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Abstract. This study investigates the deflection of a cantilever plate fixed at one end under the 
action of soil self-weight and additional surcharge loads. Based on experimental observations and 
theoretical calculations, an exponential expression is proposed to describe the plate’s deflection 
profile. Differentiation of this expression yields the corresponding stress distribution, which is 
compared against the conventional Coulomb-Mohr earth-pressure formulation. The results show 
that the exponential model provides a more accurate assessment of stresses on slopes and flexible 
retaining walls, highlighting its practical significance for design and evaluation. The proposed 
exponential approach can also serve as a foundation for dynamic and seismic extensions in future 
studies.  
Keywords: plate deflection, earth pressure, exponential equation, stress distribution, 
Coulomb-Mohr theory. 

Nomenclature 𝐸 Elastic modulus of plate material (MPa) 𝐼 Moment of inertia of the plate section (m4) ℎ Plate height (m) 𝑏 Plate width (m) 𝑎 Plate thickness (m) 𝑃ଵ Surcharge pressure (kPa) 𝑃ଶ Combined pressure (self-weight + surcharge) (kPa) 𝑘 Exponential coefficient 𝛾 Unit weight of soil (kN/m3) 𝜙 Internal friction angle 𝐻 Equivalent exponential parameter representing the shape and intensity of pressure 
variation between P1 and P2 (kN/m) 

1. Introduction 

In geotechnical engineering, the interaction between soil and structural elements is crucial for 
stability assessment. Under natural and external loads, earth pressure causes plate bending, 
deformation, and stresses – observable in slopes, retaining walls, foundations, and laboratory 
models. Measuring and analyzing these deformations ensures reliable evaluation of the 
soil-structure system’s stability [1]. 

Classical models for earth pressure – Coulomb (1776) [2] and Rankine (1857) [3] – remain 
fundamental but simplify the real soil-structure interaction and often fail to reflect actual stress 
distributions. In structural mechanics, plate bending is obtained from differential equations with 
boundary conditions and loads, yet this approach overlooks the nonlinear behavior of soils. Recent 
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studies [13], [14] introduced exponential-type functions for plate deflection, achieving better 
accuracy in stability analysis. Therefore, analyzing plate deflection under self-weight and 
surcharge to derive stress distribution is a relevant and practical research focus. 

2. Research objective 

The main goal of this study is to analyze, both theoretically and experimentally, the deflection 
of a plate subjected to soil self-weight and additional surcharge loads, to determine the resulting 
stresses from the deflection function, and to compare them with classical soil-mechanics models. 
The key tasks include: calculating plate deformation using the classical plate-bending equation, 
deriving a new exponential analytical expression, differentiating the deflection function to obtain 
the stress distribution, comparing the results with traditional pressure–depth relationships. 

This research aims not only to advance theoretical understanding but also to propose a more 
reliable practical method for evaluating stress states in soil–structure systems. 

2.1. Experiments and analysis 

To evaluate slope stability, laboratory model tests were carried out in a soil box with a steel 
plate fixed at the bottom and free at the top, simulating a retaining wall. The back of the plate was 
gradually filled with fine sand and crushed stone, where earth pressure was generated by the soil’s 
unit weight (𝛾) and an additional surface surcharge (𝑞଴). The steel plate (ℎ = 1.25 m, 𝑏 = 0.26 m, 𝑎 = 5 mm, 𝐸 = 2.1×105 MPa) was instrumented with LVDT sensors (accuracy 0.01 mm). All 
instruments were calibrated, and measurements repeated three times for consistency. 

Deflection was analyzed both experimentally and theoretically: lateral displacements were 
recorded by sensors, and theoretical deflection was computed by modeling the plate as a cantilever 
beam under triangular loading using classical structural mechanics formulas: 𝑓௭ = 𝑃120𝐸𝐼ℎ ሺ4ℎହ − 5ℎସ𝑧௜ + 𝑧௜ହሻ, (1)

where, 𝑃 denotes the linearly varying (triangular) load acting on the cantilever due to the soil’s 
self-weight (kPa); 𝐸𝐼 is the flexural rigidity of the cantilever (kN·m2); ℎ is the cantilever height 
(m); and 𝑧௜ is the elevation (or depth) of the point under consideration along the cantilever (m). 

When an additional surface surcharge acts on the soil, the plate deflection was evaluated 
assuming a trapezoidally distributed load, and computed accordingly: 

𝑓௭ = 𝑃ଵ𝐸𝐼 ቆℎସ8 − ℎଷ𝑧6 + 𝑧ସ24ቇ + Рଶ − 𝑃ଵ𝐸𝐼ℎ ቆℎହ30 − ℎସ𝑧24 + 𝑧ହ120ቇ, (2)

where, 𝑃ଵ denotes the surcharge pressure applied to the soil (kPa), and 𝑃ଶ denotes the combined 
pressure due to the soil’s self-weight together with the surcharge (kPa). 

The linearly varying loads (triangular and trapezoidal) acting on the cantilever due to soil 
self-weight and surcharge were determined, and numerical calculations were carried out to obtain 
the deflection function. Fig. 1 shows the comparison between the experimental and analytical 
deflection curves. 

From the graph, it is clear that the experimentally measured deflection of the plate is smaller 
than the theoretical prediction for the cantilever. Considering this, the bending differential 
equation along the neutral axis was formulated as follows: 

𝐸𝐼 𝑑ସ𝑓௭𝑑𝑥ସ = −𝑃ଶ − 𝑃ଵℎ 𝑥 + 𝑃ଶ. (3)
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Fig. 1. Comparison of plate deflections: a) crushed stone; b) sand: 1 – analytical; 2 – experimental 

From this, the distributed pressures are 𝑃ଵ = 𝑘௔𝑞, 𝑃ଶ = ሺ𝛾𝑥 + 𝑞ሻ𝑘௔ where  𝑘௔ = tgଶሺ45 − 𝜑 2⁄ ሻ is the lateral earth-pressure coefficient, and 𝜑 is the soil internal friction 
angle (in degrees). 

Brief note on the general solution: 

𝑓௭ሺ𝑥ሻ = 1120 𝑥ହ𝑃ଵ − 1120 𝑥ହ𝑃ଶ + 124 𝑥ସℎ𝑃ଶ𝐸𝐼ℎ + 16𝐶ଵ𝑥ଷ + 12𝐶ଶ𝑥ଶ + 𝐶ଷ𝑥 + 𝐶ସ. (4)

The integration constants in this equation are determined from the boundary conditions for a 
cantilever beam fixed at one end, evaluated at 𝑥 = 0 and 𝑥 = ℎ respectively. 𝑓௭ሺ0ሻ = 0; డ௙೥ሺ଴ሻడ௫ = 0, డమ௙೥ሺ௛ሻడ௫మ = 0, డయ௙೥ሺ௛ሻడ௫య = 0 therefore 𝐶ଵ = − ହଵଽଶ ሺ଼௛௉మାହ௉భିହ௉మሻாூ௛ = −𝑎, 𝐶ଶ =ଶହଷ଼ସ ሺ଺௛௉మାହ௉భିହ௉మሻாூ௛ = 𝑏. We set 𝐶ଷ = 0. Substituting the integration constants into Eq. (2), the 
deflection function for a trapezoidally distributed load is obtained as follows: 

𝑓௭ሺ𝑥ሻ = 1120 𝑥ହ𝑃ଵ + 1120 𝑥ହ𝑃ଶ + 124 𝑥ସℎ𝑃ଶ𝐸𝐼ℎ − 𝑎𝑥ଷ + 𝑏𝑥ଶ. (5)

Using Eq. (5), we construct the deflection function of the cantilever beam. To compare the 
deflection obtained from Eq. (5) with that derived from Eqs. (1) and (2), we plot both curves in 
Fig. 2.  

 
Fig. 2. Longitudinal deflection of the plate: a) according to differential and conventional methods;  

b) exponential model and experimental results. Curves: (1) – experiment, (2*) – differential,  
(2) – exponential, (3) – conventional theory 

This equation represents the deflection of a cantilever beam (retaining wall) under linearly 
varying loads (triangular and trapezoidal). Using Eq. (5), we obtain the deflection function of the 
cantilever beam. As seen from the graph in Fig. 2(a) the deflection function of the cantilever sheet 
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determined via the differential equation coincides with the theoretically obtained result. Taking 
this into account, we next consider the deflection equation and solution of a cantilever beam under 
exponentially varying loads. We take the curved distributed load in exponential form and set its 
area equal to that of the trapezoid: 𝑃௫ = 𝑎𝑒ି௞௛ + 𝑏. (6)

For the boundary conditions at 𝑥 = 0 and 𝑥 = ℎ: 𝑃௫ = 𝑎𝑒ି௞଴ + 𝑏, 𝑃௫ = 𝑎𝑒ି௞௛ + 𝑏, where 𝑎 = ுା௉భଵି௘షೖ೓ and 𝑏 = 𝐻 − 𝑎 = 𝐻 − ுା௉భଵି௘షೖ೓ , 𝑘 is a variable coefficient determined from the integral 
equality of the triangle and trapezoid areas; taking this into account, we rewrite as follows: 𝑃௫ = 𝐻 − 𝑃ଵ1 − 𝑒ି௞௛ 𝑒ି௞௫ + 𝐻 − 𝐻 − 𝑃ଵ1 − 𝑒ି௞௛. (7)

From this equation, we integrate 𝑃௫ and set it equal to the area of the trapezoid: 𝑃ଶ + 𝑃ଵ2 ℎ = න ൬ 𝐻 − 𝑃ଵ1 − 𝑒ି௞௛ 𝑒ି௞௫ + 𝐻 − 𝐻 − 𝑃ଵ1 − 𝑒ି௞௛൰𝑑𝑥௛
଴  (8)

From the integral solution Eqs. (6) we determine the unknown parameter 𝐻. In this equation, 
H denotes the pressure value at 𝑥 = ℎ: 

𝐻 = 12 1ሺ−1 + 𝑒ି௞௛ሻ + 𝑘ℎ𝑒ି௞௛ ሺ𝑘ℎ𝑃ଵ + 𝑘ℎ𝑒ି௞௛𝑃ଵ − 𝑘ℎ𝑃ଶ + 𝑘ℎ𝑒ି௞௛𝑃ଶ − 2𝑃ଵ + 2𝑃ଵ𝑒ି௞௛ሻ. (9)

We formulate the bending differential equation along the beam’s neutral axis: 

𝐸𝐽 𝑑ସ𝑊𝑑𝑥ସ = 𝐻 − 𝑃ଵ1 − 𝑒ି௞௛ 𝑒ି௞௫ + 𝐻 − 𝐻 − 𝑃ଵ1 − 𝑒ି௞௛. (10)

We obtain the general solution: 

𝑓௭ሺ𝑥ሻ = 𝑃ଵ𝑘ସ 𝑒ି௞௫ − 𝐻𝑘ସ 𝑒ି௞௫ + 𝐻24 𝑒ି௞௛ − 𝑃ଵ24 𝑥ସ𝐸𝐼ℎ + 16𝐶ଵ𝑥ଷ + 12𝐶ଶ𝑥ଶ + 𝐶ଷ𝑥 + 𝐶ସ . (11)

The integration constants in this equation are determined, respectively at 𝑥 = 0 and 𝑥 = ℎ 
from the boundary conditions for a cantilever beam fixed at one end. 𝑓௭ሺ0ሻ = 0; డ௙೥(଴)డ௫ = 0; డమ௙೥(௛)డ௫మ = 0; డయ௙೥(௛)డ௫య = 0 accordingly, from Eq. (3): 

𝐶ଵ = − 124 ൬5𝐻𝑘𝑒ି௞௛ + 4𝐻𝑒ିହସ௞ − 4𝑃ଵ𝑒ିହସ௞ − 5𝑃ଵ𝑘൰𝐸𝐼(𝑒ି௞௛ − 1)𝑘 = −𝐴, 
𝐶ଶ = 164 ൬25𝐻𝑒ି௞௛𝑘ଶ + 40𝐻𝑘𝑒ିହସ௞ − 40𝑃ଵ𝑘𝑒ିହସ௞ − 25𝑃ଵ𝑘ଶ + 32𝐻𝑒ିହସ௞ − 32𝑃ଵ𝑒ିହସ௞൰𝐸𝐼(𝑒ି௞௛ − 1)𝑘ଶ = 𝐵. 𝐶ଷ = − 𝐻 − 𝑃ଵ𝐸𝐼(𝑒ି௞௛ − 1)𝑘ଷ = −𝐷,      𝐶ସ = 𝐻 − 𝑃ଵ𝐸𝐼(𝑒ି௞௛ − 1)𝑘ସ = 𝐺. 

We take them to be equal. Substituting them into Eq. (2), we obtain the following expression 
for the deflection function under a trapezoidally distributed load: 
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𝑓௭∗(𝑥) = 𝑃ଵ𝑒ି௞௫𝑘ସ − 𝐻𝑒ି௞௫𝑘ସ + 𝐻24 𝑒ି௞௛𝑥ସ − 𝑃ଵ24 𝑥ସ𝐸𝐼(𝑒ି௞௛ − 1) − 𝐴𝑥ଷ + 𝐵𝑥ଶ − 𝐷𝑥 + 𝐺. (12)

Using the stated differential equation, we plot in Fig. 2(b) the deflection curve of a beam with 
stiffness EI under uniformly distributed loads corresponding to the trapezoidal and exponential 
profiles. 

As seen in Fig. 2(b) the deflection function of the cantilever sheet (plate) constructed using the 
values obtained experimentally and from the exponential equation are very close to each other. 
Taking this into account, the previously formulated differential Eq. (10) for the exponential 
relation was used to determine the soil stress distribution along the plate height, and the results 
were compared with the conventional Coulomb-Mohr theory. In soil mechanics, we treat the plate 
as a retaining wall; in this case, the load arising from the soil’s self-weight is triangular, while an 
additional surcharge on a slope produces a trapezoidal load. At present, this problem is addressed 
by various methods. Among the conventional approaches, the linear load-distribution methods of 
Rankine [1] and Coulomb [2] are widely applied. Let us assume that the slope behind the retaining 
wall is in a state of limit equilibrium. If a uniformly distributed load is applied on the slope surface, 
then the principal stresses act on a horizontal plane passing through any point located behind the 
wall: 𝜎௭ = 𝜎௭௚ + 𝜎௭௣ = 𝛾𝑧 + 𝑞. (13)

Let us determine the horizontal pressure exerted by the soil on the wall: 𝜎௫ = 𝜉𝜎௭ = 𝜉(𝛾𝑧 + 𝑞). (14)

The resultant forces generate the active pressure with respect to the retaining wall: 𝐸 = ቀ𝛾𝑧2 𝑧 + 𝑞𝑧ቁ 𝜉. (15)

For 𝑧 = ℎ Eq. (3) can be written as follows: 

𝐸 = 𝜉𝛾𝑧2 𝑧 + 𝜉𝑞𝑧 = 𝜉𝛾ℎଶ2 + 𝜉𝑞𝑧 = 𝛾𝜉2 ൬ℎଶ + 2ℎ 𝑞𝛾൰. (16)

In that case, for cohesionless soils – such as sand and crushed stone – where 𝐶 = 0 and  𝜑 ≠ 0 the relationship between the principal stresses is written as follows: 𝜎ଷ𝜎ଵ = 𝜉 = tgଶ ቀ45 − 𝜑2ቁ = 1 − sin𝜑1 + sin𝜑. (17)

Based on (4) and (5): 

𝐸௔ = 𝛾ℎଶ2 tgଶ ቀ45 − 𝜑2ቁ + 𝑞ℎtgଶ ቀ45 − 𝜑2ቁ. (18)

These data make it possible to derive the linear load distributions on the retaining wall 
produced by the soil’s self-weight and additional loads. According to the linear load-distribution 
theory, the pressure acting on the retaining wall decreases with height (or increases with depth): 𝜎௭௠௔௫ = 𝛾𝑧tgଶ ቀ45଴ − 𝜑2ቁ, (19)
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where, 𝛾 is the soil unit weight (kN/m3), 𝑧 is the depth (or height) of the soil behind the retaining 
wall (m); tgଶ ቀ45଴ − ఝଶቁ = 𝐾௔ is the lateral earth-pressure (Rankine) coefficient; and 𝜎௭௠௔௫ is the 
maximum stress, which we take as 𝜎௭௠௔௫ = 𝑃ଶ. The given stress formula applies to a linear 
distribution; multiplying it by the plate width b converts it into a uniformly distributed load over 
the plate width [1]: 𝑃ଶ = 𝐾௔(𝑃ଵ + 𝛾 ∗ ℎ ∗ 𝑏). (20)

In this formula, 𝑃ଵ is the value of the additional (surcharge) load transmitted to the soil; if no 
surcharge is present, we set 𝑃ଵ = 0. 

Using the fourth derivative of the exponential equation and the Coulomb-Mohr relations, the 
stress values in the soil along the plate height were determined, and based on these values the 
resultant action diagram (épure) on the plate was constructed. The graph of this stress action 
diagram is presented in Fig. 3.  

 
Fig. 3. Comparison of soil stress diagrams: 1 – Coulomb-Mohr (linear); 2 – exponential model (parabolic) 

As shown in Fig. 3, the stress epure from the Coulomb-Mohr theory is linear, while that from 
the fourth derivative of the exponential relation is parabolic. Consequently, the bending moment 
from a parabolic pressure distribution may be smaller, since its resultant acts lower than ℎ/3. This 
confirms that the exponential model better represents real slope and retaining-wall conditions.  

3. Discussion 

The proposed exponential model, validated under static laboratory conditions, showed 
excellent agreement with experimental deflections. However, it does not yet account for dynamic 
soil behavior. Future work should extend the model to dynamic or seismic loading using numerical 
methods (e.g., PLAXIS 3D, ABAQUS, MIDAS GTS) and verify its scalability through large-
scale field tests. 

4. Conclusions 

The conducted research shows that the deflection and stress state arising in a plate under soil 
self-weight and additional surcharges are described more accurately by an exponential model than 
by traditional theory. Comparing experimental results with theoretical calculations indicates that 
the stresses obtained via the exponential equation differ from the linear distribution based on the 
Coulomb-Mohr theory and are closer to real behavior. 

These findings open the possibility of using the exponential model to assess the stability of 
slopes and retaining walls. The approach serves as a reliable tool for analyzing stresses and 
deformations in structure-soil systems, contributing to improved safety and economic efficiency 
in practical construction. In particular, for slope reinforcement, retaining-wall design, and 
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foundation calculations, the exponential model may yield more accurate results than conventional 
methods. Overall, the exponential modeling framework provides a valuable analytical basis for 
future studies on soil-structure interaction and slope stability under both static and dynamic 
conditions. 

At the same time, this study focused mainly on static conditions. Future work should examine 
the performance of the exponential model under seismic and dynamic loading, determine 
parameters for different soil types (sand, gravel, clay, and mixtures), and deepen the analysis 
through numerical modeling (e.g., PLAXIS, MIDAS, ABAQUS). It is also advisable to conduct 
large-scale field tests and investigations on full-scale structures. 
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