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Abstract. In this work, the issue of checking the dynamics of nonlinear vibrations of a mechanical
system protected from vibrations in case of random parametric excitations is considered. Using
the Ito method, the analytical expressions of the mean square values of the absolute accelerations
of the mechanical system and the dynamic absorber were determined. Statistical linearization
method based on Davidenko's hypothesis was used to determine mean squared values. The
average square value change of the random parametric vibration of the mechanical system
protected against vibrations with the dynamic absorber at different values of the parameter
describing the width of the vibration spectrum was analysed. It is shown that if the parameter
describing the width of the vibration spectrum is taken smaller, the mean square value of the
random parametric vibration of the protected object combined with the dynamic absorber will
have a smaller vibration. At different values of the parameter of the hysteresis loop, the change of
the mean square value of the random parametric vibration was analysed and appropriate
conclusions were drawn.

Keywords: dynamic absorber, mechanical system, hysteresis, random parametric excitations,
stochastic process.

1. Introduction

Damping of harmful vibrations of mechanical systems under the influence of random
parametric excitations is one of the urgent problems. Mathematical modeling of the materials of
mechanical system elements, taking into account the elastic dissipative characteristics of the
hysteresis type, and choosing their optimal parameters are important issues.

The use of stochastic methods in solving the problems of protection of various types of
mechanical systems from harmful vibrations is considered in works [1]-[6].

In the works [7]-[11], the issue of dynamics and stability of nonlinear vibrations of a
hysteresis-type elastic dissipative characteristic mechanical system combined with a liquid section
dynamic absorber under the influence of random parametric excitations was considered. Using the
method of stochastic averaging, the system of differential equations of motion is presented as a
system of Ito equations. In this case, a random function was selected and the values at which
stability conditions were determined through the spectral density of longitudinal and transverse
vibrations in white noise excitations.

In the article [12], the parametric vibration of a ship under the influence of random excitations
caused by waves is studied. The differential equation of the parametric vibration of a ship under
the influence of random excitations is constructed taking into account nonlinear damping and ship
speed. The density function corresponding to the stability vibrations is obtained, and the
correctness of the results is shown by numerical simulation.

The work [13] considers the damping characteristics of a passive fluid-coupled dynamic
absorber, which is effective in damping harmful vibrations of engineering systems. The issue of
optimizing it to minimize the vibration amplitude over a wide range of frequencies, taking into
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account the maximum fluid lift limit on the columns, is considered and solved using numerical
methods.

In works [14]-[16] mathematical modeling of nonlinear mechanical systems, study of
dynamics and checking of stability of motions and instructions for selection of parameters
corresponding to stable motions, in particular mechanical system materials are given. Modal mass
and modal stiffness expressions are analytically expressed. With their help, the issues of choosing
and modeling system materials were also solved.

In the articles [17]-[19], nonlinear parametric vibrations of a beam with a dynamic absorber
under the influence of external excitations are studied taking into account the elasticity and
damping properties of materials. The linearization method is used to solve nonlinear differential
equations of motion of the system. The non-stationary and stationary values of the amplitude and
phase of vibrations are determined analytically. The stability conditions of stationary motion are
obtained based on the Rous-Hurwitz criterion. The effect of changing the parameter values on the
amplitude-frequency characteristic constructed based on the calculation results is shown.

In the article [20], bridges reinforcement for usable geometric linear not been cable bending
angle and bridge vibration the secret of the effect into account received without random movement
sunder the influence parametric vibrations studied. Random in motion cable soft characteristic
maybe as maybe and bridge plate joint movement differential equations system. This system of
differential equations is transformed into Ito differential equations and the Milstein-Platen method
is used for numerical analysis. In order to avoid the influence of the parametric diffusion
coefficient in Ito differential equations, an iterative method for solving random differential
vibrations of the beam is proposed. The amplitude, spectral density and density function changes
are analyzed and the results obtained by this method are compared with those obtained by the
Gaussian method.

2. Materials and methods

In this work, the problem of studying the dynamics of vibrations of a hysteresis-type elastic
dissipative mechanical system with a dynamic absorber under the influence of random parametric
excitations was considered (Fig. 1). The dissipative properties of the materials of the elastic
damping elements of the mechanical system and the dynamic absorber are obtained in the
hysteresis type. Connections between stress and deformation are obtained by nonlinear non-
single-valued functions and expressed by linear functions using the statistical linearization
method.

Fig. 1. A mechanical system protected from vibrations

The system of differential equations of motion of a mechanical system protected from
vibrations is as follows:

my¥; + ¢ (1 —ny +in)x; — (1 — vy +ivy)x, = —¢1&p (D) x4 (8),
mz.jél + mzjéz + Cz(l — Vi + in)xz = 0,

()

where m,, m, are the masses of the protected object and the dynamic absorber, respectively, x4,
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x, are the displacement coordinates of the protected object and the dynamic absorber; ¢, c, are
elasticity coefficients of the object to be protected and the dynamic absorber; i?2 = —1; n,, 1, are
linearization coefficients representing the dissipative properties of the material of the elastic
damping element of the object; v4, v, are linearization coefficients representing the dissipative
properties of the material of the elastic damping element of the dynamic absorber [1]; &, (t) is a
variable representing a stationary normal random process.

Let’s express the differential equations of motion of the mechanical system as follows:

X1+ w1 —ny +in)x — pwi(1 — vy +ivy))x, = —wi&(Ox(t), 2)
jél + jéz + w%(l — V1 + iVZ)xZ = 0,

Where u = m,/my; i = ¢;/my, w5 = c;/m,.
The solution of the system of differential Eq. (2) is looked for in the following form:

x; = Ae'®t + BeTi@t x, = Cel®t + De~ivt, 3)

where w is the frequency of vibrations; A = A(t), B = B(t), C = C(t), D = D(t) are slowly
variable functions, and the amplitude value of random parametric excitations of the mechanical

system is (x1,) = 2+/(A(t)){B(t)) satisfies the condition.

Taking into account that A, B, C, D are slowly variable functions, if the variables Eq. (3) and
their respective derivatives are put into the system of differential Eq. (2), it is possible to get the
following system of differential equations of the first order:

1 .
= m((a)z—(u%fo(t) - (1)%(1 -n+ ir]z))(A + Be—let)
+ H(l)%(l -V, + ivz)(C + De—Zimt))’
B = =5 (@ =0i6e(® - 031 =y +iny)) (4™ + B)
+ sz (1 — vy +ivy)(Ce?™t + D)), N
((0) + (H + 1)(4) (1 -V + lvz))(De—ZLa)t + C)
+ (_wlfo(t) + wy (1 N+ [nz))(A + Be_Z“"t)),
D= —%((a)z +(u+ D21 —v, + ivz))(CeZiwt + D) + (—w2,(0)
+ w?(1 — 1y + in,))(Ae?® + B)).

In stochastic processes, the variables of the system of Eq. (4) satisfy the Ito equations [6].
Therefore, use the stochastic averaging method and change the system of Eq. (4) to the system of
Ito equations.

d(A
@A) =pi(A) + = pé(S(O)—up(Zw))<A>+pz<C>

—— = —p;(B) — 5 pZ(SQ2w) — S(0))(B) — p(D),
d{c) (%)
= py(A) + = > P8 (5(0) i (2w))(A4) + ps(C),

— = ~Pu(B) ~ Zp2(SQ2w) — S(O))(B) — p5(D),
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_ w?—wi(n +iny) _ pwi(vy +ivy) 0P+ (1 +pwi(vy +ivy)
P1= 2iw » P2 = 2iw » P = 2iw ’
_ w0 +inp) _ i
Pa = 2iw » Ps T Ty

and S(0), S(2w), Y(2w) are defined as the spectral density of a stationary normal random
process &,(t) as follows [6]:

1 r° 1 rO°
SQw) = ;j R(t)coswtdr, Y(QRw) = ;j R(7)sinwtdr,

Where R(1) = E[é5n(£)é0m(t + T)] = (éon(t)€0m (t + T)) is correlation function.
Let’s look for the solution of the system of Eq. (5) as follows:

A= Aje?, B=Bye, C=Chet, D=Dyek, (6)

where Agy, By, Cy, Dy are the amplitude values of the random parametric excitations of the
mechanical system; A is a characteristic number.

Let’s put the Eq. (6) into the system of Eq. (5) and from the condition of having a non-zero
solution, the determinant form of the characteristic equation of the system can be formed as
follows:

apn+4 o ag,
H . : — 0’ (7)
QA1 o Qaa T A
where:

a;p =p1 + gpg(S(O) + il/)(Za))), a1, =0; a13 = P2, a14 =0,
az1 =0; a; = —p1 — gpé(S(Zw) - 5(0)), ay3 =0, az =—py,
az1 =ps t gpg(S(O) +ip(2w)); az; =0, @z =ps, A3 =0,
a41 = 0;a4 = —py — gpé(S(Zw) - 5(0)); A43 =0, a44 = —Pps.
Using the determinant Eq. (7), it is possible to form the following two characteristic equations:
A* = (a1 + @) + (aq1ap2 — Q310 + AgaPz — PA* + (=11 a42p, + a11P3

+ A32031P; + (—A11042D2 + A11P5 + A22a31P, + aéng — A31P2D3 — A42P2P3)A ¥
+ 01105203 + A11042D2P3 + A22031D2P3 — A31a4205 = 0.

The obtained characteristic equations allow checking the dynamics and stability of the
mechanical system protected from vibrations.

3. Result and discussion

The characteristic equations are quadratic equations. Let’s identify their roots:
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1 1
A =5(a; +p3) + E\/(au —p3)? + 4azip,,

2
1 1

Ay = E(an +p3) — E\/(an —p3)? +4azip,, ©
1 1 2

Az = E(azz —ps) + E\/(aZZ +P3)* — 444202,

1 1
Ay = E(azz —Pp3) — E\/(azz +P3)? — 4ay,p2.

Using Moivre’s formula for expressions involving roots of the characteristic Eq. (9), we
determine their values. In this case, the roots of Eq. (9) will be as follows:

1 1
A= E(P1 + Epg(S(O) + il/)(Za))) + p3) + 8—%)2(051 + i),
(P1 +5 2 Ps (S(O) + il/)(Za))) + ps) - W(a& + i),
1
= (- - p SPE(SCw) = S(©) —ps) + @(cxz +iBy),
=3 (-1~ 5P2(520) = 5©) = 3) — 5 (@ + iBy),

(10)

NI >—\N| >—\N [

where:

o = 272(a} + bII((@ + b7 + @) @ = 272(ad + bD)I((a} + bD? + )%,
By = 273(a + bDA((a} + b2 — b)Y, B, = 272(ad + bP)A((aE + b)2 — by)?,
1
ar = 16(07% — (1 = 1wt = 6((1L = 1) (1 =) +1ov) (4 +3) w30
— (14 WA - )? ~)wdo? + Bl
x ((( = 1w = (1 = v}l - D)PRW) + (10} - v,03 - D)SO) o
~ ((w@w))* - 50)?) n2w$,
1
by = =32((1 = 1m0} + 3(02(1 = v2) + v, (1 =) (i + 3) @hof + (1 + WPwl(t
—v)v)w? + 8win
x (A =n)w? = A= v — D)) + (10 — 03k —1))S0)) o
~ ((wew)* - $5(0)?) 12w}
x (1202 = v,03( = D)P2w) + (1 = 1) + (1 = )i - 1)s(0))
+ 208125(0)yY 2w),
1
@ = 16((n3 = (1 = 7))ot = 6((1 =) (1 = vy) = 1v)003 (1 + 5)

— (1 + w?wi((1 —v1)? = v3)w? + 8wim X (N0} — v,ws(u — 1))(SQw)
- S5(0)w + m2wd(S(0) — Sw))?;

1
by = =32((1 = 1,04 + 3(1(1 = v) + v, (1 =) (i + 5) whof + (1 + Wrel(t
—v)vo)w? + +8win(—(1 —nw? + (1 —v)wi(u - 1))(SQw) — S(0))w.

The roots of the identified characteristic equation allow for the examination of the mean square
expectations and the stability of a mechanical system protected against damped oscillations.
According to stability theory, for a damped motion to be asymptotically stable, it is sufficient
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that the real parts of the characteristic equation’s roots are negative. Based on this, we determine
the boundary between stable and unstable motions:

1
—w?v, + mp2wS(0) + (1 + Wwin, + 2= 0,
! 0
—a, =0,
20 1 (11)
wiv, —mpiw(SQw) — S(0)) — (1 + Wwin, + 2m %2 = 0,

—wiv, + TpiwS(0) + (1 + wWwin, —

2 2 2 1
wiv, — npSw(S(Zw) — S(O)) -1+ pwsn, — %az =0.
By squaring the Eq. (11), we can reduce them to the following two equations:

1 1
802 (—w?v, + Tp2wS(0) + (1 + Wwin)? — (a2 + b2)2 ((af +b2)7 + al) =0,

8?(wiv, — mp20(5(20) = SO) - (1 + Wwin,)’ — @ + b2 (@G + b +a,) (12

=0.

From the Eq. (12), it is possible to determine the mean square values oy, ,and gy, for the
considered system.

N. Davidenko’s hypothesis is used for linearization of hysteresis-type nonlinearity. According
to it, the linearization coefficients are as follows [1]:

n+3 n+3
_ n(n—1r (T) 3_Tn - B n(n — 1I( > ) 3n2+1 - (13)
h = m(n + 1)B(n,n) xoo 2= n(n+ n T

where 1, n are parameters of the hysteresis loop; F(nTH) and B(n,n) are alpha and beta

functions, respectively.
For the case when n = 2, based on Eq. (12), we write the linearization coefficients according
to Davidenko’s hypothesis as follows [1]:

() (),

N = 37'[8(2,2) Zfo'xl = Cllo-xl' N, = o 270’;(1 = Cle'xl; 14
" . (14)
nol(3) 1 mor' (3) 7
= 5pg) 220 = Cnl Vo= 20, = Cnd,

where €y = 1.196826491n; C,; = 0.7978843277n; C3; =1.196826491ny; C4y =
0.7978843277n,.

The Eq. (12), together with the linearization coefficients Eq. (14), represent bivariate functions
with respect to the root-mean-square values gy, , and oy,. They allow evaluating the dynamics of
random parametric vibrations in a mechanical system protected against damped oscillations for
various parameter values.

If we accept the linearization coefficients Eq. (14) for Eq. (12), then we obtain the following:

8 8
Hypof, =0, Hyyox, = 0. (15)

k=0 k=0

In this case, the coefficients Hy;, and H,iare determined depending on both the system
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parameters from Eq. (12) and the root-mean-square value gy, , and oy, . From Eq. (15), the equality
Hy¢ — Hy¢ = 0 yields the following expression:

Hzo-)?l + Hlo-xl + HO = O, (16)
where:

(Bu + 1)?
H, = _7(26116321641 = C11C3y + C31C3y — C31C31C31) Gy C i (4w + %) *qu?,

H, = (4w? + ¢®)w{(8w?

1 /7 1
+q2)0§2wf<c11c41<ﬁ<g#2—H—§> 2 CHCA (U — 4= 2) 4 5= Ch)

C21C31 (ﬂ + ) (n— 1))

1 3 1 1
+ (40 + )Gy G (1 +3) <—5<# +5) 0ICh +503CH G+ 1)?

1
+3C4 (u + 5) w? + CHwi(u+1)2

1 13 7
_ 2,4 2 202 [ _ 2 _
0f w1 C1C31Ciy 12w C41( > u +7u+2)

1 11 1\ 1 1 17 5
422 2 _ __ N2 2 _ _ 42 2 _ _
+96q(%1X(2/1 I 2)+3a>Q10u 4u 2)+24q<%1(2u 5u 2))}

~35% (80*

7
+ qz)w% {(40’2 + qZ)C41w <Cfl (HSG)% + (§

wF + 03 )2 + (207 - 0)u-0f - o}
8 3
+ S CHCh (103 + (S 0 + 03 % + (—207 - du - wf - 3
7
+ (CCh + 1) (w003 + (508 + 03) 12 + (~20% - 0B - F
5 2 4 5 ., . 22 8
_wz) +oswiqCs <_C41( .U+1)+ CHCh (H __H+1>
16 15 3
1
+ 4_8C??1(li - 1)2)}-
From the quadratic Eq. (16):

_ _H1 i le - 4H2H0

= 17
. 21, (17)

In the root-mean-square Eq. (17), we divide both the numerator and denominator of the
fraction by q° and write it as follows:

_ _Hl* i 4/ le* - 4H2*H0* (18)

1 2H,, ’

Oy

where:
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(Bu + 1)?
H,, = _7(26116321641 — C11C3y + Cp1C3y — C1C31C3)Cr1 €305 (405 + 1)705,

Hy, (4954‘1)90{0’594(892"‘1)( CiaCar (T1% — 611 — 3)(Cy + CH)

1 1
24 —C5C3(Bu* —4pn—2) + 4621631 (M + > (u—1)

1 3
+(4‘QZ + 1)621641.().0 (H + > (Ql (H + 3) <_EC41 + 3C31) + Q%(+1)2

1
x (-5 ¢k + c§1)>

1 13 7 1 /11 1
+ (~01C, — 04CH o1 Cyr0F) (—(—7;1 +Tu+3) 08+ 5 (S —u—§>>

1 /17 5
+QICE C3,Cyr 0 ( (7 = = 200 + = (S 2 5 E))}
1
Ho. = =550 2(80% + DQZ{(403 + 1)Q(Cyy
X ((M3Q% + (59% + ﬂ%) u2 4 (=202 — 0)u — 02 — Q%)
07 + ﬂ%)uz + (203 - 0)u — 0F - Qg>>

8 3
X (Ch + ) + 5 G (1903 +

- 22 1, 8 1
+0g Ca (16 Cia (“ BT 1) talata (“ T3kt 1) 48>}
w - ]

q q q

We perform a numerical analysis of the mean square value Eq. (18). In this case, we take the
parameters as follows [1]: o, = V10g,n = 5x10"m?; ny = 5x10° m?; 1, = 1.196826491na,.,
n, = 0.7978843277n0,,, vi = 1.196826491n,0,,, v, = 0.79788432771,0,,, O = w,/q,
Q, = w,/q=0.1.

3.3 10719
2.x 10710

1% 10- 104

2 4 6 8 10 12 14 16 18 20
Omesza[ 0]

Fig. 2. Variation of the root mean square value Eq. (18) defined by the expression

The graph of the root mean square value Eq. (18) will be as shown in Fig. 2.

In Fig. 2 the root mean square value, defined by the given expression (18), is plotted against
the dimensionless parameter (), for different mass ratios ¢ = 0; 0.1; 0.4; 0.6 (red, black, blue,
green).From this, it can be concluded that the use of a dynamic absorber is effective in suppressing
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mechanical system vibrations. Specifically, when u = 0 (red), the root mean square value reaches
significantly higher magnitudes compared to other cases. For the cases 4 = 0.1; 0.4; 0.6 (black,
blue, green), the graphs suggest that u = 0.4 (blue) is the optimal value, as any increase or
decrease from this ratio leads to a rise in the root mean square values. For u = 0 (red) and u = 0.4
(blue), the root mean square values are g, = 3.75x10"'" m and 0, = 2.1x10"'"" m, respectively.
The application of the dynamic absorber reduces the root mean square value by a factor of 1.8.

4. Conclusions

The obtained Eq. (18) allow to fully analyze the dynamics of the hysteresis-type elastic
dissipative mechanical system protected from vibrations under the influence of random parametric
excitations at different values of the parameters, to evaluate the effectiveness of the dynamic
absorber, and as a result, to select the optimal structural parameters of the system. At different
values of n characterizing the parameter of the hysteresis loop, the mean square value of the
random parametric vibrations increases synchronously up to a certain frequency, and from this
frequency, a uniform increase violation can be observed. At different values of the parameter y
describing the width of the vibration spectrum, the change in the mean square value of the random
parametric vibration is analyzed. According to that it can be concluded that if the parameter
describing the width of the vibration.
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