to the system of 
Ito equations. 𝑑〈𝐴〉𝑑𝑡 = 𝑝ଵ〈𝐴〉 + 𝜋2 𝑝ହଶ൫𝑆(0) − 𝑖𝜓(2𝜔)൯〈𝐴〉 + 𝑝ଶ〈𝐶〉, 𝑑〈𝐵〉𝑑𝑡 = −𝑝ଵ〈𝐵〉 − 𝜋2 𝑝ହଶ൫𝑆(2𝜔) − 𝑆(0)൯〈𝐵〉 − 𝑝ଶ〈𝐷〉, 𝑑〈𝐶〉𝑑𝑡 = 𝑝ସ〈𝐴〉 + 𝜋2 𝑝ହଶ൫𝑆(0) − 𝑖𝜓(2𝜔)൯〈𝐴〉 + 𝑝ଷ〈𝐶〉, 𝑑〈𝐷〉𝑑𝑡 = −𝑝ସ〈𝐵〉 − 𝜋2 𝑝ହଶ൫𝑆(2𝜔) − 𝑆(0)൯〈𝐵〉 − 𝑝ଷ〈𝐷〉, 

(5)

where: 
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𝑝ଵ = 𝜔ଶ − 𝜔ଵଶ(𝜂ଵ + 𝑖𝜂ଶ)2𝑖𝜔 ,     𝑝ଶ = 𝜇𝜔ଶଶ(𝜈ଵ + 𝑖𝜈ଶ)2𝑖𝜔 ,      𝑝ଷ = 𝜔ଶ + (1 + 𝜇)𝜔ଶଶ(𝜈ଵ + 𝑖𝜈ଶ)2𝑖𝜔 , 𝑝ସ = 𝜔ଵଶ(𝜂ଵ + 𝑖𝜂ଶ)2𝑖𝜔 ,     𝑝ହ = − 𝜔ଵଶ2𝑖𝜔, 
and 𝑆(0), 𝑆(2𝜔), 𝜓(2𝜔) are defined as the spectral density of a stationary normal random 
process 𝜉଴(𝑡) as follows [6]: 

𝑆(2𝜔) = 1𝜋න 𝑅(𝜏)𝑐𝑜𝑠𝜔𝜏𝑑𝜏,       𝜓(2𝜔) = 1𝜋න 𝑅(𝜏)𝑠𝑖𝑛𝜔𝜏𝑑𝜏,଴
ିஶ

଴
ିஶ  

Where 𝑅(𝜏) = 𝐸ሾ𝜉଴௡(𝑡)𝜉଴௠(𝑡 + 𝜏)ሿ = 〈𝜉଴௡(𝑡)𝜉଴௠(𝑡 + 𝜏)〉 is correlation function. 
Let’s look for the solution of the system of Eq. (5) as follows: 𝐴 = 𝐴଴𝑒ఒ௧ ,     𝐵 = 𝐵଴𝑒ఒ௧ ,        𝐶 = 𝐶଴𝑒ఒ௧,        𝐷 = 𝐷଴𝑒ఒ௧, (6)

where 𝐴଴, 𝐵଴, 𝐶଴, 𝐷଴ are the amplitude values of the random parametric excitations of the 
mechanical system; 𝜆 is a characteristic number. 

Let’s put the Eq. (6) into the system of Eq. (5) and from the condition of having a non-zero 
solution, the determinant form of the characteristic equation of the system can be formed as 
follows: 

൥𝑎ଵଵ + 𝜆 ⋯ 𝑎ଵସ⋮ ⋱ ⋮𝑎ସଵ ⋯ 𝑎ସସ + 𝜆൩ = 0, (7)

where: 𝑎ଵଵ = 𝑝ଵ + 𝜋2 𝑝ହଶ൫𝑆(0) + 𝑖𝜓(2𝜔)൯,     𝑎ଵଶ = 0; 𝑎ଵଷ = 𝑝ଶ,     𝑎ଵସ = 0, 𝑎ଶଵ = 0; 𝑎ଶଶ = −𝑝ଵ − 𝜋2 𝑝ହଶ൫𝑆(2𝜔) − 𝑆(0)൯,     𝑎ଶଷ = 0,     𝑎ଶସ = −𝑝ଶ, 𝑎ଷଵ = 𝑝ସ + 𝜋2 𝑝ହଶ൫𝑆(0) + 𝑖𝜓(2𝜔)൯;  𝑎ଷଶ = 0,      𝑎ଷଷ = 𝑝ଷ,      𝑎ଷସ = 0,   𝑎ସଵ = 0;𝑎ସଶ = −𝑝ସ − 𝜋2 𝑝ହଶ൫𝑆(2𝜔) − 𝑆(0)൯,      𝑎ସଷ = 0,     𝑎ସସ = −𝑝ଷ. 
Using the determinant Eq. (7), it is possible to form the following two characteristic equations: 𝜆ସ − (𝑎ଵଵ + 𝑎ଶଶ)𝜆ଷ + (𝑎ଵଵ𝑎ଶଶ − 𝑎ଷଵ𝑝ଶ + 𝑎ସଶ𝑝ଶ − 𝑝ଷଶ)𝜆ଶ + (−𝑎ଵଵ𝑎ସଶ𝑝ଶ + 𝑎ଵଵ𝑝ଷଶ+ 𝑎ଶଶ𝑎ଷଵ𝑝ଶ + (−𝑎ଵଵ𝑎ସଶ𝑝ଶ + 𝑎ଵଵ𝑝ଷଶ + 𝑎ଶଶ𝑎ଷଵ𝑝ଶ + 𝑎ଶଶ𝑝ଷଶ − 𝑎ଷଵ𝑝ଶ𝑝ଷ − 𝑎ସଶ𝑝ଶ𝑝ଷ)𝜆+ 𝑎ଵଵ𝑎ଶଶ𝑝ଷଶ + 𝑎ଵଵ𝑎ସଶ𝑝ଶ𝑝ଷ + 𝑎ଶଶ𝑎ଷଵ𝑝ଶ𝑝ଷ − 𝑎ଷଵ𝑎ସଶ𝑝ଶଶ = 0.     (8)

The obtained characteristic equations allow checking the dynamics and stability of the 
mechanical system protected from vibrations.  

3. Result and discussion 

The characteristic equations are quadratic equations. Let’s identify their roots: 



RANDOM PARAMETRIC NONLINEAR VIBRATIONS OF A DISCRETE MECHANICAL SYSTEM PROTECTED FROM VIBRATION.  
OLIMJON DUSMATOV, MURADJON KHODJABEKOV, BAKHTIYOR ASHUROV 

48 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479  

𝜆ଵ = 12 (𝑎ଵଵ + 𝑝ଷ) + 12ඥ(𝑎ଵଵ − 𝑝ଷ)ଶ + 4𝑎ଷଵ𝑝ଶ, 𝜆ଶ = 12 (𝑎ଵଵ + 𝑝ଷ) − 12ඥ(𝑎ଵଵ − 𝑝ଷ)ଶ + 4𝑎ଷଵ𝑝ଶ, 𝜆ଷ = 12 (𝑎ଶଶ − 𝑝ଷ) + 12ඥ(𝑎ଶଶ + 𝑝ଷ)ଶ − 4𝑎ସଶ𝑝ଶ, (9)

𝜆ସ = 12 (𝑎ଶଶ − 𝑝ଷ) − 12ඥ(𝑎ଶଶ + 𝑝ଷ)ଶ − 4𝑎ସଶ𝑝ଶ. 
Using Moivre’s formula for expressions involving roots of the characteristic Eq. (9), we 

determine their values. In this case, the roots of Eq. (9) will be as follows: 𝜆ଵ = 12 ቀ𝑝ଵ + 𝜋2 𝑝ହଶ൫𝑆(0) + 𝑖𝜓(2𝜔)൯ + 𝑝ଷቁ + 18𝜔ଶ (𝛼ଵ + 𝑖𝛽ଵ), 𝜆ଶ = 12 ቀ𝑝ଵ + 𝜋2 𝑝ହଶ൫𝑆(0) + 𝑖𝜓(2𝜔)൯ + 𝑝ଷቁ − 18𝜔ଶ (𝛼ଵ + 𝑖𝛽ଵ), 𝜆ଷ = 12 ቀ−𝑝ଵ − 𝜋2 𝑝ହଶ൫𝑆(2𝜔) − 𝑆(0)൯ − 𝑝ଷቁ + 18𝜔ଶ (𝛼ଶ + 𝑖𝛽ଶ), 𝜆ସ = 12 ቀ−𝑝ଵ − 𝜋2 𝑝ହଶ൫𝑆(2𝜔) − 𝑆(0)൯ − 𝑝ଷቁ − 18𝜔ଶ (𝛼ଶ + 𝑖𝛽ଶ), 
(10)

where: 𝛼ଵ = 2ିଵଶ(𝑎ଵଶ + 𝑏ଵଶ)ଵସ((𝑎ଵଶ + 𝑏ଵଶ)ଵଶ + 𝑎ଵ)ଵଶ,      𝛼ଶ = 2ିଵଶ(𝑎ଶଶ + 𝑏ଶଶ)ଵସ((𝑎ଶଶ + 𝑏ଶଶ)ଵଶ + 𝑎ଶ)ଵଶ, 𝛽ଵ = 2ିଵଶ(𝑎ଵଶ + 𝑏ଵଶ)ଵସ((𝑎ଵଶ + 𝑏ଵଶ)ଵଶ − 𝑏ଵ)ଵଶ,       𝛽ଶ = 2ିଵଶ(𝑎ଶଶ + 𝑏ଶଶ)ଵସ((𝑎ଶଶ + 𝑏ଶଶ)ଵଶ − 𝑏ଶ)ଵଶ, 𝑎ଵ = 16((𝜂ଶଶ − (1 − 𝜂ଵ)ଶ)𝜔ଵସ − 6((1 − 𝜂ଵ)(1 − 𝜈ଵ) + 𝜂ଶ𝜈ଶ) ൬𝜇 + 13൰𝜔ଶଶ𝜔ଵଶ− (1 + 𝜇)ଶ((1 − 𝜈ଵ)ଶ − 𝜈ଶଶ)𝜔ଶସ)𝜔ଶ + 8𝜔ଵସ𝜋       × ቀ൫(1 − 𝜂ଵ)𝜔ଵଶ − (1 − 𝜈ଵ)𝜔ଶଶ(𝜇 − 1)൯𝜓(2𝜔) + ൫𝜂ଶ𝜔ଵଶ − 𝜈ଶ𝜔ଶଶ(𝜇 − 1)൯𝑆(0)ቁ𝜔− ቀ൫𝜓(2𝜔)൯ଶ − 𝑆(0)ଶቁ 𝜋ଶ𝜔ଵ଼ , 𝑏ଵ = −32((1 − 𝜂ଵ)𝜂ଶ𝜔ଵସ + 3൫𝜂ଶ(1 − 𝜈ଵ) + 𝜈ଶ(1 − 𝜂ଵ)൯ ൬𝜇 + 13൰𝜔ଶଶ𝜔ଵଶ + (1 + 𝜇)ଶ𝜔ଶସ(1− 𝜈ଵ)𝜈ଶ)𝜔ଶ + 8𝜔ଵସ𝜋       × ቀ൫(1 − 𝜂ଵ)𝜔ଵଶ − (1 − 𝜈ଵ)𝜔ଶଶ(𝜇 − 1)൯𝜓(2𝜔) + ൫𝜂ଶ𝜔ଵଶ − 𝜈ଶ𝜔ଶଶ(𝜇 − 1)൯𝑆(0)ቁ𝜔− ቀ൫𝜓(2𝜔)൯ଶ − 𝑆(0)ଶቁ 𝜋ଶ𝜔ଵ଼× ቀ൫𝜂ଶ𝜔ଵଶ − 𝜈ଶ𝜔ଶଶ(𝜇 − 1)൯𝜓(2𝜔) + ൫−(1 − 𝜂ଵ)𝜔ଵଶ + (1 − 𝜈ଵ)𝜔ଶଶ(𝜇 − 1)൯𝑠(0)ቁ𝜔+ 2𝜔ଵ଼𝜋ଶ𝑆(0)𝜓(2𝜔), 𝑎ଶ = 16((𝜂ଶଶ − (1 − 𝜂ଵ)ଶ)𝜔ଵସ − 6((1 − 𝜂ଵ)(1 − 𝜈ଵ) − 𝜂ଶ𝜈ଶ)𝜔ଶଶ ൬𝜇 + 13൰𝜔ଵଶ− (1 + 𝜇)ଶ𝜔ଶସ((1 − 𝜈ଵ)ଶ − 𝜈ଶଶ))𝜔ଶ + 8𝜔ଵସ𝜋 × ൫𝜂ଶ𝜔ଵଶ − 𝜈ଶ𝜔ଶଶ(𝜇 − 1)൯(𝑆(2𝜔)− 𝑆(0))𝜔 + 𝜋ଶ𝜔ଵ଼(𝑆(0) − 𝑆(2𝜔))ଶ; 𝑏ଶ = −32((1 − 𝜂ଵ)𝜂ଶ𝜔ଵସ + 3൫𝜂ଶ(1 − 𝜈ଵ) + 𝜈ଶ(1 − 𝜂ଵ)൯ ൬𝜇 + 13൰𝜔ଶଶ𝜔ଵଶ + (1 + 𝜇)ଶ𝜔ଶସ(1− 𝜈ଵ)𝜈ଶ)𝜔ଶ + +8𝜔ଵସ𝜋൫−(1 − 𝜂ଵ)𝜔ଵଶ + (1 − 𝜈ଵ)𝜔ଶଶ(𝜇 − 1)൯൫𝑆(2𝜔) − 𝑆(0)൯𝜔. 
The roots of the identified characteristic equation allow for the examination of the mean square 

expectations and the stability of a mechanical system protected against damped oscillations.  
According to stability theory, for a damped motion to be asymptotically stable, it is sufficient 
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that the real parts of the characteristic equation’s roots are negative. Based on this, we determine 
the boundary between stable and unstable motions: −𝜔ଵଶ𝜈ଶ + 𝜋𝑝ହଶ𝜔𝑆(0) + (1 + 𝜇)𝜔ଶଶ𝜂ଶ + 12𝜔𝛼ଵ = 0, −𝜔ଵଶ𝜈ଶ + 𝜋𝑝ହଶ𝜔𝑆(0) + (1 + 𝜇)𝜔ଶଶ𝜂ଶ − 12𝜔𝛼ଵ = 0, 𝜔ଵଶ𝜈ଶ − 𝜋𝑝ହଶ𝜔൫𝑆(2𝜔) − 𝑆(0)൯ − (1 + 𝜇)𝜔ଶଶ𝜂ଶ + 12𝜔𝛼ଶ = 0, 𝜔ଵଶ𝜈ଶ − 𝜋𝑝ହଶ𝜔൫𝑆(2𝜔) − 𝑆(0)൯ − (1 + 𝜇)𝜔ଶଶ𝜂ଶ − 12𝜔𝛼ଶ = 0. 

(11)

By squaring the Eq. (11), we can reduce them to the following two equations: 8𝜔ଶ(−𝜔ଵଶ𝜈ଶ + 𝜋𝑝ହଶ𝜔𝑆(0) + (1 + 𝜇)𝜔ଶଶ𝜂ଶ)ଶ − (𝑎ଵଶ + 𝑏ଵଶ)ଵଶ ൬(𝑎ଵଶ + 𝑏ଵଶ)ଵଶ + 𝑎ଵ൰ = 0, 8𝜔ଶ൫𝜔ଵଶ𝜈ଶ − 𝜋𝑝ହଶ𝜔൫𝑆(2𝜔) − 𝑆(0)൯ − (1 + 𝜇)𝜔ଶଶ𝜂ଶ൯ଶ − (𝑎ଶଶ + 𝑏ଶଶ)ଵଶ ൬(𝑎ଶଶ + 𝑏ଶଶ)ଵଶ + 𝑎ଶ൰= 0. (12)

From the Eq. (12), it is possible to determine the mean square values 𝜎௫భ,and 𝜎௫మ for the 
considered system.  

N. Davidenko’s hypothesis is used for linearization of hysteresis-type nonlinearity. According 
to it, the linearization coefficients are as follows [1]: 

𝜂ଵ = 𝜂(𝑛 − 1)Г ቀ𝑛 + 32 ቁ𝜋(𝑛 + 1)𝐵(𝑛,𝑛) 2ଷି௡ଶ 𝜎௫భ௡ିଵ,    𝜂ଶ = 𝜂(𝑛 − 1)Г(𝑛 + 32 )𝜋(𝑛 + 1)𝑛 2ଷ௡ାଵଶ 𝜎௫భ௡ିଵ, (13)

where 𝜂, 𝑛 are parameters of the hysteresis loop; Г ቀ௡ାଷଶ ቁ and 𝐵(𝑛,𝑛) are alpha and beta 
functions, respectively. 

For the case when 𝑛 = 2, based on Eq. (12), we write the linearization coefficients according 
to Davidenko’s hypothesis as follows [1]: 

𝜂ଵ = 𝜂Г ቀ52ቁ3𝜋𝐵(2,2) 2ଵଶ𝜎௫భ = 𝐶ଵଵ𝜎௫భ ,      𝜂ଶ = 𝜂Г ቀ52ቁ6𝜋 2଻ଶ𝜎௫భ = 𝐶ଶଵ𝜎௫భ , 
𝜈ଵ = 𝜂଴Г ቀ52ቁ3𝜋𝐵(2,2) 2ଵଶ𝜎௫మ = 𝐶ଷଵ𝜎௫మ ,       𝜈ଶ = 𝜂଴Г ቀ52ቁ6𝜋 2଻ଶ𝜎௫మ = 𝐶ସଵ𝜎௫మ , (14)

where 𝐶ଵଵ = 1.196826491𝜂; 𝐶ଶଵ = 0.7978843277𝜂; 𝐶ଷଵ = 1.196826491𝜂଴; 𝐶ସଵ =0.7978843277𝜂଴. 
The Eq. (12), together with the linearization coefficients Eq. (14), represent bivariate functions 

with respect to the root-mean-square values 𝜎௫భ, and 𝜎௫మ. They allow evaluating the dynamics of 
random parametric vibrations in a mechanical system protected against damped oscillations for 
various parameter values. 

If we accept the linearization coefficients Eq. (14) for Eq. (12), then we obtain the following: 

෍ 𝐻ଵ௞𝜎௫మ௞௞଼ୀ଴ = 0,        ෍ 𝐻ଶ௞𝜎௫మ௞௞଼ୀ଴ = 0. (15)

In this case, the coefficients 𝐻ଵ௞ and 𝐻ଶ௞are determined depending on both the system 
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parameters from Eq. (12) and the root-mean-square value 𝜎௫భ, and 𝜎௫మ. From Eq. (15), the equality 𝐻ଵ଺ − 𝐻ଶ଺ = 0 yields the following expression: 𝐻ଶ𝜎௫భଶ + 𝐻ଵ𝜎௫భ + 𝐻଴ = 0, (16)

where: 

𝐻ଶ = − (3𝜇 + 1)ଶ6 (2𝐶ଵଵ𝐶ଷଵଶ 𝐶ସଵ − 𝐶ଵଵ𝐶ସଵଷ + 𝐶ଶଵ𝐶ଷଵଷ − 𝐶ଶଵ𝐶ଷଵ𝐶ସଵଶ )𝐶ଶଵ𝐶ସଵଶ 𝜔ଵଶ(4𝜔ଶ + 𝑞ଶ)ଶ𝑞𝜔ଶ, 𝐻ଵ = (4𝜔ଶ + 𝑞ଶ)𝜔{(8𝜔ଶ+ 𝑞ଶ)𝜎కଶ𝜔ଵସ ቆ𝐶ଵଵ𝐶ସଵ ൬ 116 ൬76𝜇ଶ − 𝜇 − 12൰ + 124𝐶ଷଵଶ 𝐶ସଵଶ (3𝜇ଶ − 4𝜇 − 2) + 796𝐶ଷଵସ ൰+ + 164𝐶ଶଵ𝐶ଷଵହ ൬𝜇 + 13൰ (𝜇 − 1)ቇ+ (4𝜔ଶ + 𝑞ଶ)𝐶ଶଵ𝐶ସଵଷ 𝑞𝜔 ൬𝜇 + 13൰ ቆ−32 ൬𝜇 + 13൰𝜔ଵଶ𝐶ସଵଶ + 12𝜔ଶଶ𝐶ସଵଷ (𝜇 + 1)ଶ+ 3𝐶ଷଵଶ ൬𝜇 + 13൰𝜔ଵଶ + 𝐶ଷଵଶ 𝜔ଶଶ(𝜇 + 1)ଶ− 𝜎కଶ𝜔ଵସ𝐶ଶଵ𝐶ଷଵ𝐶ସଵଶ ൭ 112𝜔ଶ𝐶ସଵଶ ൬−132 𝜇ଶ + 7𝜇 + 72൰+ 196 𝑞ଶ𝐶ସଵଶ × ൬112 𝜇ଶ − 𝜇 − 12൰+ 13𝜔ଶ𝐶ଷଵ(7𝜇ଶ − 4𝜇 − 2) + 124 𝑞ଶ𝐶ଷଵ ൬172 𝜇ଶ − 5𝜇 − 52൰൱ൡ, 𝐻଴ = − 132𝜎కଶ(8𝜔ଶ+ 𝑞ଶ)𝜔ଵଶ ቊ(4𝜔ଶ + 𝑞ଶ)𝐶ସଵ𝜔 ቆ𝐶ସଵସ ൬𝜇ଷ𝜔ଶଶ + ൬73𝜔ଵଶ + 𝜔ଶଶ൰ 𝜇ଶ + (−2𝜔ଵଶ − 𝜔ଶଶ)𝜇−𝜔ଵଶ − 𝜔ଶଶ൰+ 83𝐶ଷଵଶ 𝐶ସଵଶ ൬𝜇ଷ𝜔ଶଶ + ൬32𝜔ଵଶ + 𝜔ଶଶ൰ 𝜇ଶ + (−2𝜔ଵଶ − 𝜔ଶଶ)𝜇 − 𝜔ଵଶ − 𝜔ଶଶ൰+ (𝐶ଷଵଶ 𝐶ସଵଶ + 𝐶ଷଵସ ) ൬𝜇ଷ𝜔ଶଶ + ൬73𝜔ଵଶ + 𝜔ଶଶ൰ 𝜇ଶ + (−2𝜔ଵଶ − 𝜔ଶଶ)𝜇 − 𝜔ଵଶ− 𝜔ଶଶ൰ቇ+𝜎కଶ𝜔ଵସ𝑞𝐶ଷଵ ൬ 516𝐶ସଵସ ൬𝜇ଶ − 2215𝜇 + 1൰ + 12𝐶ଷଵଶ 𝐶ସଵଶ ൬𝜇ଶ − 83 𝜇 + 1൰+ 148𝐶ଷଵସ (𝜇 − 1)ଶ൰ቋ. 
From the quadratic Eq. (16): 

𝜎௫భ = −𝐻ଵ ± ඥ𝐻ଵଶ − 4𝐻ଶ𝐻଴2𝐻ଶ .     (17)

In the root-mean-square Eq. (17), we divide both the numerator and denominator of the 
fraction by 𝑞ଽ and write it as follows: 

𝜎௫భ = −𝐻ଵ∗ ± ඥ𝐻ଵ∗ଶ − 4𝐻ଶ∗𝐻଴∗2𝐻ଶ∗ ,     (18)

where: 
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𝐻ଶ∗ = − (3𝜇 + 1)ଶ6 (2𝐶ଵଵ𝐶ଷଵଶ 𝐶ସଵ − 𝐶ଵଵ𝐶ସଵଷ + 𝐶ଶଵ𝐶ଷଵଷ − 𝐶ଶଵ𝐶ଷଵ𝐶ସଵଶ )𝐶ଶଵ𝐶ସଵଶ Ωଵଶ(4𝛺଴ଶ + 1)ଶΩ଴ଶ, 𝐻ଵ∗ = (4Ω଴ଶ + 1)Ω଴ {𝜎కଶΩଵସ(8Ω଴ଶ + 1) ൬ 196𝐶ଵଵ𝐶ସଵ(7𝜇ଶ − 6𝜇 − 3)(𝐶ସଵସ + 𝐶ଷଵସ )       + 124𝐶ଷଵଶ 𝐶ସଵଷ (3𝜇ଶ − 4𝜇 − 2) + 164𝐶ଶଵ𝐶ଷଵହ ൬𝜇 + 13൰ (𝜇 − 1))       +(4Ω଴ଶ + 1)𝐶ଶଵ𝐶ସଵଷ Ω଴ ൬𝜇 + 13൰ (Ωଵଶ ൬𝜇 + 13൰ ൬−32𝐶ସଵଶ + 3𝐶ଷଵଶ ൰ + Ωଶଶ(+1)ଶ       × ൬−12𝐶ସଵଶ + 𝐶ଷଵଶ ൰ቇ+ ൫−Ωଵସ𝐶ସଵହ − Ωଵସ𝐶ସଵସ 𝐶ଶଵ𝐶ଷଵ𝜎కଶ൯ ቆ 112 ൬−132 𝜇ଶ + 7𝜇 + 72൰Ω଴ଶ + 196 ൬112 𝜇ଶ − 𝜇 − 12൰ቇ 
       +Ωଵସ𝐶ସଵଶ 𝐶ଷଵଶ 𝐶ଶଵ𝜎కଶ ൭13 (7𝜇ଶ − 4𝜇 − 2)Ω଴ଶ + 124 ൬172 𝜇ଶ − 5𝜇 − 52൰൱ൡ, 𝐻଴∗ = − 132𝜎కଶ(8Ω଴ଶ + 1)Ωଵଶ{(4Ω଴ଶ + 1)Ω଴𝐶ସଵ        × ቆ൬𝜇ଷΩଶଶ + ൬73Ωଵଶ + Ωଶଶ൰ 𝜇ଶ + (−2Ωଵଶ − Ωଶଶ)𝜇 − Ωଵଶ − Ωଶଶ൰        × (𝐶ସଵସ + 𝐶ଷଵସ ) + 83𝐶ଷଵଶ 𝐶ସଵଶ ൬𝜇ଷΩଶଶ + ൬32Ωଵଶ + Ωଶଶ൰ 𝜇ଶ + (−2Ωଵଶ − Ωଶଶ)𝜇 − Ωଵଶ − Ωଶଶ൰ቇ  + Ωଵସ𝜎కଶ𝐶ଷଵ ൬ 516𝐶ସଵସ × ൬𝜇ଶ − 2215𝜇 + 1൰ + 14𝐶ଷଵଶ 𝐶ସଵଶ ൬𝜇ଶ − 83 𝜇 + 1൰ + 148൰ൠ, Ω଴ = 𝜔𝑞 , Ωଵ = 𝜔ଵ𝑞 , Ωଶ = 𝜔ଷ𝑞 . 

We perform a numerical analysis of the mean square value Eq. (18). In this case, we take the 
parameters as follows [1]: 𝜎క = √10𝑔, 𝜂 = 5×107 m-2; 𝜂଴ = 5×103 m-2; 𝜂ଵ = 1.196826491𝜂𝜎௫భ, 𝜂ଶ = 0.7978843277𝜂𝜎௫భ, 𝜈ଵ = 1.196826491𝜂଴𝜎௫మ, 𝜈ଶ = 0.7978843277𝜂଴𝜎௫మ, Ωଵ = 𝜔ଵ 𝑞⁄ , Ωଶ = 𝜔ଶ 𝑞⁄ = 0.1.  

 
Fig. 2. Variation of the root mean square value Eq. (18) defined by the expression 

The graph of the root mean square value Eq. (18) will be as shown in Fig. 2. 
In Fig. 2 the root mean square value, defined by the given expression (18), is plotted against 

the dimensionless parameter Ω଴ for different mass ratios 𝜇 = 0; 0.1; 0.4; 0.6 (red, black, blue, 
green).From this, it can be concluded that the use of a dynamic absorber is effective in suppressing 
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mechanical system vibrations. Specifically, when 𝜇 = 0 (red), the root mean square value reaches 
significantly higher magnitudes compared to other cases. For the cases 𝜇 = 0.1; 0.4; 0.6 (black, 
blue, green), the graphs suggest that 𝜇 = 0.4 (blue) is the optimal value, as any increase or 
decrease from this ratio leads to a rise in the root mean square values. For 𝜇 = 0 (red) and 𝜇 = 0.4 
(blue), the root mean square values are 𝜎௫భ = 3.75×10-10 m and 𝜎௫భ = 2.1×10-10 m, respectively. 
The application of the dynamic absorber reduces the root mean square value by a factor of 1.8. 

4. Conclusions 

The obtained Eq. (18) allow to fully analyze the dynamics of the hysteresis-type elastic 
dissipative mechanical system protected from vibrations under the influence of random parametric 
excitations at different values of the parameters, to evaluate the effectiveness of the dynamic 
absorber, and as a result, to select the optimal structural parameters of the system. At different 
values of n characterizing the parameter of the hysteresis loop, the mean square value of the 
random parametric vibrations increases synchronously up to a certain frequency, and from this 
frequency, a uniform increase violation can be observed. At different values of the parameter 𝜒 
describing the width of the vibration spectrum, the change in the mean square value of the random 
parametric vibration is analyzed. According to that it can be concluded that if the parameter 
describing the width of the vibration. 
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