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Abstract. The paper presents a method for determining the deformation modulus of soils using a 
sand pleximeter installed inside a borehole. Radial stresses generated by the compressed sand core 
produce measurable wall displacements, which form the basis for evaluating the deformation 
modulus. The limitations of the classical Lamé solution-particularly its overestimation of radial 
stress decay due to the negligible tensile capacity of soils-are highlighted. To address this, new 
coordinate functions are proposed and calibrated with laboratory data, showing significantly better 
agreement with measured stress attenuation. The study also analyzes the corresponding radial 
displacement fields and outlines practical applications of the obtained modulus in geotechnical 
design.  
Keywords: radial stresses, borehole deformation, deformation modulus, coordinate functions, 
geotechnical design. 

1. Introduction 

Classical analytical solutions to the axisymmetric problem of a thick-walled cylinder are well 
documented in the literature [1]. In geotechnical practice, this formulation serves as a fundamental 
theoretical model for addressing axisymmetric problems encountered in the field. A typical 
example is its application in the interpretation of pneumatic pressuremeter tests, which are widely 
used to assess the stress-strain response of soils surrounding an expanding borehole under the 
influence of the gravitational stress of the ground mass. 

A key issue in such analyses concerns the development of tensile stresses and strains in the 
circumferential direction. Unlike the classical elastic solution for a thick-walled cylinder, 
soils-owing to their inherently low tensile strength-exhibit either negligible or virtually no tensile 
stresses and deformations in the tangential direction [2-3]. This fundamental difference between 
soils and elastic solids has been emphasized in numerous recent studies, which confirm that tensile 
stress components assumed in classical elasticity models are not physically realized in granular 
and cohesive geomaterials under in situ conditions [10]. 

Despite this limitation, the Lamé solution [1] continues to be employed as a theoretical basis 
for analyzing geotechnical problems involving boreholes subjected to internal pressure. However, 
when classical Lamé expressions are applied directly to soils, they tend to predict an unrealistically 
rapid decay of radial stresses with distance from the borehole wall. Recent experimental and 
analytical investigations conducted after 2015 have demonstrated that such stress attenuation is 
significantly overestimated by purely elastic models, particularly in soils with negligible tensile 
capacity [8, 9, 14]. 

Since soils are incapable of sustaining tensile stresses, the circumferential stress component 
assumed in the elastic solution cannot fully develop under real field conditions. Consequently, the 
actual redistribution of stresses around a pressurized borehole differs markedly from classical 
predictions. This discrepancy leads to systematic errors in the evaluation of radial stress 
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distributions and, ultimately, in the determination of deformation moduli derived from 
pressuremeter-type tests. Recent studies have therefore highlighted the necessity of introducing 
modified analytical formulations or experimentally calibrated coordinate functions that explicitly 
account for the stress transmission mechanisms characteristic of soils rather than elastic solids 
[13, 15, 16]. 

2. Research objective 

The objective of this study is to develop an improved method for determining the stress-strain 
state of soil around a borehole under radial pressure. The research aims to refine radial stress 
distribution models by accounting for the negligible tensile capacity of soils, introduce 
experimentally validated coordinate functions, and obtain a corrected deformation modulus based 
on measured radial displacements. 

Physical and mechanical properties of the tested loess soil. The experiments were performed 
on loess soils sampled from the Tashkent region. The main physical properties of the soil at natural 
moisture content were as follows: Natural moisture content: 𝑊 ൌ 18.5-20.2 %; Bulk density:  𝜌 ൌ 18.5 kN/m3; Dry density: 𝜌ௗ ൌ 15.3 kN/m3; Porosity coefficient: 𝑒 ൌ 0.76; Plasticity index: 𝐼௉ ൌ 8.1 %. 

These values clearly demonstrate the significant reduction of stiffness due to saturation, which 
must be considered in the interpretation of radial stress measurements. 

The initial stage of testing was carried out on soil specimens at their natural moisture content. 
After the axial stress reached a stabilized level, the soil inside the borehole was gradually saturated 
with water until full water-holding capacity was achieved. 

According to the calculations based on expression, the deformation modulus for the stiffness 
coefficient 𝐾௥௦ = 3 was obtained as: For natural moisture content: 𝐸 ൌ 17.2 MPa; For fully 
saturated soil: 𝐸௦௔௧ ൌ 8.4 MPa. 

3. Experiments and analysis 

Let us provide a concise overview of the Lamé elastic formulation. Denote the radial strain by 𝜀௥ (acting in the radial direction of the cylinder) and the tangential or circumferential strain by 𝜀௧. 
The linear strains and corresponding normal stresses develop along three orthogonal directions 
and are related through the modulus of elasticity 𝐸 as follows: 𝜎௫ ൌ 𝐸𝜀௫, 𝜎௥ ൌ 𝐸𝜀௥ and 𝜎௧ ൌ 𝐸𝜀௧. 
When deformation along the axial direction (the 𝑧-axis) occurs freely-meaning no external 
constraints restrict elastic elongation-the axial stress can be assumed to vanish 𝜎௫ ൌ 0. 

In this analysis, the action of the internal pressure 𝑝ଶ and the external pressure, applied 
uniformly to the inner and outer surfaces of the pipe, is considered. We denote the outer and inner 
radii of the pipe by 𝑝ଵ௔ and 𝑏, respectively. The forces acting on an arbitrarily selected elementary 
volume 𝑑𝑉 due to the applied load are determined see Fig. 1. 

 
а) Stress distribution calculation scheme 

 
b) Design scheme for determining the composite stresses 

Fig. 1. Calculation scheme 

We now derive the equation of equilibrium for the radial forces along the 𝑅-axis. 
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ADDED clarification: Transition from Eqs. (1) to (2) neglects second-order small terms, 
typical for axisymmetric equilibrium: ሺ𝜎௥ + 𝑑𝜎௥ሻሺ𝑟 + 𝑑𝑟ሻ𝑑𝜃 ∙ 1 − 𝜎௥𝑟𝑑𝜃 ∙ 1 − 2𝜎௧ ∙ 1 ∙ sin𝑑𝜃2 = 0. (1)

Disregarding quantities of second-order smallness and adopting sin ௗఏଶ ≈ ௗఏଶ , we will receive: 𝑑𝜎௥𝑑𝑟 + 𝜎௥ − 𝜎௧𝑟 = 0. (2)

Eq. (2) contains two unknown stress components, which makes the problem statically 
indeterminate and requires an additional constitutive relation. In this scenario, only differential 
Eq. (2) arises from the equilibrium condition, yet it contains two unknowns, 𝜎௥ and 𝜎௧. Hence, the 
problem is statically indeterminate. 

In the case of soils, based on the theory of strength, the tangential stress is required to satisfy 
the inequality 0 ≤ 𝜎௧ ≤ 𝑐ctg𝜑, with 𝑐 and 𝜑, representing the soil cohesion and the internal 
friction angle, respectively. Taking this into account and assuming 𝜎௧ = 0, differential Eq. (1) 
becomes homogeneous and can be written in the form: 𝑑𝜎௥𝑑𝑟 + 𝜎௥𝑟 = 0. (3)

The assumption 𝜎௧ ≈ 0 reflects the inability of soils to sustain tensile stress and reduces the 
equilibrium equation to a homogeneous form. In the elastic problem, the differential Eq. (3) has 
two unknowns 𝜎௥  and 𝜎௧ . To reduce problem Eq. (2) to a homogeneous form, Hooke’s law is used. 
A second equation in displacements is formed: 

𝜀௥ = 1𝐸 ሺ𝜎௥ − 𝜇𝜎௧ሻ = 𝑑𝑢𝑑𝑟 ,     𝜀௧ = 1𝐸 ሺ𝜎௧ − 𝜇𝜎௥ሻ = 𝑑𝑢𝑑𝑟 . (4)

By solving these two equations for 𝜎௥ and 𝜎௧, we can obtain an expression in displacements: 

𝜎௥ = 𝐸1 − 𝜇ଶ ൬𝑑𝑢𝑑𝑟 + 𝜇 𝑢𝑟൰ ,       𝜎௧ = 𝐸1 − 𝜇ଶ  ൬𝑢𝑟 + 𝜇 𝑑𝑢𝑑𝑟൰. (5)

Expression Eq. (5) links the radial and tangential stresses directly to the displacement field, 
allowing further reduction of the problem to a single differential equation. In Eq. (5), both the 
radial stress 𝜎௥ and the tangential stress 𝜎௧ are expressed in terms of the variable 𝑢, i.e., the radial 
displacement at a given radius 𝑟 Fig. 1. 

By substituting the stress expressions from Eq. (5) into Eq. (2), a differential equation 
formulated in terms of displacements is obtained: 

𝑟ଶ 𝑑ଶ𝑢𝑑𝑟ଶ + 𝑟 𝑑𝑢𝑑𝑟 − 𝑢 = 0. (6)

The solution of the differential equation for radial displacement is: 𝑢 = 𝐶ଵ𝑟 + 𝐶ଶ𝑟 . (7)

Here, 𝐶ଵ and 𝐶ଶ represent the constants of integration. Substituting expression Eq. (7) into 
Eq. (6) allows the stress components to be explicitly determined: 
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𝜎௥ = 𝐸1 − 𝜇ଶ ൤𝐶ଵሺ1 + 𝜇ሻ + 𝐶ଶሺ1 − 𝜇ሻ 1𝑟ଶ൨ ,     𝜎௧ = 𝐸1 − 𝜇ଶ ൤𝐶ଵሺ1 + 𝜇ሻ − 𝐶ଶሺ1 − 𝜇ሻ 1𝑟ଶ൨. (8)

For the sake of simplicity, new constants, (𝐶 and 𝐷), are introduced, enabling the last two 
expressions to be rewritten in the following form: 𝜎௥ = 𝐶 + 𝐷𝑟ଶ ,     𝜎௧ = 𝐶 − 𝐷𝑟ଶ. (9)

It can be readily observed that expression Eq. (5) exhibits a form similar to that derived for the 
plane problem [1]. Using this expression, radial and circumferential (tangential) stresses can be 
calculated for any chosen value of 𝑟, corresponding to any concentric soil layer surrounding the 
borehole. The constants 𝐶 and 𝐷 are determined by the boundary conditions. By solving the 
corresponding equations for 𝐶 and 𝐷, we find: 

𝐶 = 𝑝ଶ𝑟଴ଶ − 𝑝ଵ𝑟ଶ𝑟ଶ − 𝑟଴ଶ ,     𝐷 = ሺ𝑝ଵ − 𝑝ଶሻ 𝑟ଶ𝑟଴ଶ𝑟ଶ − 𝑟଴ଶ. (10)

 
Fig. 2. Plot of horizontal displacement along the 𝑋-axis 

It is well known that the value of 𝑝ଵ, in the context of soils, is determined from the condition 
of zero displacement over a distance 𝐻௦, corresponding to the active compression zone of a 
concentric soil layer, as determined experimentally 𝜀௥ = 0. Fig. 3 presents an experimental graph 
showing the relationship between changes in radial displacement, 𝑥 = ሺ𝑟଴ + 𝑟ሻ/𝑑 and normalized 
displacements, 𝑢∗ = ሺ𝑢/𝑝ଶሻ. According to the experimental data, for medium-grain sands, the 
active compression region is given by 𝐻௦ = 3𝑑 = 6𝑟. The horizontal external gravitational 
stress 𝑝ଶ is found from the equality condition: 𝑝ଶ = 𝜎௭௚ = 𝛾௭௚𝑧    or    𝑝ଶ = 𝜉𝜎௭௚. (11)

In this case, 𝛾௭௚, 𝑧 and 𝜉 indicate the soil’s weighted average unit weight and the thickness of 
the layer, respectively, with k corresponding to the coefficient of lateral earth pressure. 

Considering the condition 𝜎௧ ≅ 0, we examine the solution of the homogeneous differential 
Eq. (2). The solution of Eq. (3) in its homogeneous form is represented as follows: ln𝜎௥ = ln ൬𝐶𝑟൰     or      𝜎௥ = 𝐶𝑟 , (12)

where, 𝐶 is the constant of integration, which is determined from the boundary condition at  𝑟 = 𝑟଴, where 𝜎௥ = 𝑝ଶ . From this, it follows that 𝑝ଶ = 𝐶 𝑟଴⁄  or 𝐶 = 𝑝ଶ𝑟଴. Thus, expression 
Eq. (12) can finally be written in the form: 𝜎௥ = 𝑝ଶ 𝑟଴𝑟 . (13)
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According to the results of experimental studies, the following coordinate function meets these 
requirements: 

𝜎௥ = 𝑝ଵ ቈ−0,0184 ൬ 𝑟𝑟଴൰ଷ  +  0,22 ൬ 𝑟𝑟଴൰ଶ  −  1,1946 ൬ 𝑟𝑟଴൰  +  1.9477቉. (14)

 
Fig. 3. Coordinate function for calculating radial stresses: 1 – (13); 2 – (14); 3 – (15) 

The coordinate function can also be defined by the following phenomenological expression: 𝜎௥ = 𝑝ଶexpሾ−𝑘ሺ𝑟 − 𝑟଴ሻሿ, (15)

where 𝑘 = 1.5 is a coefficient determined experimentally. 𝐻௦ = 6𝑟଴ is the active compression 
region of the soil layer horizontally. For example, for Eq. (13) at 𝑟 = 6𝑟଴. 

 
Fig. 4. Calculated graphs of the distribution of radial stresses 𝜎௥ horizontally 𝑟/𝑟଴:  

calculated using expressions 1 – (13); 2 – (15) and 3 – (14) ൫𝜎௥ − 𝜎௭௚൯ = 𝑝ଶ ଵ଺ = 0.166 ∗ 𝑝ଶ  or ൫𝜎௥ − 𝜎௭௚൯ = 0.0253 and for Eq. (14) at  ൫𝜎௥ − 𝜎௭௚൯ = 0.072. 
As can be seen from the graph Fig. 4, coordinate functions of the form Eq. (14) and Eq. (15) 

are closest to the experimental results. The same solution can be obtained from the equilibrium 
equation: 𝜎௥𝑑𝜃𝑟଴ = 𝑝ଶ𝑑𝜃𝑟 (16)

Thus, it can be stated that for soil, as a medium that does not work under tensile loads, the 
condition is satisfied 0 ≤ 𝜎௧ ≤ 𝑐ctg𝜑, while the value 𝜎௧ can be conditionally assumed to be  𝜎௧ ≅ 0. In this case, the stress distribution 𝜎௥ in the radial direction 𝑟 ൒ 𝑟଴ is directly proportional 
to the internal pressure 𝑝ଶ and the well radius 𝑟଴ and inversely proportional to the radius distance 𝑟. Fig. 5 shows comparative graphs of radial stresses 𝜎௥ versus relative distance (𝑟/𝑏), obtained 
using expressions 1-(13); 2-(15) and 3-(14). The calculations were performed for 𝑏 = 37.5 mm, 
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𝑝ଶ = 200 kРа. As studies have shown, Eqs. (13 and 14) are the most acceptable for determining 
the radial stress function.  

3.1. Determination of wellbore wall displacements caused by radial stresses 

To determine the radial displacements of the borehole wall due to the action of radial stresses 
acting inside the borehole, 𝑝ଶ, we will use the equation of Hooke’s law for a one-dimensional 
linear problem: 

𝑠ோ = න 𝜀௥𝑑𝑟௥ೞ௥೚ = 1𝐸න 𝜎௥𝑑𝑟௥ೞ௥೚ . (17)

Let us solve the integral equations for the obtained dependencies (13; 14; 15): 

𝑠ோ = න 𝜀௥𝑑𝑟௥ೞ௥೚ = 1𝐸න 𝜎௥𝑑𝑟௥ೞ௥೚ = 1𝐸න 𝑝ଶ 𝑟଴𝑟 𝑑𝑟 = 𝑝ଶ𝑟଴𝐸௥ೞ௥೚ ln ൬𝑟௦𝑟଴൰, (18)𝑠ோ = න 𝜀௥𝑑𝑟௥ೞ௥೚ = 1𝐸න 𝜎௥𝑑𝑟௥ೞ௥೚= 1𝐸න 𝑝ଵ ቈ−0.0184 ൬ 𝑟𝑟଴൰ଷ + 0.22 ൬ 𝑟𝑟଴൰ଶ − 1.1946 ൬ 𝑟𝑟଴൰ + 1.9477቉ 𝑑𝑟௥ೞ௥೚ , (19)

𝑠ோ = 𝑟଴𝑝ଵ𝐸 ቈቊ−0.0046 ቈ൬ℎ𝑟଴൰ସ − 1቉ + 0.0733 ቈ൬ℎ𝑟଴൰ଷ − 1቉ − 0.595 ቈ൬ℎ𝑟଴൰ଶ − 1቉+ 1.9477 ቈ൬ℎ𝑟଴൰ଶ − 1቉ቋ቉. (20)

 
Fig. 5. Calculated graphs of the distribution of radial displacements 𝑆ோ along the horizontal  

direction 𝑟/𝑟଴ obtained using expressions 1 – (21) and 2 – (20) 

And, lastly: 

𝑠ோ = න 𝜀௥𝑑𝑟௥ೞ௥೚ = 1𝐸න 𝑃ଶ𝑒ି௞ሺ௉ି௉బሻ𝑑𝑟௥ೞ௥೚ = 𝑃ଶ𝑘𝐸 ൣ𝑒ି௞ሺ௥ೞି௥బሻ − 1൧. (21)

The value 𝑘 is determined depending on the diameter of the well based on the results of 
experiments for specific types of soil. 

The graphs of changes in the functions of radial displacements of the borehole wall are 
presented in Fig. 6. 

From the presented graph Fig. 6 it is evident that the function Eq. (21) more realistically 
approaches the results of the experimental studies presented in Fig. 5. 

Expressions Eqs. (18-21), if the radial displacements are known, allow us to determine the 
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integral value of the deformation modulus: 𝐸 = 𝑝ଶ𝑟଴𝑠ோ𝑘 ln ൬𝑟௦𝑟଴൰, (22)𝐸 = 𝑃ଶ𝑟଴𝑠ோ𝑘 ൣ𝑒ି௞ሺ௥ೞି௥బሻ − 1൧. (23)

If the obtained results are compared with the results discussed in Chapter 2, in particular, with 
expression Eq. (21), then we can conclude that: 

𝐾௥ = ൣ𝑒ି௞ሺ௥ೞି௥బሻ − 1൧𝑘 ≅ ሾ𝑒ି௞ହ௥బ − 1ሿ𝑘 , (24)𝐸 = 𝑃ଶ𝑟଴𝑠ோ 𝐾௥. (25)

In other words, the correction parameter 𝐾௥ depends on the initial diameter of the well and the 
active compression region, equal to 𝑟௦ ≅ 6𝑟଴. 

3.2. Comparison of test results obtained using a sand pressuremeter with traditional plate 
load tests and a vane pressuremeter 

The correlation coefficient 𝐾௥௦ Eq. (25) for solving practical problems is determined based on 
comparative results of plate load tests and pressuremeter tests.  

To reduce instrument error caused by sand compression under initial pressure, a metal pipe 
was used in place of the borehole at the beginning of the experiment. Based on the results of these 
experiments, a calibration graph is constructed showing the relationship between settlement 𝑆௧ 
and pressure 𝑃. The settlement of the sand cylinder is determined taking into account the 
calibration curve: ∆𝑆 = ሺ𝑆ଶ − 𝑆௧ଶሻ − ሺ𝑆ଵ − 𝑆௧ଵሻ, (26)

where 𝑆ଶ, 𝑆ଵ  are the vertical settlements of the sand cylinder inside the borehole corresponding to 
pressure 𝑃ଶ, 𝑃ଵ ; 𝑆௧ଶ, 𝑆௧ଵ are the same values determined from the calibration curve inside the metal 
pipe. 

The deformation modulus for traditional soil testing methods using plate load tests is 
determined by the following known expression: 𝐸 = ሺ1 − 𝜇ଶሻ𝜔√𝐷∆𝑃∆𝑠 . (27)

 
Fig. 6. Relationships between stresses and displacements:  

1 – plate load tests; 2 – vane pressuremeter; 3 – sand pressuremeter 
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For a circular plate, 𝜔 = 0.96. To compare the results of plate load tests, vane pressuremeter 
tests, and the sand pressuremeter proposed by the authors on slightly moist loess soils, 
comprehensive tests were conducted. The main physical properties of the soils are: unit weight 
17.7 kN/m3; natural moisture content 18.5 %; dry soil unit weight 14.9 kN/m3; porosity coefficient 
0.8. The test results are presented in the form of a table and a stress-displacement graph in Fig. 6. 

Table 1. Plate load tests 
Average pressure under the 

plate 𝜎௭ (kPa) 
Average settlement of the 

plate, 𝑆 cm 
Calculated value of the deformation 

modulus, 𝐸, MPa 
0 0  

0.25 0.007 69.8 
0.5 0.015 61.0 
1 0.03 65.1 

1.26 0.04 50.8 
1.51 0.05 48.8 
1.76 0.06 48.8 
2.01 0.075 32.5 

Average  53.9 

Table 2. Results of sand pressuremeter tests 
Average 

pressure under 
the plate  𝑃𝑥 = 𝜉𝜎௭ 

Settlement 𝑆𝑧 sm 
𝑆𝑧. sm 

(calibration) 
𝑆𝑧 

(actual) (𝑟௜ − 𝑟଴) Correlation 
coefficient 𝐾 

Calculated value of the 
deformation modulus. 𝐸. 

MPa 

0.04 0 0 0 0.000 3   
0.50 0.06 0.03 0.03 0.038 3 26.4 
0.94 0.44 0.06 0.38 0.053 3 27.6 
1.38 0.51 0.09 0.42 0.058 3 28.2 
1.82 0.63 0.09 0.54 0.075 3 25.9 

Average      27.2 

Table 3. Results of vane pressuremeter tests 
Lateral pressure 𝑃௫. kPa 

Lateral expansion 
coefficient 𝜇 

Horizontal displacement 
of the vane 𝑆. sm 

Calculated value of the 
deformation modulus 𝐸. MPa 

0.00 0.35 0 – 
22 0.35 0.007 27.8 
65 0.35 0.011 17.6 

108 0.35 0.012 16.2 
151 0.35 0.0105 27.8 
216 0.35 0.017 17.1 
281 0.35 0.0145 6.7 
302 0.35 0.054 25.2 

Average   19.8 

4. Engineering applications 

The proposed approach for determining the deformation modulus under radial loading has 
several practical applications in geotechnical engineering. First, the refined radial stress 
distribution and the corresponding deformation modulus can be used in settlement analyses of 
shallow foundations located near boreholes or underground cavities. Second, the method is 
directly applicable to the interpretation of pressuremeter test results, where the measured radial 
expansion of the borehole wall must be related to a representative deformation modulus of the 
surrounding soil. Third, the obtained stress and displacement fields may be employed in assessing 
the stability of boreholes in weak or water-saturated soils, where reliable estimates of the 
deformation characteristics are essential for the choice of casing, drilling parameters and support 
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systems. 

5. Conclusions 

To determine radial and tangential stresses in a well with internal effective pressure, 𝜎௥ = 𝑝ଶ 
the use of the equation of elasticity theory Eq. (8) leads to its rapid decrease horizontally, which 
is not observed in practice. 

The closest results were obtained using the classical mechanics method using homogeneous 
differential equations of the form Eq. (11) and solutions obtained on the basis of experimental 
studies Eq. (12 and 13). 

Expression Eq. (12) was obtained based on experimental results. It has been proven that the 
value of the active compression region for ground boreholes with an internal effective pressure 𝑝ଶ 
is approximately equal to 𝐻௦ ≅ 3𝑑 = 6𝑟. 

Expressions Eq. (16), obtained by integrating the function of relative radial deformations, 𝜀௥, 
made it possible to theoretically determine the value of the linear deformation modulus. 

A comparison of theoretical expressions for determining the deformation modulus Eq. (20) 
with known expressions allowed us to determine the physical meaning of the coefficient 𝐾௥ 
Eq. (21). It was established that its value depends on the initial borehole diameter and the active 
compression region equal to 𝑟௦ ≅ 6𝑟଴. The proposed coordinate functions and the resulting 
deformation modulus thus provide a more realistic description of the stress-strain behaviour of 
soils surrounding a pressurized borehole than the classical purely elastic solution. 
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