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Abstract. This paper considers the solution to the dynamic problem of seismically isolated 
buildings using the concentrated strain method. A dynamic model of a building with seismic 
isolation is investigated under various dynamic effects. Each mass in the dynamic model is 
assumed to have four degrees of freedom. The concentrated strain method is used to generate the 
external stiffness matrix of the studied object. Using the method of successive approximations, 
the system of differential equations is transformed into a system of algebraic equations, which is 
solved using the stepwise method. The developed computer program based on a numerical 
modeling algorithm is implemented using the example of a multi-story building with seismic 
isolation in the form of rubber-metal bearings. The results of a direct dynamic calculation of the 
seismically isolated building under various types of external effects are obtained.  
Keywords: seismic isolation, seismic protection, superstructure, rubber-metal bearing, 
substructure, modeling. 

1. Introduction 

Seismic isolation is currently recognized as an effective means of seismic protection for 
buildings and engineering structures. One of the most modern approaches to seismic resistance is 
active seismic protection of buildings and structures, which aims to effectively reduce the intensity 
of seismic impacts for both existing and newly constructed buildings and structures with various 
structural designs and located in areas with varying engineering and seismological conditions. 
Active seismic protection involves reducing seismic loads on structures by regulating their 
dynamic characteristics during earthquake vibration. Dynamic characteristics are regulated in such 
a way as to avoid resonant increases in the structure's vibration amplitudes or, at least, to reduce 
resonant effects. Modification of the structure's natural vibration periods during earthquake 
vibration can be achieved through the use of special structural devices. The main idea of seismic 
isolation is to increase the building's fundamental period of free vibration and move it beyond the 
region of predominant seismic impact periods. 

Today, numerous design options for seismic isolation systems are known: buildings with 
flexible ground floors; with kinematic supports; with suspended supports; with sliding supports; 
with rubber-metal supports. All types of seismic isolation systems adhere to the general principle 
of dividing the structure into two parts and installing seismic isolation between them. 

In recent years, the development and practical application of seismic protection and seismic 
isolation devices (SPD) for various types of buildings, structures, and equipment, reducing the 
intensity of seismic loads and increasing their seismic resistance, have been extensively 
developed. In this area, the following works are noteworthy: [1]-[13]. 

https://crossmark.crossref.org/dialog/?doi=10.21595/vp.2025.25686&domain=pdf&date_stamp=2026-06-08
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Various SPD designs have been proposed, differing in their operating principle and nature of 
operation, and numerous theoretical and experimental studies have been conducted [12], [14], 
[15]. 

Vibrations of a linear system with a dynamic vibration damper under various laws of 
foundation motion were studied in [16], [17], [26]. The results obtained in these studies 
demonstrate the effectiveness of the dynamic vibration damper under seismic impacts. 

The most effective method of seismic isolation is considered to be the use of rubber-metal 
bearings (RMB). The main mechanical characteristics of RMB isolators with high (HDR - high 
damping rubber) and low (LDR - low damping rubber) damping, as well as RMB with a lead core 
(LRB - lead rubber bearing) and a friction pendulum system (FPS - friction pendulum system), 
and a laminated rubber bearing (LRB - laminated rubber bearing) are described in detail in [15], 
[18], [19]. Buildings on RMB are widely used in Japan, England, Italy, Russia, France, the USA, 
and New Zealand. The paper [20],[35] presents the results of laboratory tests of RMB from FIP 
Industriale, intended for seismic isolation of the 25-story Sea Plaza complex in Sochi, conducted 
according to European standards [21]. 

2. Research methods 

2.1. Mathematical modeling 

Let us consider a computational model of a seismically isolated building, in which the mass is 
concentrated at the floor levels in the form of an inertial mass with four degrees of freedom – two 
angular ሺ𝜑,𝜃ሻ and two linear ሺ𝑢,𝑤ሻ. It is assumed that the supporting part of the building 
experiences the action of a multi-component kinematic disturbance (Fig. 1(a))  𝐔଴(𝑡) = (𝑢଴ 𝛽଴ 𝑤଴ 𝛼଴)், where 𝑢଴, 𝑤଴ linear displacements; 𝛽଴, 𝛼଴ angular displacements.  

 
a) 

 
b) 

 
c) 

Fig. 1. Dynamic model of a seismically isolated building 

From the consideration of dynamic equilibrium 𝑗-𝑦 inertial mass of the building, where 
between the centers of mass 𝑜௠ and rigidity 𝑜௥ there is eccentricity 𝑒௭ (Fig. 1(c)), based on the 
basic system of the displacement method, we obtain a system of equations that is represented in 
matrix form: 𝐌𝐔ሷ + 𝐃𝐔ሶ + 𝐊𝐔 = −𝐌ൣ𝐔ሷ ଴(𝑡) + 𝐔ሷ ௕(𝑡)൧, (1)𝐔ሷ ଴(𝑡) = (𝑢ሷ ଴  𝜑ሷ ଴  𝑤ሷ ଴  𝜃ሷ଴)௝ఁ,      𝐔ሷ ௕(𝑡) = (𝑢ሷ ௕  𝜑ሷ ௕  𝑤ሷ ௕  𝜃ሷ௕)௝ఁ, 𝐌 = diag(𝑚௫  𝐽௬  𝑚௭  𝐽௫)௝ ,     𝐔 = (𝑢  𝜑  𝑤  𝜃)௝ఁ, 𝑚௫௝ = 𝑚௭௝ = 𝑚௣௝ + 𝑚௖௝ + 𝑚௪௝ + 𝑚௦௝ ,      𝑗 = 1,2, . . . ,𝑛, 
where 𝑚௣௝, 𝑚௖௝, 𝑚௪௝, 𝑚௦௝ are the concentrated masses of the floor slab, columns, walls and 



MODELING SEISMIC-ISOLATED BUILDINGS BY THE CONCENTRATED DEFORMATION METHOD.  
RAKHMATULLO PIRMATOV, NIZOMOV JAKHONGIR, KALANDARBEKOV IMOMERBEK, KALANDARZODA IFTIKHOR 

154 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479  

stiffening core, respectively, at the 𝑗-th level; the sum of the distributed masses of the columns, 
external wall panels, partitions and stiffening core; 𝐽௬௝ – the moment of inertia of the masses 
relative to the axis 𝑦, passing through the center of gravity at the 𝑗- th level; 𝐽௫௝ – the polar moment 
of the floor slab disk; 𝑢ሷ ଴, 𝜑ሷ ଴, 𝑤ሷ ଴, 𝜃ሷ଴ – the given linear and angular accelerations of the foundation 
soil; 𝑎, 𝑏, 𝛿 – the dimensions of the inertial mass (Fig. 1(b)). 

System of differential equations of mass equilibrium 𝑚௕ foundation slab, obtained similarly 
to Eq. (1), is represented in matrix form: 𝐌௕𝐔ሷ ௕ + 𝐅௕ − 𝐊ଵ𝐔ଵ − 𝐃ଵ𝐔ሶ ଵ = −𝐌௕𝐔ሷ ଴(𝑡), (2)𝐌௕ = diag(𝑚௫  𝐽௬  𝑚௭  𝐽௫)௕,       𝐅௕ = 𝐊௘௙௙𝐔௕ + 𝐃௘௙௙𝐔ሶ ௕, 𝑚௫௕ = 𝑚௭௕ = 𝛾௕𝑎𝑏ℎ௕𝑔 , 𝐊௘௙௙ = diag൫𝑘௨  𝑘ఝ  𝑘௪  𝑘ఏ൯,      𝐃௘௙௙ = diag൫𝑐௨  𝑐ఝ  𝑐௪  𝑐ఏ൯, 𝐊ଵ = diag൫𝑘ଵ௨  𝑘ଵఝ  𝑘ଵ௪  𝑘ଵఏ൯,      𝐃ଵ = diag൫𝑐ଵ௨  𝑐ଵఝ  𝑐ଵ௪  𝑐ଵఏ൯, 𝐔௕ = (𝑢௕  𝜑௕  𝑤௕  𝜃௕)ఁ,       𝐔ଵ = (𝑢ଵ  𝜑ଵ  𝑤ଵ  𝜃ଵ)ఁ, 
where 𝛾௕, ℎ௕ – are the volumetric weight and thickness of the foundation slab; 𝐊௘௙௙, 𝐃௘௙௙ – the 
diagonal matrices of the effective elastic stiffnesses and viscous damping; 𝐔௕, 𝐔ଵ – the 
displacement vectors of the inertial masses 𝑚௕ and 𝑚ଵ respectively; 𝑘௨, 𝑘ఝ, 𝑘௪, 𝑘ఏ – the specified 
stiffness coefficients of the rubber-metal bearing; 𝑘ଵ௨, 𝑘ଵఝ, 𝑘ଵ௪, 𝑘ଵఏ – the stiffness coefficients 
corresponding to the first-floor elements; 𝐅௕ and the vector of restoring forces in the LRB. By 
writing Eq. (1) for all 𝑗 = 1,2, … ,𝑛 taking into account Eq. (2), we obtain a system of differential 
equations with a displacement vector of size 4(𝑛 + 1). 

One of the main tasks in solving dynamic problems of systems with a finite number of degrees 
of freedom is the formation of a stiffness matrix. Here, the method of concentrated strains (MCS) 
is used to construct the stiffness matrix. Formation of a stiffness matrix based on the method of 
concentrated strains [22]: 𝐊 = 𝐀𝐂𝐀ఁ, (3)

where 𝐊 is the external stiffness matrix [23]. After the external stiffness matrix 𝐊 has been formed 
according to the LRB we can begin to solve Eqs. (1) and (2), which are presented as a single 
system of equations: 𝐌𝐔ሷ + 𝐃𝐔ሶ + 𝐊𝐔 = −𝐅 + 𝐏, (4)𝐅 = (𝐹ଵ,𝐹ଶ, … ,𝐹௡)ఁ,     𝐏 = (𝑃ଵ,𝑃ଶ, … ,𝑃௡)ఁ, 𝐹௝ = (𝑚௝𝑢ሷ ଴,  𝐽௬௝𝛽ሷ଴,  𝑚௝𝑤ሷ ଴,  𝐽௫௝𝛼ሷ଴)ఁ,      𝑃௝ = (𝑝௫௝ , 𝑀௬௝ , 𝑝௬௝ , 𝑀௫௝)ఁ, 
where 𝐅 vector of external influence at the base of the building at the substructure level, 𝐏 vector 
of given dynamic loads. The numerical solution Eq. (4) leads to a system of algebraic equations, 
which is solved by the step method [3], [4]. 

2.2. Numerical modeling 

For the purpose of numerical solution Eqs. (4), we approximate the sought function in time 
using the method of successive approximations [24] and the velocity and acceleration vectors 
corresponding to the moment in time 𝑡௡ାଵ, let’s represent it in the form: 

𝐔ሶ ௡ାଵ = 𝛽ଵ(𝐔௡ାଵ − 𝐔௡)𝜏 − 𝛽ଶ𝐔ሶ ௡ − 𝜏𝛽ଷ𝐔ሷ ௡, (5)
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𝐔ሷ ௡ାଵ = 𝛼ଵ(𝐔௡ାଵ − 𝐔௡)𝜏ଶ − 𝛼ଶ𝐔ሶ ௡𝜏 − 𝛼ଷ𝐔ሷ ௡,       (𝑛 = 0,1,2, … ,𝑁), (6)

where 𝜏 = 𝑡௡ାଵ − 𝑡௡ is the integration step over time, 𝛼௜, 𝛽௜ – the approximation coefficients. By 
writing Eq. (4) at the moment in time 𝑡௡ାଵ and introducing Eq. (5) and (6) into this equation, we 
obtain: 𝛼ଵ𝜏ଶ 𝐌𝐔௡ାଵ + 𝛽ଵ𝜏 𝐃𝐔௡ାଵ + 𝐊𝐔௡ାଵ = 𝐏௡ାଵ − 𝐅௡ାଵ + 𝛼ଵ𝜏ଶ 𝐌𝐔௡ + 𝛼ଶ𝜏 𝐌𝐔ሶ ௡       +𝛼ଷ𝐌𝐔ሷ ௡ + 𝛽ଵ𝜏 𝐃𝐔௡ + 𝛽ଶ𝐃𝐔ሶ ௡ + 𝜏𝛽ଷ𝐃𝐔ሷ ௡. (7)

The matrix Eq. (7) can be represented in standard form: 𝐊∗𝐔௡ାଵ = 𝐏௡ାଵ∗ , (8)𝐊∗ = 𝐊 + 𝛼ଵ𝜏ଶ 𝐌 + 𝛽ଵ𝜏 𝐃, (9)𝐏∗௡ାଵ = 𝐏௡ାଵ − 𝐅௡ାଵ + 𝐌𝐀௡ + 𝐃𝐕௡, 𝐀௡ = ቀ𝛼ଵ𝜏ଶ 𝐔௡ + 𝛼ଶ𝜏 𝐔ሶ ௡ + 𝛼ଷ𝐔ሷ ௡ቁ ,     𝐕௡ = ൬𝛽ଵ𝜏 𝐔௡ + 𝛽ଶ𝐔ሶ ௡ + 𝜏𝛽ଷ𝐔ሷ ௡൰, (10)

where 𝐀௡, 𝐕௡ – the pseudo-acceleration and pseudo-velocity vectors. The damping matrix in 
Eqs. (9) and (10) can be represented using Rayleigh’s formula: 𝐃 = 𝑎𝐌 + 𝑏𝐊, (11)

where 𝑎, 𝑏 – are arbitrary proportionality coefficients. As noted in [35], when the damping matrix 
is proportional to the mass matrix, higher-order vibration modes will have very little damping, 
while when the damping is proportional to the stiffness matrix, higher-order vibration modes will 
be highly damped.  

3. Results and discussion 

Based on the described algorithm, the SI-MCD-El Centro computer program in FORTRAN 
was developed, and calculation results for a seismically isolated building with rubber-metal 
supports were obtained. For comparison purposes, calculation results for a model with rigid 
restraint and elastic supports were also obtained. 

Example 1. Study of free vibrations. A dynamic model of a 9-story building with a frame 
structure and a rigid core is considered (Fig. 1(c)). The building, with plan dimensions of  
18×18 m, a 6×6 m column grid, and a floor height of 3 m, rests on a 1 m thick foundation slab. 
The floor slabs are m thick 𝛿 = 0.2 m. The modulus of elasticity of the material is  𝐸 = 2×107 kN/m2, the shear modulus is 𝐺 = 0.8×107 kN/m2, and the bulk density is  𝛾଴ = 25 kN/m3. It is assumed that 20 rubber-metal bearings are installed in the supporting part of 
the building. 

The block diagonal mass matrix of the building consists of 10 blocks each, which describes 
the components of the inertial masses of the corresponding level: 𝐌 = diag(𝐌ଵ  𝐌ଶ  . . .  𝐌ଵ଴),      𝐌௜ = diag൫𝑚௫௜   𝐽௬௜   𝑚௭௜   𝐽௫௜൯,      𝑖 = 1,2, … ,10, 
where the components of the diagonal block 𝐌ଵ, corresponding to the foundation slab will be 
equal to 𝑚௫ଵ = 𝑚௭ଵ = 0.8257×102 ts2/m; 𝐽௬ଵ = 0.2229×104 tm∙s2; 𝐽௫ଵ = 0.4459×104 tm∙s2. 

The remaining blocks of the matrix 𝐌 are presented in the form: 𝐌௜ = diag(0.3219 ×
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10ଶ   0.3709 × 10ଷ   0.3219 × 10ଶ   0.7134 × 10ଷ), 𝑖 = 2,3, … ,10. 
The rigidity characteristics of the reduced rod under tension and compression, bending, shear 

and torsion will be equal to 𝐸𝐹௫ = 9.324×107 kN; 𝐸𝐽௬ =  2.351×109 kN·m2; 𝐺𝐹௭ = 3.108×107 kN; 𝐺𝐽௫ = 1.877×109 kN. 
The developed algorithm and computer program, based on the methods of concentrated 

deformations and successive approximations of the sought function over time, are implemented 
using the example of studying the free vibrations of a multi-story building with seismic isolation 
in the form of rubber-metal bearings. The results of the numerical solution are obtained for a 
building model with various boundary conditions: M1 – rigid clamping at the foundation;  
M2 – elastic supports; M3 – seismic isolation in the form of LRB. In model M2, it is assumed that 
the elastic supports reflect the flexibility of the foundation. The diagonal stiffness matrix is 
adopted in the following form [25] 𝐂ଵ = diag(𝑐௫ 𝑐ఝ௬ 𝑐௭ 𝑐ఝ௫) = diag(2 × 10ଶ଴  0.6 ×10଼  1.2 × 10଺  2 × 10ଵ଴). 

In the M3 model, elastic supports corresponding to the rigidity characteristics of rubber-metal 
supports are taken to be equal to: 𝑐௭ = 20×0.275×104 kN /m; 𝑐௫ = 2×109 kN/m;  𝑐ఝ௬ = 2×107 kN·m; 𝑐ఝ௫ = 2×106 kN. m. 

Results were obtained for free oscillations from an instantaneous pulse distributed according 
to a triangular law. Fig. 2 compares the graphs of free oscillations for models M1 (curves 1 and 2) 
and M3 (curves 3 and 4) without and with damping, respectively. 

 
Fig. 2. Horizontal oscillations of the coating mass in models M1 and M3 

It can be seen that in the case of the seismic isolation model, the period and amplitude of free 
oscillations increase significantly. The periods of free oscillations for models M1 and M3 are 
0.375 s and 2.45 s, respectively. 

Example 2. Study of forced vibrations. A dynamic model of a building is considered, with 
initial data as in example 1, from the action of a vibration load 𝑃(𝑡) = 𝑃଴ sin𝜃 𝑡 = 𝑃଴ sin𝜃 𝑡,  𝜃 = 2𝜋/𝑇௣. 

Results were obtained for various values of the vibration load oscillation period. Fig. 3 shows 
the graphs of horizontal oscillations of the mass 𝑚ଵ଴ of models M1 and M2, obtained from the 
action of a horizontal vibration load applied to the mass 𝑚ଵ଴ at 𝑇௣ = 0.38; 0.42; 0.46 s. In model 
M1, a resonant mode is observed at 𝑇௣ = 0.38 s, confirming the reliability of the results obtained 
with free oscillations, where the period is 𝑇 = 0.375 s. A resonant mode is also observed in model 
M2 at 𝑇 = 0.46 s, and at 𝑇௣ = 0.42 s, we obtain oscillations close to resonant. The periods of 
resonant oscillations practically coincide with the periods of free oscillations of the studied models 
obtained from the action of an instantaneous pulse. 

Fig. 4 shows the graphs of oscillations of a seismically isolated model for different values of 
the harmonic load period. 

From these graphs it follows that when the value of the vibration load period is 𝑇௣ = 2.42 s, 
which practically coincides with the period of free oscillations 𝑇 = 2.45 s, an increase in the 
amplitude of oscillations is observed. 

Example 3. Direct dynamic calculation for seismic effects. The developed algorithm was 
implemented on models M1, M2, and M3 with the same initial data as in Example 1. Results were 
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obtained from a given accelerogram of the El Centro earthquake, with a sampling step of 0.02 s. 
Graphs of mass 𝑚ଵ଴ acceleration changes in models M1 and M3, obtained from the action 𝑤ሷ ଴(𝑡), are shown in Fig. 5. The comparison shows that the accelerations in the seismically isolated 

building are more than 5 times lower than in the building without seismic isolation. 
Based on the conducted research, it can be concluded that the developed dynamic calculation 

method allows for studying the stress-strain state of a seismically isolated building under various 
impacts 

Modeling based on method of concentrated deformations allows us to study the dynamic 
behavior of an object under multicomponent seismic impact. 

 
Fig. 3. Effects of harmonic load  

 
Fig. 4. Oscillations of the M3 model at  

different harmonic load frequencies 

 
Fig. 5. Graphs of acceleration of horizontal mass oscillations in models M1 and M3 

In Table 1, the results of a comparative analysis obtained under various influences are 
presented, where the resonant modes are denoted by the letter R, which are obtained at the values 
of the vibrational load's operating period, coinciding with the free vibration period of the models. 

It should be noted that the proposed algorithm, as follows from Eqs. (1) and (2), allows for the 
study of dynamic processes in seismically isolated buildings under four- or three-component 
seismic impacts in the form of given earthquake accelerograms. The proposed mathematical 
model can be improved to account for the nonlinear operation of seismic isolation, for example, 
based on the Bouc-Wen hysteresis model. 

Table 1. Numerical modeling results 

Influence Period, displacement, acceleration Models 
М1 М2 М3 

Instantaneous impulse 𝑇, s 0.375 0.46 2.45 𝑢, mm 1.89 2.67 6.52 

Vibrational load 𝑇, с 0.38 0.46 2.42 𝑢, mm R R R 
Specified accelerogram 𝐴୫ୟ୶, m/s2 26.3 – 4.85 

4. Conclusions 

A dynamic computational model of a multi-story seismically isolated frame building is 
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proposed, taking into account the longitudinal, translational, bending, and torsional movements of 
inertial masses using the concentrated strain method. The developed algorithm and computer 
programs for numerically solving dynamic problems enable the study of free and forced vibrations 
of buildings with seismic isolation under various impacts. The numerical modeling results 
obtained using the developed algorithms and computer programs confirm the effectiveness of 
seismic isolation rubber-metal bearings. It is shown that the use of seismic isolation leads to a 
significant reduction in acceleration and relative interstory shear, but at the same time, the absolute 
displacement of the building increases compared to a building without seismic isolation. The near 
coincidence of the frequencies obtained using the two methods confirms the reliability of the 
obtained results. The developed mathematical model and computer program can be used to study 
seismically isolated objects at the design variant stage. 
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