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Abstract. Free vibrations of a beam with constant flexural stiffness resting on a nonuniform 
continuous Winkler elastic foundation are considered. The nonhomogeneity of the foundation is 
characterized by a variable subgrade modulus, which in the general case is assumed to be an 
arbitrary continuous function. The exact solution of the fourth-order differential equation of beam 
vibrations with variable coefficients is derived, and an analytical method for its numerical 
implementation is proposed. A modal analysis of the beam is carried out for the case where the 
subgrade modulus varies according to an exponential law. To verify the authors’ method (AM), 
the obtained results are compared with those of the finite element analysis performed in the 
LIRA-FEM software package.  
Keywords: beam, nonhomogeneous foundation, Winkler hypothesis, vibration equation, exact 
solution, analytical calculation method, modal analysis. 

1. Introduction 

A structural system consisting of a beam resting on an elastic foundation is widely applied in 
engineering practice, including construction, railway and mining industries, hydraulic 
engineering, shipbuilding, aerospace engineering, biomechanics, and other fields. 

To model the interaction between the structure and the elastic foundation, the Winkler model 
is most frequently employed. In the simplest case, when the foundation is assumed to be 
homogeneous, the subgrade modulus is constant, which significantly simplifies the solution of the 
corresponding differential equation of beam vibrations. However, this assumption is far from 
reality, and for more accurate studies it is necessary to account for the nonhomogeneity 
(variability) of the foundation [1]. In this case, the subgrade modulus varies along the length of 
the beam, which substantially complicates the solution of the corresponding differential equation. 

The authors of [2] note that analytical methods for determining natural frequencies of free 
beam vibrations usually assume constant elastic properties of the foundation, while many practical 
cases involve nonhomogeneous foundations, such as a subgrade modulus varying linearly along 
the beam. Analytical solutions in this case were obtained as power series with recurrence relations 
for coefficients. In [3], it is emphasized that most studies consider beams with constant flexural 
stiffness on homogeneous foundations. For a nonhomogeneous Winkler foundation, the 
corresponding differential equation is complex, so approximate solutions and successive 
approximations are proposed. In [4], free transverse vibrations of an Euler-Bernoulli beam on a 
stepwise-variable Winkler foundation are analyzed for four boundary conditions; discretizing the 
beam into segments with constant subgrade modulus transforms the differential equation into a 
homogeneous linear algebraic system, and natural frequencies are determined numerically from 
the determinant of the system matrix, illustrated with two examples. In [5], vibration frequencies 
of beams on variable one- and two-parameter elastic foundations are found via the dynamic 
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stiffness matrix, with natural frequencies as roots of its determinant; numerical results confirm 
accuracy against known solutions. Study [6] applies the numerical homotopy perturbation method, 
showing good agreement with analytical and iterative solutions. In [7], free vibrations of 
Euler-Bernoulli beams on nonhomogeneous Winkler foundations are studied for three boundary 
conditions and three subgrade modulus variations (constant, linear, parabolic) using the 
transformation method with Taylor series, yielding polynomial solutions. In [8], finite element 
method (FEM) with exact stiffness matrices evaluates dynamic response of beams on elastic 
foundations via static FEM followed by dynamic FEM using the trapezoidal method, confirming 
FEM effectiveness. In [9], finite difference method (FDM) and FEM estimate natural frequencies 
of nonprismatic, nonhomogeneous beams on variable Winkler foundations; FDM replaces 
derivatives with finite differences to solve the eigenvalue problem, with examples compared 
against FEM in ABAQUS and other solutions. Publication [10] analyzes variable foundation 
effects on natural frequencies of a prestressed Rayleigh conical beam with fixed ends, considering 
constant, linear, and parabolic Pasternak foundations; using the transformation method, it is 
established that higher foundation stiffness increases natural frequencies, constant Pasternak 
stiffness yields the highest frequencies, and Rayleigh conical beams on Pasternak foundations 
exceed those on Winkler foundations.  

In [1], an exact solution is presented for the problem of vibrations of Euler-Bernoulli beam 
resting on a variable Winkler elastic foundation. The solution of the corresponding differential 
equation is obtained in the form of power series. Several illustrative examples are provided to 
demonstrate the procedure in more detail.  

The present work is based on the exact solution of the beam vibration differential equation 
when the subgrade modulus is defined by an arbitrary continuous function, which determines the 
relevance of the study. 

2. Materials and methods 

The authors’ method (AM) proposed in this article is based on the exact solution of the beam 
vibration differential equation and on the developed procedure for its numerical implementation. 
The exact solution is obtained using the direct integration method, which was advanced in a series 
of the authors’ works [11], [12]. In addition, the development of the AM relied on the theory of 
functional series and the theory of differential equations. 

3. Research results 

The problem of free flexural vibrations of Euler-Bernoulli beam of constant flexural stiffness 
is considered, which rests on a nonuniform continuous elastic Winkler foundation. The general 
vibration scheme is presented in Fig. 1. 

 
Fig. 1. Calculation scheme of free vibrations of a beam on a nonhomogeneous elastic foundation 
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In Fig. 1: 𝑙 – length of the beam, m; 𝐸𝐼 – flexural stiffness of the beam, (𝐸 – elastic modulus 
of material, Pa; 𝐼 – moment of inertia, m4); 𝜌𝐹 – mass per unit length of the beam (𝜌 – material 
density, kg/m3; 𝐹 – cross-sectional area, m2); 𝑦(𝑥, 𝑡) – transverse displacement of the beam axis 
at coordinate 𝑥 and time 𝑡 (dynamic deflection). 

The heterogeneity of the foundation is defined by a variable subgrade modulus per unit length 𝑘(𝑥). For 𝑘(𝑥) the representation is adopted: 𝑘(𝑥) = 𝑘଴𝐵(𝑥), (1)

where 𝑘଴ – the value of the subgrade modulus at some characteristic point of the beam, N/m (for 
example, at the point 𝑥 = 0), а 𝐵(𝑥) – a continuous dimensionless function that defines the law 
of variation of the subgrade modulus along the beam length. 

The main problem of the study consists in finding the exact solution of the differential equation 
of beam vibrations with variable coefficients, which in the amplitude form takes the following 
form: 𝐸𝐼𝑣ᇱᇱᇱᇱ(𝑥) + (𝑘଴𝐵(𝑥) − 𝜌𝐹𝜔ଶ)𝑣(𝑥) = 0, 
where 𝑣(𝑥) – the unknown amplitude function of deflections, 𝜔 − the unknown natural frequency 
of free vibrations, 1/s. To construct the exact solution of this equation, the direct integration 
method is employed, which has been developed in a number of the authors’ works, among which 
[11], [12] may be noted. It is defined by the following set of formulas: 

𝑣(𝑥) = 𝑣(0)𝑋ଵ(𝑥) + 𝜑(0)𝑙𝑋ଶ(𝑥) −𝑀(0) 𝑙ଶ𝐸𝐼 𝑋ଷ(𝑥) − 𝑄(0) 𝑙ଷ𝐸𝐼 𝑋ସ(𝑥), (2)

𝑋௡(𝑥) = ෍෍(−𝐾)௞Ωଶ௠ஶ
௞ୀ଴

ஶ
௠ୀ଴ 𝛼௡,௠,௞(𝑥), 

𝛼௡,଴,଴(𝑥) = 1(𝑛 − 1)! ቀ𝑥𝑙 ቁ௡ିଵ ,     (𝑛 = 1,2,3,4), (3)𝛼௡,௠,଴(𝑥) = 1(𝑛 + 4𝑚 − 1)! ቀ𝑥𝑙 ቁ௡ାସ௠ିଵ ,     (𝑚 = 1,2,3, … ), 𝛼௡,଴,௞(𝑥) = 1𝑙ସ න න න න 𝐵(𝑥)𝛼௡,଴,௞ିଵ(𝑥)𝑑𝑥𝑑𝑥𝑑𝑥𝑑𝑥௫
଴

௫
଴

௫
଴ ,௫

଴      (𝑘 = 1,2,3, . . . ), 𝛼௡,௠,௞(𝑥) = 1𝑙ସ න න න න ቀ𝐵(𝑥)𝛼௡,௠,௞ିଵ(𝑥) + 𝛼௡,௠ିଵ,௞(𝑥)ቁ 𝑑𝑥𝑑𝑥𝑑𝑥𝑑𝑥௫
଴

௫
଴

௫
଴

௫
଴ , (4)(𝑚 = 1,2,3, . . . ),     (𝑘 = 1,2,3, . . . ), 

where 𝑣(0), 𝜑(0), 𝑀(0), 𝑄(0) – the values of the amplitude functions of deflection, rotation 
angle, bending moment, and shear force at a point 𝑥 = 0 (the so-called initial parameters in terms 
of which the integration constants are represented), 𝐾 = ௞బ௟రாூ  – a known dimensionless parameter: 

Ω = 𝜔𝑙ଶඨ𝜌𝐹𝐸𝐼 , (5)

is the unknown dimensionless frequency. 
Under homogeneous boundary conditions, two of the four initial parameters will always be 

equal to zero. After applying the boundary conditions at the end 𝑥 = 𝑙, we obtain a system of two 
linear homogeneous equations with respect to the two remaining initial parameters. As is well 
known, such a system will have solutions only if its determinant is equal to zero. By setting the 
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determinant of the system equal to zero, we obtain the frequency equation for determining Ω. 
Having obtained the dimensionless frequencies Ω௝  (𝑗 = 1,2,3, . . . ), the natural frequencies of free 
vibrations are determined using Eq. (5): 

𝜔௝ = Ω௝𝑙ଶ ඨ𝐸𝐼𝜌𝐹 ,     (𝑗 = 1,2,3, … ), 
and from Eq. (2), the corresponding mode shapes are obtained 𝑣௝(𝑥), (𝑗 = 1,2,3, . . . ). 

For example, for simply supported ends, the frequency equation takes the form: 𝑋ଶ(𝑙,Ω)𝑋ସᇱᇱ(𝑙,Ω) − 𝑋ଶᇱᇱ(𝑙,Ω)𝑋ସ (𝑙,Ω) = 0, 
and the mode shapes are determined by the relations 𝑣௝(𝑥) = 𝜑(0)𝑙𝑉௝ ቀ௫௟ቁ, (𝑗 = 1,2,3, . . . ), where: 

𝑉௝ ቀ𝑥𝑙 ቁ = 𝑋ଶ൫𝑥,Ω௝൯ − 𝑋ଶ൫𝑙,Ω௝൯𝑋ସ൫𝑙,Ω௝൯𝑋ସ൫𝑥,Ω௝൯,     (𝑗 = 1,2,3, … ), 
is dimensionless modes. 

For convenience of numerical implementation, assuming that function 𝐵(𝑥) is regular near 𝑥 = 0, it is approximated by a Maclaurin series: 

𝐵(𝑥) = 𝐵଴ + 𝐵ଵ ቀ𝑥𝑙 ቁ + 𝐵ଶ ቀ𝑥𝑙 ቁଶ + ⋯+ 𝐵௝ ቀ𝑥𝑙 ቁ௝ + ⋯. (6)

Then, for Eqs. (3) and (4), we obtain representations in the form of power series: 

𝛼௡,଴,௞(𝑥) = ቀ𝑥𝑙 ቁ௡ାସ௞ିଵ෍𝑐௡,଴,௞,௝ஶ
௝ୀ଴ ቀ𝑥𝑙 ቁ௝ ,     (𝑘 = 1,2,3, . . . ), 

𝛼௡,௠,௞(𝑥) = ቀ𝑥𝑙 ቁ௡ାସ(௠ା௞)ିଵ෍𝑐௡,௠,௞,௝ஶ
௝ୀ଴ ቀ𝑥𝑙 ቁ௝ ,      (𝑚 = 1,2,3, . . . ),     (𝑘 = 1,2,3, . . . ), 

whose coefficients are computed by recurrence relations: 𝑐௡,଴,଴,଴ = 1(𝑛 − 1)!,     𝑐௡,଴,଴,௝ = 0,      (𝑗 = 1,2,3, . . . ), 𝑐௡,௠,଴,଴ = 1(𝑛 + 4𝑚 − 1)!,      𝑐௡,௠,଴,௝ = 0,      (𝑚 = 1,2,3, . . . ),      (𝑗 = 1,2,3, . . . ), 
𝑐௡,଴,௞,௝ = 1𝑝௡,଴,௞,௝෍𝐵௝ି௜𝑐௡,଴,௞ିଵ,௜ஶ

௜ୀ଴ ,      (𝑘 = 1,2,3, . . . ),      (𝑗 = 0,1,2, . . . ), 
𝑐௡,௠,௞,௝ = 1𝑝௡,௠,௞,௝ ൭𝑐௡,௠ିଵ,௞,௝ + ෍𝐵௝ି௜𝑐௡,௠,௞ିଵ,௜ஶ

௜ୀ଴ ൱,       (𝑚 = 1,2,3, . . . ),      (𝑘 = 1,2,3, . . . ),      (𝑗 = 0,1,2, . . . ), 
where 𝑝௡,௠,௞,௝ = (𝑛 + 4(𝑚 + 𝑘) + 𝑗 − 4)(𝑛 + 4(𝑚 + 𝑘) + 𝑗 − 3)(𝑛 + 4(𝑚 + 𝑘) + 𝑗 − 2)(𝑛 +4(𝑚 + 𝑘) + 𝑗 − 1). 

Note that in the case of a non-smooth 𝐵(𝑥), the problem can be treated piecewise by 
discretizing the structure. 
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4. Illustrative example 

We perform a modal analysis of a prismatic concrete beam with simply supported ends. The 
beam rests on an elastic foundation which nonhomogeneity is characterized by an exponential 
law: 

𝑘(𝑥) = 𝑘(0) exp ቀ𝛿 𝑥𝑙 ቁ ,    𝛿 = ln 𝑘(𝑙)𝑘(0) ,   𝑘(0) ് 0. 
In this case, according to Eq. (1), we obtain: 𝑘଴ = 𝑘(0),     𝐵(𝑥) = exp ቀ𝛿 𝑥𝑙 ቁ. 
Using the Maclaurin series for the exponential function: 

𝐵(𝑥) = 1 + 𝛿1! 𝑥𝑙 + 𝛿ଶ2! ቀ𝑥𝑙 ቁଶ + 𝛿ଷ3! ቀ𝑥𝑙 ቁଷ + ⋯, 
we obtain: 

𝐵଴ = 1,     𝐵௝ = 𝛿௝𝑗! ,      (𝑗 = 1,2,3, . . . ). 
Input data: Beam length 𝑙 = 5 m; Beam base width 𝑏 = 0.25 m; Beam height ℎ = 0.6 m; Beam 

density 𝜌 = 1800 kg/m3; 𝐸 = 1.5×1010 Pa; 𝑘(0) = 1.5×106 N/m2; 𝑘(𝑙) = 4×106 N/m2. 
Table 1 presents the results of calculating the first five natural frequencies obtained by the AM 

and FEM using the LIRA-FEM software package (20 universal spatial beam elements). Fig. 1 
shows the plots of the first five normalized modes of the beam. 

Table 1. Results for the beam with simply supported ends supported by exponentially varying 𝑘(𝑥) 

Mode АМ FEM Relative error, % Dimensionless frequencies Ω Natural frequencies 𝜔, 1/s 
1 10.994703 69.536607 66.246704 4.73 
2 39.780230 251.592266 239.678604 4.74 
3 88.961406 562.641336 535.981567 4.74 
4 157.989714 999.214688 951.789490 4.75 
5 246.788811 1560.829487 1486.471558 4.76 

 
Fig. 2. Normalized vibration modes 

The numerical values of the frequencies were obtained by retaining the first ten terms of series 
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Eq. (6). Increasing the number of terms does not affect the frequency values up to the sixth decimal 
place. 

5. Conclusions 

Based on the exact solution of the vibration differential equation, analytical formulas are 
presented for the modal analysis of beams with constant stiffness resting on a nonhomogeneous 
Winkler elastic foundation. As an example, numerical calculations of the modal analysis are 
provided for the case where the nonhomogeneity of the foundation is characterized by an 
exponentially varying subgrade modulus. Comparison of the modal analysis results with the 
corresponding FEM calculations in the LIRA-FEM software package confirms the validity of the 
proposed method. This analytical method enables fast and accurate assessment of structural 
dynamics without discretization or cumbersome approximations, ensuring the safety and 
reliability of engineering structures against resonance. 
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