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Abstract. The production and distribution of electrical energy remain among the most pressing
challenges in modern power supply systems. To address this issue, the integration of renewable
energy sources and the use of asynchronous generators in mini- and micro-hydroelectric power
plants are being actively developed. Asynchronous generators possess several advantages over
synchronous machines, including structural simplicity, operational reliability, and low
manufacturing cost. From this perspective, the present research demonstrates that the application
of asynchronous generators can significantly reduce operational costs while maintaining a stable
and uncomplicated process of electricity generation. This approach will facilitate the broader
implementation of micro-hydropower plants and contribute to the sustainable development of the
national energy sector.
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hollow hydroturbine, mathematical modeling, performance characteristics.

1. Introduction

A comprehensive mathematical model of the draft-tube hydraulic turbine used in micro-
hydropower plants (MicroHPPs) was developed in this study based on analytical expressions that
define the turbine’s control range. The system’s frequency response function (FRF) was employed
to evaluate the dynamic impact of water flow on the turbine walls. Using the derived mathematical
expressions, a detailed model was formulated to analyze the operational characteristics of the
hydraulic turbine under various load conditions. Furthermore, the dependence of turbine
performance on torque variation was investigated, and the relationship between the mechanical
energy transmitted to the shaft and the electrical energy generated by the asynchronous generator
in MicroHPPs was established.

2. Materials and methods

Modeling based on differential equations employs mathematical formulations to describe the
dynamic behavior of a hydraulic turbine. This approach involves constructing a system of
differential equations that represent the key physical parameters of the turbine and their variations
over time. Using these equations, it becomes possible to analyze transient processes, assess system
stability, and predict the turbine’s performance under different operating conditions. The
fundamental principles of this modeling method are discussed below [1]

2.1. Fundamental principles

Differential equations define the relationship between the input and output parameters of the
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hydraulic turbine as they evolve over time. These equations form the basis for analyzing the
dynamic response of the system. For instance, the fundamental differential equations describe both
the rotational motion of the turbine and the hydraulic forces acting upon it.

2.2. Energy balance equation

This equation represents the transfer of energy from the incoming water flow to the turbine
and its subsequent conversion into mechanical energy.
Typically, this relationship can be expressed in the following form:

dw
Th = ]E + Tmex + Tdemping: (1)

where Th — hydraulic torque, /] — moment of inertia of the turbine, w — angular velocity, Ty —
mechanical load torque, Tygmping — damping torque (associated with losses).

2.3. Flow and pressure relationship

The relationship between the water flow through the turbine and the corresponding pressure
variation is defined by a differential equation that characterizes the dynamic interaction between
hydraulic parameters [2].

For example, the relationship between the water flow Q and the pressure H is:

Q = Cq4Ay2gH, 2

where C; — flow coefficient, A — water flow area, g — acceleration due to gravity, H — pressure (or
water level).

3. Modeling process
3.1. Parameter identification

All essential physical parameters of the hydraulic turbine are determined, including the
pressure head, water flow rate, turbine moment of inertia, and hydrodynamic characteristics of the
fluid. These parameters serve as the foundational elements for constructing the mathematical
model and ensuring accurate dynamic analysis of the system.

3.2. Formulating the equations

Key differential equations — such as the energy balance and water flow equations — are
formulated to describe the dynamic interactions within the hydraulic turbine system. These
equations define the relationship between the system’s input parameters (water flow rate and
pressure head) and output parameters (mechanical power and rotational speed).

A comprehensive mathematical model of the hydraulic turbine is essential for developing the
control algorithm of a micro-hydropower station, as it enables detailed analysis of all operating
modes. The mathematical model of the hydraulic turbine is developed using the following
assumptions:

— The system’s frequency response function (FRF) is considered constant (7 = const) for the
entire control range.

— The walls of the water conduit are assumed to be perfectly rigid.

— The water is treated as an incompressible fluid.

Based on these assumptions and using the standard theoretical formulations of hydroelectric
power plants, the mathematical model of turbine dynamics is constructed. The resulting
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expression provides the fundamental relationship necessary for accurately describing the
hydraulic turbine’s performance characteristics [2]:

Pr = 9,81QHn;. 3)

As shown in Eq. (2), the output power of the hydraulic turbine primarily depends on the
hydraulic head H and the water flow rate Q. These two parameters determine the amount of
mechanical energy transmitted to the turbine shaft and, consequently, the efficiency of the overall
hydroelectric conversion process.

The total hydraulic head of the hydroaggregate is composed of several components, which can
be expressed as follows:

H=Hy+ AH — hyop, “4)

where, Hy = const represents the nominal pressure of the micro-hydropower station, and h,,,p,
is the pressure loss in the water conduit [5, 20]:

AH = L do 5
hnomzA'Kl'L'Qzﬁ (6)

where, A represents the resistance for steel pipes, and K; is the correction coefficient for the A
values of steel pipes.

The water flow rate through the hydraulic turbine is directly influenced by the opening angle
of the guide vanes (or the regulating apparatus). This determines the degree of energy conversion
and overall turbine efficiency. The relative hydraulic resistance of the turbine, denoted by p,
characterizes the relationship between the flow conditions and hydraulic losses within the system
and is defined by the following expression:

U= HUga — Ksens (N

where, py, represents the hydraulic resistance due to the opening of the directing apparatus, and
Usen represents the hydraulic resistance caused by the centrifugal force effect:

Hmqr = kmqk: (8)

A .
where, kg _fe represents the flow coefficient.
QHWH

Additionally, the power of the hydraulic turbine can be expressed through the mechanical
component:

PTZMT'(I). (9)

In the specified operating modes, the condition M = M, is observed, where the expression is
written in the following form:

Pr = Mg - w, (10)
9.81-Q-H ny
_ 11
T Mn-9.55 ’ (b
T W
_ 12
¢ 9.81-H 1y (12)
9.81-Q-H 1955
o280 Honr 935 (13)
My
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The movement of the hydraulic turbine rotor is expressed in the form of an equation:

at’

Hydromechanical transient processes can be represented as trajectory patterns describing the
instantaneous operating states of the coupled turbine-hydroaggregate system. Each point along the
trajectory corresponds to a specific moment in time and is defined by two dimensionless (reduced)
coordinates: the opening angle of the guide apparatus aj(t) and the reduced rotational speed
ny(t).

The temporal variation of a(t) characterizes the adjustment mode of the hydroaggregate,
reflecting how the system responds to changes in control inputs or load disturbances. The reduced
speed coordinate nf (t) is associated with both the dynamic pressure head and the actual rotational
speed of the turbine, expressed as [2]-[3].

Both of these parameters are determined as a result of transient process simulations and cannot
be predefined analytically. Their values depend on the dynamic interaction between the hydraulic
and mechanical components of the system, which evolve over time under varying operating
conditions.

The function H (t) represents the calculated variation of the pressure head over time, reflecting
the influence of transient hydraulic phenomena. Similarly, n(t) denotes the corresponding change
in the turbine’s rotational speed. In the analysis, specific values of the reduced rotational speed ny
are initially assumed, and the dynamic pressure is determined according to the established
adjustment mode of the hydroaggregate. Subsequently, the time-dependent change in rotational
speed is computed. Based on the results of these calculations, the trajectory of the transient
operating mode is constructed, illustrating the dynamic behavior of the turbine—generator system
under non-stationary conditions.

The relationships derived earlier for calculating the water pressure pulse have been presented
above. In this section, we focus on the equations that describe the variation in rotational speed of
the hydraulic turbine during transient processes. The dynamic behavior of hydroelectric energy
systems has been studied under the assumption that all hydraulic turbines are equipped with a
single regulating mechanism. This simplification allows for the analysis of system stability,
response time, and control characteristics under unified operating conditions [3].

The variation in the hydraulic turbine’s power output is regulated by the guide vane (directing)
apparatus, which controls and measures the water flow rate passing through the turbine. This
mechanism ensures the appropriate adjustment of the hydraulic energy input, enabling stable
operation and efficient power conversion under varying load conditions.

For the mathematical representation of a hydraulic turbine equipped with a single regulating
mechanism, a model has been developed to solve the dynamic problem of adjusting the active
power of the hydroaggregate. This model considers both autonomous operation (no-load
condition) and parallel operation with the power system under load, taking into account the
stability of the regulation process [3]. The model incorporates the transient phenomena occurring
within the water conduit, including the hydraulic shock effect (water hammer).

At the initial stage of guide vane movement, an increase in the water flow rate causes a
temporary rise in conduit pressure, leading to an initial decrease in turbine power, followed by a
gradual increase. Conversely, a reduction in water flow initially results in a short-term rise in
turbine power before it subsequently decreases. This dynamic interaction highlights the nonlinear
nature of transient processes in hydraulic turbines and their impact on the overall stability and
performance of micro-hydropower systems.

The dynamic behavior of the hydraulic turbine can be represented by the following system of
differential equations, which describe the interdependence between hydraulic, mechanical, and
electromechanical processes within the hydroaggregate:
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q = u(1+05h), (15)
h=-W(p)q, (16)
mr = q(1 + h). (17)

The influence of water flow inertia and pressure oscillations within the water conduit on the
dynamic characteristics of the hydraulic turbine is taken into account through the rigid water
hammer (hydraulic shock) equation. This equation captures the transient hydraulic effects that
arise due to sudden changes in flow velocity, providing a more accurate representation of the
turbine’s dynamic response during regulation and load disturbances:

W(p) = Twp. (18)

The parameters of the elastic water hammer (hydraulic shock) are generally unknown and
require dedicated experimental or computational studies for accurate determination. Under such
conditions, the simplified expression for the rigid water hammer is applied in practical
calculations. In this formulation, a single parameter T,, is introduced, representing the hydraulic
time constant, which is either known or corresponds to the physical and geometric characteristics
of the water conduit. This simplification allows for effective modeling of transient processes while
maintaining sufficient accuracy for engineering and control analyses.

In the scientific literature, the mathematical description of the coupling between hydraulic
turbines and asynchronous generator-based hydro units under the condition w = const (constant
angular velocity) has been extensively studied [6]. Under this assumption, the transfer function of
the hydraulic turbine is defined with respect to the control action of the guide vane mechanism,
which is implemented by varying the opening angle of the regulating apparatus. This relationship
enables the characterization of the turbine’s dynamic response to control inputs and forms the
basis for analyzing stability and efficiency in micro-hydropower systems:

AM;(P) ~Typ+1
Wr(p) =—— 5 =Mrw——. 19
Bu(p) Twpt1 (19)

For the development of a new mathematical model, Egs. (5-7) are utilized. These expressions
were originally derived for a hydraulic turbine operating prior to achieving the steady-state
condition of w = const within the hydro unit. Consequently, as observed from Eq. (5) in the
system of Egs. (5-7), variations in the rotational speed of the hydro unit were not considered.

However, this form of mathematical representation is not applicable to micro-hydropower
plants employing asynchronous generators, since such systems operate under variable rotational
speed conditions (w = var). Therefore, it is proposed to develop an improved mathematical
model of the hydraulic turbine that incorporates the influence of rotational speed variations,
ensuring a more accurate description of dynamic behavior and control characteristics in
asynchronous generator-based micro-hydropower systems:

pr =q(1 +}il), (20)

q=u(1+z), (21)

1= liga J:i Heps (22)
q

__r % 23

o 24

pbr = Py (24)

where uy, is the control action representing the hydraulic resistance of the turbine, which is
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adjusted accordingly (its nominal opening value is py4 = 1. U, is a variable that accounts for the
effect of the centrifugal force, which obstructs the water flow through the guide apparatus:

W = Wnom Ho =0, @ < Wpom U > 0, W > Wnom U < 0.

U, 18 a variable determined by an expression that accounts for the effect of the centrifugal
force:

o = —kg (0 — wy) = —k;Aw, (25)
k(u

ko =L, (26)
Wy

where, (@) is the tangent of the inclination angle of the characteristic a = const for a mixed-
flow hydro turbine at the linearization point:

Aq

ko = —.
B Aw

27)

4. Figures

Based on the derived expressions, a structural model of the mixed-flow hydraulic turbine was
developed, as illustrated in the corresponding figure. Numerical modeling was conducted by
applying a stepwise variation in the control action of the excitation system (ME).

Fig. 2. Block diagram of a mathematical model of a reciprocating hydraulic turbine
taking into account the kinetic energy of water in the water supply

This mathematical model serves as a fundamental tool for validating the calculated parameters
and for refining or tuning the system parameters required for the implementation of an effective
control algorithm. According to the formulated equations, the configuration of the mixed-flow
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hydraulic turbine model was established. Utilizing the previously defined mathematical
relationships, a comprehensive structural block diagram of the mixed-flow turbine was
constructed to represent the dynamic and control interactions within the system.

The structural diagram was developed by incorporating the key operational parameters of the
hydraulic turbine, including the turbine torque, hydraulic power output, angular velocity
coefficient, and the effective water head level. These parameters collectively define the dynamic
characteristics of the turbine and ensure that the model accurately reflects the real-time behavior
of the hydro-mechanical system under varying operating conditions.

5. Results

Using the above mathematical expressions, a mathematical model was developed, and based
on this model, the following results were obtained. The results are presented in Table 1:

My =0,15N"-m, (28)
H=10m, (29)
nr = 0.86, (30)
g =9.81, (31)
const = 9.55. (32)

Table 1. Water consumption and results of the turbine rotation frequency to achieve
the nominal rotation frequency of a micro-hydropower plant using a hydro turbine
Q| 134 268 | 403|536 | 6.7 | 8.04 | 94
n | 78 | 156 | 234 | 312 | 390 | 468 | 546

6. Conclusions

Based on the analysis of the physical processes occurring within the hydraulic system of the
hydro unit employed in micro-hydropower plants, the mathematical model of the mixed-flow
hydraulic turbine has been further refined. The study identified the feasibility of evaluating the
rotational speed in a conventional hydro unit operating with an asynchronous generator, where the
rotational speed is determined by the constant network frequency. As a result, new analytical
outcomes were obtained.

The developed mathematical description of the mixed-flow hydraulic turbine was validated by
comparing the parameters derived from the model with those obtained from computational
analysis and parameter refinement for the desired control algorithm. This verification confirmed
the accuracy of the model and established a foundation for developing an advanced mathematical
model of the asynchronous generator integrated into micro-hydropower plants.
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