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Abstract. The deformable derivative is a recently proposed mathematical tool that interpolates 
between a function and its classical derivative using a parameterized limit. Initially introduced for 
single-variable functions, the concept is inherently fractional and has shown promise in various 
analytical applications. While fractional calculus is a fundamental tool for modeling non-linear, 
non-local and memory-based systems, it lacks the algebraic simplicity of higher-order derivatives 
when applied to multivariate calculus. To address this gap, a significant extension of the 
deformable derivative to multivariable functions is introduced by defining partial deformable 
derivatives in each coordinate direction while maintaining analytic consistency with classical 
calculus, and the validation is conducted through several test functions. To further address the lack 
of higher-order generalizations, the formulation is extended to include second-order deformable 
derivatives, yielding a higher-order Euler-type theorem. Unlike fractional calculus that relies on 
complex kernel, the novel method provides a local, computationally efficient identity that 
preserves the structural elegance of classical homogeneity. Several examples are provided to 
demonstrate the theoretical results and confirm the smooth convergence of the deformable Euler 
theorem to its classical counterpart. The proposed framework offers new tools for analysing 
homogeneous functions and provides a foundation for further extensions in partial differential 
equations and geometric analysis.  
Keywords: deformable derivative, fractional calculus, Euler’s theorem, multivariable functions, 
homogeneous functions, higher-order partial derivatives. 

1. Introduction 

The deformable derivative is a brand-new idea in fractional calculus, which provides a nice 
smooth interpolation between a function and the classical derivative of a function via a differential 
form that has a parameter. The fractional calculus is particularly useful for modeling systems that 
exhibit non-local behaviours or memory-based features, its ability to capture memory, 
nonlinearity, and fractional behaviours makes it a fundamental tool. Since fractional calculus is a 
direct generalization of classical calculus, it does not include integer order derivatives and its 
extension to higher order partial derivatives. 

The deformable derivative is developed to overcome the shortcoming of conformable 
derivative which lacks to include zero and negative numbers. Unlike a traditional fractional 
derivative, which is traditionally defined using integral operators, the deformable derivative is 
based entirely on limits, and this is helpful for symbolic manipulation and local analysis. The 
deformable derivative allows for a blending of functional value and rate of change (derivative), 
meaning that the operator allows for some flexibility, and is more appropriate for mapping 
intermediate behaviours within dynamical systems. The deformable derivative is popular for its 
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simplicity, analytical tractability, and compatibility with classical differential operators. Another 
important characteristic is that it provides a parameter-based generalization of the derivative that 
can be modified to model systems, with behaviour that is varying in time, or memory-based 
behaviour, in a simple or antique way. Consequently, this operator has gained the interest of 
researchers seeking simplified variants of classical fractional models in mathematics and applied 
sciences. Despite its first promise, however, the theoretical background underlying deformable 
derivatives is relatively undeveloped, especially in multivariable contexts which interest 
real-world applications [1-4]. 

Most current literature on deformable derivatives focuses only on single-variable functions 
and fails to reframe the analysis in a multivariable approach. This limitation narrows the 
application of deformable derivatives for systems with spatial gradients, multi-parameter 
situations, or couplings with different differential equations. In addition, classical results of 
multivariable importance (such as Euler's theorem for homogeneous functions) have not been 
restated in a deformable form. The lack of a formal definition and structural inclusion, for partial 
deformable derivatives as presented in multivariable identities restricts exploring scale-invariance 
and fractional homogeneity. Furthermore, there is no set of higher-order models to represent 
curvature, diffusion, and second-order effects in deformable media as called for. Even though 
deformable derivatives are promising approaches, the current state of knowledge offers limited 
information and does not yet provide a complete and viable form to replace traditional 
multivariable differential approaches [5-8]. 

Many papers evaluated generalized fractional derivatives of multi-variable functions using 
integral-based operators like Riemann-Liouville or Caputo versions. These operators are useful; 
however, these types of formulations tend to be nonlocal with no simple differential structure, 
which makes them difficult to manipulate symbolically and extend classical identities. While the 
deformable derivative has an entirely limit-based formulation, considering a deformable partial 
derivative (DPD) along with methods that can connect deformable derivatives and classical 
multi-variable theorems like Euler's identity for homogeneous functions has yet to be presented. 
The majority of the literature on this topic is numerical approximations, discrete approximations, 
or limits that do not extend to multi-variable functions. The literature on deformable derivatives 
does not account for the higher-order formulations that are required to model curvature, expansion, 
or second-order dynamical systems [9-12]. 

Furthermore, the majority of existing research on deformable derivatives only focused on 
numerical approximation, discrete applications or limit-based definitions without extending to 
high-dimensional multivariable functions and does not account for high-order formulations. These 
gaps highlight the need for an advanced framework that extends to multivariable settings and 
supports higher-order formulations. Thus, the major contribution of the research is as follows: 

1) To address the algebraic simplicity of higher-order derivatives in multivariate calculus, the 
deformable derivative is extended to the multivariable functions, which ensures analytical 
consistency with classical calculus thus enabling a unified treatment of function and derivative 
behavior. 

2) To emphasize higher-order generalizations, second-order deformable derivatives are 
incorporated in the framework to obtain a higher-order Euler-type theorem, which helps to 
maintain analytical consistency with classical results, thereby enhancing multivariable analysis. 

2. Literature survey 

This section examines the development of earlier methods and their mathematical 
formulations, and discusses their strength and limitations to identify existing research gaps.  

Al-Sharif et al [13] utilized fractional-order Chelyshkov functions (FCHFs) and their 
properties, and developed numerical method to solve multi-term variable-order fractional 
differential equations. Also, derived operational matrix of variable-order fractional integral for 
FCHFs, and reduced the computational effort required to approximate solutions of multi-term 



A DEFORMABLE DERIVATIVE APPROACH TO EULER’S THEOREM FOR HOMOGENEOUS FUNCTIONS AND ITS EXTENSION TO HIGHER ORDER 
PARTIAL DERIVATIVES. ANJU DHIRAJ KUMAR NAIDU, ANISA AHMAD, AMIT UJLAYAN 

 MATHEMATICAL MODELS IN ENGINEERING 3 

variable-order fractional differential equations where the variable-order fractional derivative and 
the variable-order fractional integral are considered in the Caputo sense and the Riemann-
Liouville sense. This model further used fractional-order basis functions and provided different 
options to obtain either the exact solutions or accurate approximate solutions. This model reduced 
computational effort required to approximate solutions of multi-term variable-order fractional 
differential equations, but does not account for the higher-order formulations. 

Khodabandehlo [14] introduced computational methods based on Bernoulli operational matrix 
(NBOM) for the generalized non-linear multi-term variable-order fractional differential equations. 
This model presented the fractional derivatives of Caputo, produced Bernoulli polynomials in 
estimating any unknown arbitrary function, approximated the function using Bernoulli 
polynomials, transformed the original problem into a set of algebraic equations that were solved 
using numerical techniques in collocation points, and finally implemented on several nonlinear 
multi-term variable-order fractional differential equations and evaluated. This model yielded high-
accuracy approximate solutions even with a limited number of basic functions. However, when 
applied to multivariable functions and high-dimensional problems, it faces several limitations, 
primarily related to computational complexity and constraints on the domain. 

Postavaru et al. [15] introduced the concept of fractional hybrid functions formed by 
block-pulses and fractional Fibonacci polynomials, and defined an exact integral operator. 
Moreover, derived the fractional nature of the operator through the 𝑥 → 𝑥𝛼 transformation. The 
model used the regularized beta function, constructed integral operator from a technical standpoint 
and applied this operator to collocate the equations at the Newton-Cotes nodes. Further, this model 
applied this operator and collocated the equations at the Newton-Cotes nodes to reduce the 
multiterm fractional variable-order differential equation to a system of algebraic equations, which 
was then solved using Newton’s iterative method. This model focused on fractional derivatives in 
the Caputo sense and fractional integrals in the Riemann-Liouville sense, and solved multiterm 
variable-order fractional differential equations. Moreover, this model simplified for real-world 
applications, where computational resources are often limited, but high accuracy is still required. 

Kostić [16] introduced and analyzed several types of fractional partial difference operators 
using the multidimensional convolution product. Here, this model discussed some classes of the 
fractional partial differential-difference with Riemann-Liouville and Caputo Derivatives, and 
solved multiterm fractional partial differential equations with Riemann-Liouville and Caputo 
Derivatives and fractional partial difference equations with generalized Weyl Derivatives, and 
established the complex characterization theorem for the multidimensional vector-valued Laplace 
transform and provided certain applications. Even though it analyzed several new types of 
fractional partial difference operators, this model lacks to accurately model complex, anisotropic, 
or non-homogeneous media in higher dimensions. 

Zayed et al. [17] introduced and systematically developed a new class of hybrid 
multidimensional polynomials, and constructed through a convolution of Frobenius-Euler and 
multivariate Hermite polynomials. Moreover, this model conducted computational simulations to 
visualize and analyze the distribution of polynomial zeros, providing empirical validation of their 
structural properties, and the approximated roots exhibited symmetry and regularity patterns 
consistent with the theoretical framework. This model also discussed the polynomials under 
parameter variation, especially in high-dimensional settings, and established a foundational 
analytical framework for multivariate Hermite-Frobenius-Euler polynomials. This model lacks to 
investigate their symmetry properties, and determinantal structures, and does not contribute to 
advancements in both analytical theory and computational implementation. 

Nilsson et al. [18] discussed optimization of functions without Lipschitz continuous gradients 
by leveraging the concept of relative smoothness, with respect to a reference function. This model 
derived calculus rules for the symmetry coefficient, and computed 𝛼 (∥·∥ 𝑝2) for general 𝑝. 
Moreover, this model established upper and lower bounds for the symmetry coefficient of sums 
of positively homogeneous Legendre functions, and provided exact formulas for these sums, under 
certain conditions. Also, provided closed-form computations for specific cases such as  
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𝑝 ∈ {6, 8, 10}. This model directly related symmetry coefficient of a positively homogeneous, 
Legendre functions to the degree of homogeneity and the structure of its derivatives, with 
significant limitations arising when examining higher-order properties. 

Alawaideh, et al. [19] investigated two systems using the conformable version of the calculus 
of variations to derive the fractional Euler-Lagrange equation. This model applied this calculus to 
the conformable version of classical mechanics, introduced the conformable Lagrangian and 
derived the equation of motion. Moreover, the obtained path integral quantization directly as an 
integration over the canonical coordinate without the need of integration over the variable. This 
model discussed nonlinear dynamics and invariance principles in complex systems involving 
controlled Lagrangians with higher-order derivative. Moreover, this model demonstrated 
invariance results concerning state variables and explored a natural Hamiltonian formulation for 
composite higher derivative theories involving time derivatives using enhanced theoretical 
applications in this domain, without expanding research on conformable derivatives and 
generalized point particles advancing the understanding of these complex systems. 

Godinho et al [20] introduced the Riemann-Liouville, Gerasimov-Caputo, 
Grünwald-Letnikov, and Riesz formulations, and presented fractionality-inspired conformable 
derivative as an alternative approach to local calculus that maintains the Leibniz rule while 
introducing scale-dependent dynamics and a fractional parameter. This model included the 
fractional Laplacian and its connection to the Riesz derivative, and intimately related the 
conformable calculus to the fractal calculus. Moreover, this model discussed Fractional 
Action-Like Variational Approach (FALVA) for introducing non-locality and memory effects into 
the action principle rather than the equations of motion. This model lacks the fractional calculus 
since it continues to evolve as a rich mathematical theory in continuous construction in its multiple 
manifestations, and with a growing number of applications across all physical scales. 

Youssri et al. [21] introduced a Petrov-Galerkin method (PGM) to address the fourth-order 
uniform Euler-Bernoulli pinned-pinned beam equation. Utilizing a suitable combination of 
second-kind Chebyshev polynomials as a basis in spatial variables, this model elegantly and 
simultaneously satisfied pinned-pinned and clamped-clamped boundary conditions. Moreover, 
derived explicit formulas for the inner product between these basis functions and their derivatives 
with second-kind Chebyshev polynomials, which leads to a simplified system of algebraic 
equations with a recognizable pattern. Furthermore, provided inversion to an approximate spectral 
solution. The efficiency of this model described in precisely solving the Euler-Bernoulli beam 
equation under different scenarios has been validated by numerical testing, meanwhile, it 
increased complexity in selection. 

These limitations highlight a clear research gap, which motivates the present study. 
Accordingly, this framework develops a generalized deformable derivative framework for 
multivariable functions and proposes a novel extension to Euler’s theorem, along with its 
higher-order formulations. 

3. Proposed methodology 

The concept of the deformable derivative is extended to multivariable functions to address the 
limitations of its existing formulation, which is primarily restricted to single-variable analysis and 
does not adequately handle functions involving multiple variables. This extension utilizes the 
linear structure of the deformable derivative and serves as a smooth generalization of classical 
results. Furthermore, this framework introduces a higher-order extension of this new version of 
Euler’s theorem via deformable partial derivatives.  

3.1. Deformable derivatives and their properties: a basic definition 

This section focuses on extending the concept of the deformable derivative to multivariable 
functions. Unlike existing fractional derivative, which primarily emphasize nonlocality and 
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memory effects, the deformable derivative incorporates a single deformable parameter that blends 
the function value and its derivative into a unified analytical expression. This formulation 
preserves consistency with classical calculus while introducing a flexible parameter that enables 
smooth interpolation between the function and its derivative behavior  

3.1.1. Definition 3.1.1 (deformable derivative) 

Many modeling systems often involve dynamic behavior and memory effects that classical 
derivatives alone cannot capture, such as damping in materials, energy dissipation, or non-local 
stress-strain relationships. The deformable derivative is a hybrid mathematical operator that 
provides a smooth, linear interpolation between a function and its classical first-order derivative, 
allowing the modeling system to model the dynamic behavior and memory effects in a flexible 
and tunable way. 

Let ℎ(𝑡) be a function with a real value that is defined on the open interval (𝑎, 𝑏). For any real 
parameter 𝛼 ∈ [0,1], the deformable derivative of ℎ at 𝑡, denoted by 𝐷ఈℎ(𝑡), is defined as Eq. (1) 
[22]: 

𝐷ఈℎ(𝑡) = lim𝑒 → 0 (1 + 𝜀𝛽)ℎ(𝑡 + 𝛼𝜀) − ℎ(𝑡)𝜖 , (1)

where 𝛽 = 1 − 𝛼. If this limit exists, then ℎ is said to be 𝛼-differentiable at 𝑡, and 𝐷ఈℎ(𝑡) denotes 
its deformable (or fractional) derivative. 

3.1.2. Remark 3.1.2 

The definition is consistent with classical differentiation in two extreme cases: 
– If 𝛼 = 0, then 𝐷଴ℎ(𝑡) = ℎ(𝑡), i.e., the deformable derivative returns the function itself. 
– If 𝛼 = 1, then 𝐷ଵℎ(𝑡) = ℎ(𝑡), the classical (first-order) derivative. 
Thus, the deformable derivative provides a smooth interpolation between the function and its 

classical derivative, and is sometimes referred to as the 𝛼-derivative. 

3.1.3. Theorem 3.1.3 (continuity from deformability) 

If ℎ(𝑡) is 𝛼-differentiable at a point 𝑡଴ ∈ (𝑎, 𝑏) for some 𝛼 ∈ (0,1], then ℎ is continuous at 𝑡଴. 
Proof sketch: 
Since 𝐷ఈℎ(𝑡) exists, the limit in Definition 3.1.1 exists, and the limit expression ensures 

continuity in the classical sense. This mirrors the logic used in classical analysis. 

3.1.4. Theorem 3.1.4 (properties of deformable derivative) 

Let ℎଵ(𝑡) and ℎଶ(𝑡) be 𝛼 – differentiable at 𝑡 be a basis functions, 𝑡 be an independent variable, 𝑎 and 𝑏 be a constants, and 𝛽 be a scaling parameter or eigenvalue that relates the constant to its 
own fractional derivative, then the deformable derivative operator 𝐷ఈ satisfies the following 
properties: 

(a) Linearity: 𝐷ఈ[𝑎ℎଵ(𝑡) + 𝑏ℎଶ(𝑡)] = 𝑎𝐷ఈℎଵ(𝑡) + 𝑏𝐷ఈℎଶ(𝑡), for all 𝑎, 𝑏 𝜖 ℝ. 
(b) Commutativity: 𝐷ఈభ(𝐷ఈమℎ(𝑡)) = 𝐷ఈమ(𝐷ఈభℎ(𝑡)). 
(c) Constant Function Rule: 𝐷ఈ𝑠 = 𝛽𝑠, for any constant 𝑠 ∈ 𝑅. 
(d) Product Rule (Modified): 𝐷ఈ[ℎଵ(𝑡) ⋅ ℎଶ(𝑡)] = (𝐷ఈℎଵ(𝑡)) ⋅ ℎଶ(𝑡) + 𝛼ℎଵ(𝑡) ⋅ ௗௗ௧ ℎଶ(𝑡), 

where, ℎଵ(𝑡) and ℎଶ(𝑡) is a basis functions, 𝑡 is independent variable, 𝑎 and 𝑏 is constants, 𝛽 is 
scaling parameter or eigenvalue that relates the constant to its own fractional derivative, and 𝐷ఈ 
is deformable derivative operator. 

Thus, Leibniz’s rule does not hold exactly; this deviation reinforces the interpretation of 𝐷ఈ 
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as a fractional-type operator. 
(e) Function-Derivative Linear Relation:  
The function-derivative linear relation is defined by the following Eq. (2) [23] to show that the 

last identity is particularly significant to show how the deformable derivative is linearly dependent 
on both the function and its classical derivative: 

𝐷ఈℎ(𝑡) = 𝛽ℎ(𝑡) + 𝛼 𝑑𝑑𝑡 ℎ(𝑡), (2)

where, 𝛼 ௗௗ௧ ℎ(𝑡) is the first-order derivative, and this formulation provides a flexible framework 
that smoothly interpolates between purely functional and purely differential behaviour. Thus, the 
proposed approach provides a foundational framework for multivariable analysis, ensuring 
smooth compatibility with classical results and facilitating further developments such as 
higher-order generalizations and deformable extensions of fundamental theorems. 

3.2. Deformable derivative for multivariable functions and a new form of Euler’s theorem 

This section presents a generalized form of Euler’s theorem for homogeneous functions using 
Deformable Partial Derivatives (DPDs) by extending the formulation to second-order deformable 
derivatives, yielding a higher-order Euler-type theorem that generalizes classical results and 
enhances the analysis of multivariable homogeneous functions. 

3.2.1. Extension to multivariable functions 

The deformable partial derivative of a multivariable function denoted as 𝐷ఈ௫೔𝑓 is a local, limit-
based operator designed to provide a smooth interpolation between a function’s value and its 
classical rate of change. 

Let 𝑓(𝑥ଵ, 𝑥ଶ, … 𝑥௡) be a real-valued function defined on an open subset of ℝ௡ and 𝛼 డ௙డ௫೔ be a 
non-linear term. Then define the partial deformable derivative of 𝑓 to the variable 𝑥௜, denoted by 𝐷ఈ௫೔𝑓, as Eq. (3) [24]: 

𝐷ఈ௫೔𝑓(𝑥ଵ, 𝑥ଶ, … 𝑥௡) = 𝛽𝑓(𝑥ଵ, 𝑥ଶ, … 𝑥௡) +  𝛼 𝜕𝑓𝜕𝑥௜ 𝑓(𝑥ଵ, 𝑥ଶ, … 𝑥௡), (3)

where, 𝑓(𝑥ଵ, 𝑥ଶ, … 𝑥௡) is real-valued function defined on open subset of ℝ௡, 𝛼 డ௙డ௫೔ is non-linear 
term, and 𝛽 = 1 − 𝛼, this formulation establishes a consistent extension of the deformable 
derivative to multivariable functions by defining the operator along each coordinate direction. It 
preserves the linear relationship between the function and its first-order partial derivates, ensuring 
compatibility with classical calculus while enabling a smooth transition toward generalized 
behavior. As a result, the deformable partial derivative provides a unified and flexible analytical 
framework for studying multivariable functions. 

3.2.2. Novel Euler’s theorem using the deformable derivative 

Recall that a function 𝑓(𝑥ଵ, 𝑥ଶ, … , 𝑥௡) is said to be homogeneous of degree 𝑚 if for any scalar 𝜆 > 0: 𝑓(𝜆𝑥ଵ, 𝜆𝑥ଶ, … , 𝜆𝑥௡) = 𝜆௠𝑓(𝑥ଵ, 𝑥ଶ, … , 𝑥௡), where 𝜆 is a scaling factor. 
By relating the parameters including the elasticity of the function 𝑚, and the sum of the 

coordinate positions ∑ 𝑥௜௡௜ୀଵ , the classical Euler’s theorem is defined as  ∑ 𝑥௜௡௜ୀଵ డ௙డ௫೔ = 𝑚𝑓(𝑥ଵ, 𝑥ଶ, … 𝑥௡). 
Now propose the novel deformable Euler’s theorem, using definition of the partial deformable 
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derivative in Eq. (4): 

෍𝑥௜௡
௜ୀଵ 𝐷ఈ௫೔𝑓 = ෍𝑥௜௡

௜ୀଵ ൬𝛽𝑓 + 𝛼 𝜕𝑓𝜕𝑥௜൰ = 𝛽 ൭෍𝑥௜௡
௜ୀଵ ൱ 𝑓 + 𝛼෍𝑥௜௡

௜ୀଵ
𝜕𝑓𝜕𝑥௜ . (4)

Since 𝑓 is homogeneous of degree 𝑚, use the classical Euler result [25]: 

෍𝑥௜௡
௜ୀଵ

𝜕𝑓𝜕𝑥௜ = 𝑚𝑓. (5)

The novel deformable Euler’s Theorem for homogeneous functions defined by substituting the 
classical Euler result in function of homogeneous of degree 𝑚 in Eq. (4) given by Eq. (5) [25] as: 

෍𝑥௜௡
௜ୀଵ 𝐷ఈ௫೔𝑓 = 𝛽 ൭෍𝑥௜௡

௜ୀଵ ൱ 𝑓 + 𝛼𝑚𝑓. (6)

The Eq. (6) demonstrates how the contribution of the function 𝑓 and its partial derivatives are 
blended using the deformation parameter 𝛼, offering a smooth transition from the function’s 
scaled value to its differential structure. Thus, the deformable parameter 𝛼 allows the modeling 
system to interpolate pure scaling behaviour and the derivative effects, while the scaling factor 𝛽 
introduces an additional flexibility that allows the modeling of the non-uniform materials, 
fractional structures or imperfect homogeneity. 

3.2.3. Extension to higher-order partial deformable derivatives 

The higher-order deformable partial derivatives are calculated by applying the DPD operator 
multiple times through sequential deformation. The higher-order partial deformable derivatives 
obtained by extending Euler’s Theorem for homogeneous function lies in the limitation of 
classical calculus to describe anisotropic and non-local growth. The higher-order partial 
deformable derivatives function contains the classical theory as a singular, ideal point. 

By blending the function value 𝑓, first-order gradient డ௙డ௫೔ and second-order partial derivative డమ௙డ௫೔మ, the second-order deformable operator 𝐷ఈଶ𝑓 is defined by Eq. (7) [26]: 

𝐷ఈଶ𝑓 = 𝐷ఈ(𝐷ఈ𝑓) = 𝛼ଶ 𝜕ଶ𝑓𝜕𝑥௜ଶ + 2𝛼𝛽 𝜕𝑓𝜕𝑥௜ + 𝛽ଶ𝑓. (7)

Second-Order Euler-Type Identity. 
Using (7) to bridge this with classical theory, a second-order Euler-type expression for a 

homogeneous function of degree is defined by Eq. (8): 

෍𝑥௜ଶ௡
௜ୀଵ 𝐷ఈ௫೔మ𝑓 + ෍𝑥௜௡

௜ୀଵ 𝐷ఈ௫೔𝑓 = ෍ቈ𝑥௜ଶ ቆ𝛼ଶ 𝜕ଶ𝑓𝜕𝑥௜ଶ + 2𝛼𝛽 𝜕𝑓𝜕𝑥௜ + 𝛽ଶ𝑓ቇ+ 𝑥௜  ൬𝛽𝑓 + 𝛼 𝜕𝑓𝜕𝑥௜൰቉௡
௜ୀଵ . (8)

This extended form blends contributions from function value 𝑓, first-order gradient డ௙డ௫೔, and 

second-order partial derivative డమ௙డ௫೔మ, and are used to derive higher-order generalizations of Euler’s 
identity within the deformable framework. By integrating function value, gradient and curvature 
into a single deformable framework, the proposed approach provides a more flexible analytical 
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structure than classical calculus. Consequently, it serves as a flexible tool for modeling system 
where higher-order interactions are significant. 

Remarks on the novel formulation. 
1) By introducing a scaling bias, the proposed deformable Euler theorem provides a significant 

extension to classical calculus via ∑𝑥௜, which is absent in the classical formulation. This additional 
component enables the model to incorporate both the local value of the function and its rate of 
change, extending the applicability of Euler’s theorem beyond purely differential behaviour. 

2) The formulation maintains mathematical integrity by ensuring that, in the limiting case  𝛼 = 1, it reduces exactly to the classical Euler’s theorem for homogenous functions. This limiting 
behaviour confirms that the proposed model is a consistent generalization of the classical result 
rather than an alternative formulation. 

3) Furthermore, the introduction of the deformable parameter α provides a controllable 
mechanism to interpolate between the functional scaling and differential structures. This 
representation enhances the flexibility of the framework and allows it to be adapted for analytical 
and computational settings where a combined representation of state and rate-dependent behaviour 
is required. 

4) The proposed model is particularly valuable for symbolic computing and generating 
approximate solutions in complex dynamical systems, especially where a mixed behaviour 
between the identity operator and the derivative is required to model real-world phenomena 
accurately. 

Example. Let f(𝑥,𝑦) = 𝑥ଶ + 𝑦ଶ, which is homogeneous of degree 2. 
Classical Euler’s theorem: 𝑥 డ௙డ௫ + 𝑦 డ௙డ௬ = 2(𝑥ଶ + 𝑦ଶ). 
Deformable Euler’s theorem: 𝑥𝐷ఈ௫𝑓 + 𝑦𝐷ఈ௬𝑓 = 𝛽(𝑥 + 𝑦)(𝑥ଶ + 𝑦ଶ) + 2𝛼(𝑥ଶ + 𝑦ଶ). 
This result verifies the proposed deformable Euler’s theorem for a homogenous function of 

degree 2. The obtained expression includes an additional term involving the deformation 
parameter which represents a controlled deviation from the classical Euler identity and accounts 
for the contribution of the function value itself. The presence of the parameter 𝛼 ∈ [0,1] enables 
a controlled smooth transition between the function and its derivative for combining both scaling 
behaviour and differential structures within a unified framework. Furthermore, the additional term 
involving 𝛽(𝑥 + 𝑦)(𝑥ଶ + 𝑦ଶ) introduces a flexible scaling component which is absent in the 
classical case. As a result, the proposed formulation extends the classical identity into a more 
adaptable analytical form, and allows a meaningful interpretation even when strict homogeneity 
conditions are relaxed, providing a more adaptable analytical tool. Overall, the proposed 
deformable Euler’s theorem is regarded as a generalized identity that bridges purely algebraic 
scaling and differential behaviour, offering a broader perspective than the classical formulation. 

4. Applications and examples of deformable Euler’s theorem 

This section demonstrates the applicability of the novel deformable Euler's theorem for 
homogeneous functions of multiple variables. The deformable Euler theorem for higher-order 
extensions is used effectively for modeling systems where traditional linear scaling and 
homogeneity do not apply. By deforming the derivative and by representing 𝑓(𝑥) as displacement 
field in the damping material, the first order DPD models energy dissipation, second order DPD 
models stiffness curvature coupling, so that the modeling system accurately capture the memory 
effects and energy dissipation in polymers or high-damping alloy that ignores standard calculus. 
Since these materials exhibit fractal-like properties and non-uniform density, the deformable Euler 
theorem forms an accurate relationship between the internal stress distribution and the total 
potential energy of the structure. 

Using specific examples, the deformable Euler's theorem validates the correctness of the 
deformable formulation and explores how it generalizes classical Euler identities. The results 
further highlight how this approach interpolates between function scaling and classical 
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differentiation using the deformability parameter 𝛼 ∈ [0,1]. 
4.1. Example 1: homogeneous function of degree 2 

The proposed formulation is validated through analytical examples to demonstrate its 
consistency with classical results and its generalized behaviour. 

Let 𝑓(𝑥,𝑦) = 𝑥ଶ + 𝑦ଶ. 
Where 𝑓 is homogeneous of degree 𝑚 = 2. 
(a) Classical Euler’s Theorem: 𝑥 డ௙డ௫ + 𝑦 డ௙డ௬ = 2(𝑥ଶ + 𝑦ଶ). 
(b) Deformable Eulers Theorem: 
Compute the partial deformable derivatives: 

𝐷ఈ௫𝑓 = 𝛽𝑓 + 𝛼 𝜕𝑓𝜕𝑥 = 𝛽(𝑥ଶ + 𝑦ଶ) + 𝛼(2𝑥), 𝐷ఈ௬𝑓 = 𝛽𝑓 + 𝛼 𝜕𝑓𝜕𝑦 = 𝛽(𝑥ଶ + 𝑦ଶ) + 𝛼(2𝑦). 
Now apply the deformable Euler identity: 𝑥𝐷ఈ௫𝑓 + 𝑦𝐷ఈ௬𝑓 = 𝑥[𝛽𝑓 + 𝛼(2𝑥)] + 𝑦[𝛽𝑓 + 𝛼(2𝑦)] = 𝛽(𝑥 + 𝑦)(𝑥ଶ + 𝑦ଶ) + 2𝛼(𝑥ଶ + 𝑦ଶ). 
Thus, the deformable Euler result becomes: 𝑥𝐷ఈ௫𝑓 + 𝑦𝐷ఈ௬𝑓 = [𝛽(𝑥 + 𝑦) + 2𝛼] 𝑓(𝑥,𝑦). 
For 𝛼 = 1, 𝛽 = 0, this reduces to the classical identity. 

4.2. Example 2: homogeneous function of degree 3 

Let 𝑓(𝑥,𝑦) = 𝑥ଷ + 𝑦ଷ. 
Clearly, 𝑓 is homogeneous of degree 𝑚 = 3. 
Compute: 𝜕𝑓𝜕𝑥 = 3𝑥ଶ ,     𝜕𝑓𝜕𝑦 = 3𝑦ଶ, 𝐷ఈ௫𝑓 = 𝛽𝑓 + 𝛼 ∙ 3𝑥ଶ,      𝐷ఈ௬𝑓 = 𝛽𝑓 + 𝛼 ∙ 3𝑦ଶ. 
Now: 𝑥𝐷ఈ௫𝑓 + 𝑦𝐷ఈ௬𝑓 = 𝑥(𝛽𝑓 + 3𝛼𝑥ଶ) + 𝑦(𝛽𝑓 + 3𝛼𝑦ଶ) = 𝛽(𝑥 + 𝑦)𝑓 + 3𝛼(𝑥ଷ + 𝑦ଷ). 
Hence: 𝑥𝐷ఈ௫𝑓 + 𝑦𝐷ఈ௬𝑓 = 𝛽(𝑥 + 𝑦)𝑓 + 3𝛼(𝑥ଷ + 𝑦ଷ). 
This again confirms the proposed deformable Euler identity: 

෍𝑥௜௡
௜ୀଵ 𝐷ఈ௫೔𝑓 = 𝛽 ቀ෍𝑥௜ቁ 𝑓 + 𝛼𝑚𝑓. 
4.3. Example 3: second-order deformable derivative 

Let us revisit 𝑓(𝑥,𝑦) = 𝑥ଶ + 𝑦ଶ.  
For second-order deformable derivatives: 

𝐷ఈଶ𝑓 = 𝛼ଶ 𝜕ଶ𝑓𝜕𝑥ଶ + 2𝛼𝛽 𝜕𝑓𝜕𝑥 + 𝛽ଶ𝑓. 



A DEFORMABLE DERIVATIVE APPROACH TO EULER’S THEOREM FOR HOMOGENEOUS FUNCTIONS AND ITS EXTENSION TO HIGHER ORDER 
PARTIAL DERIVATIVES. ANJU DHIRAJ KUMAR NAIDU, ANISA AHMAD, AMIT UJLAYAN 

10 ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627  

Since: 𝜕ଶ𝑓𝜕𝑥ଶ = 2,     𝜕𝑓𝜕𝑥 = 2𝑥. 
Then: 𝐷ఈ௫೔మ𝑓 = 𝛼ଶ(2) + 2𝛼𝛽(2𝑥) + 𝛽ଶ(𝑥ଶ + 𝑦ଶ). 
Similarly: 𝐷ఈ௬೔మ𝑓 = 𝛼ଶ(2) + 2𝛼𝛽(2𝑦) + 𝛽ଶ(𝑥ଶ + 𝑦ଶ). 
Using the proposed second-order Euler-like expression: 𝑥ଶ𝐷ఈ௫೔మ𝑓 + 𝑦ଶ𝐷ఈ௬೔మ𝑓 + 𝑥𝐷ఈ௫𝑓 + 𝑦𝐷ఈ௬𝑓= (𝑥ଶ + 𝑦ଶ)[2𝛼ଶ + 𝛽ଶ(𝑥ଶ + 𝑦ଶ) + 𝛽(𝑥 + 𝑦) + 2𝛼] + 4𝛼𝛽(𝑥ଷ + 𝑦ଷ). 
This completes the full symbolic expansion of the second-order deformable Euler-like 

expression for the function 𝑓(𝑥,𝑦) = 𝑥ଶ + 𝑦ଶ. 
From the above examples, the first-order deformable derivative (𝐷ఈ௫೔𝑓 = 𝛽𝑓 + 𝛼 డ௙డ௫೔) models 

systems experiencing material aging or damping, providing a predictive scaling relationship 
though the identity ∑ 𝑥௜௡௜ୀଵ 𝐷ఈ௫೔𝑓 = 𝛽(∑ 𝑥௜௡௜ୀଵ )𝑓 + 𝛼𝑚𝑓, where the fractional calculus requires all 
time-steps or spatial points to evaluate a single derivative. The second-order deformable derivative 
enables formulation of generalized stiffness matrices by encoding the coupling between the 
displacement 𝑓 and curvature డమ௙డ௫మ and validates finite element analysis (FEA) simulations. 

4.4. Discussion and interpretation of results 

The proposed deformable Euler theorem generalizes classical Euler’s identity when 𝛼 = 1, at 
this point, the operator 𝐷ఈ collapses into standard second order derivative, and the deformable 
Euler theorem recovers the classical Euler theorem. The operator recovers the function itself 
(𝐷଴𝑓 = 𝑓), when 𝛼 = 0, which represents the zero-order state where the system’s derivation is 
purely proportional to its current magnitude. The deformable Euler theorem allows fractional-like 
intermediate behaviour when 𝛼 ∈ (0,1), and the parameter 𝛼 serves as a weighing factor which 
blends the function’s value with its derivate to account for non-local effects. Thus, the proposed 
framework models fractional like intermediate behaviour, blending functions and derivative, 
useful in non-local or memory dependant modeling phenomenon. Moreover, the proposed work 
encodes function-derivative coupling in a scalable form using a single parameter 𝛼, and provides 
a consistent way to incorporate scaling bias and weighted differentiation in models with fractional 
dynamics. Furthermore, the deformable Euler theorem offers a unified mathematical framework 
for transitioning between classical and fractional regimes, and by employing a single parameter 𝛼, it ensures consistency across different order of differentiation, making it an important tool for 
high-precision modeling in fractional calculus. 

5. Results and discussion 

The graphical results included in this section have been generated using python, based on the 
analytical expression derived in the proposed methodology, to illustrate the behaviour of the 
model under varying parameter conditions: Software Used: Python, OS: Windows 10 (64-bit), 
Processor: Inteli5, RAM: 16GB RAM. 

5.1. Performance analysis of proposed model 

This section offers a comprehensive analysis of the performance of the proposed model, based 
on the results obtained from the developed formula.  
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Fig. 1 shows the performance of the sensitivity of the system’s evolution with the change in 
the deformation parameter 𝛼. As the value of 𝛼 increased from 0.25 to 0.75, the curve shifts 
upward and leftward, indicating that a higher differential weight causes the function to reach its 
saturation point much faster. This shows tuning 𝛼 acts as a speed controller for the scaling process. 
When all curves converge at 𝑡 = 4 and 𝑠(𝑡) = 1, the final boundary state of the homogenous 
functions remains invariant. Thus, the flexibility of the deformable method on modeling different 
rates of scaling is increased without losing the underlying structure of original identity. 

Fig. 2 illustrates the performance of the sensitivity of the system’s variable 𝑥(𝑡) over time 𝑡 
under three different values of the deformation parameter 𝛼. As the value of 𝛼 increases, the rate 
of the system increases, reaching higher magnitude at the end of the interval 𝑡 = 4. This indicates 
higher deformation parameter makes the parameter more sensitive to the scaling variable 𝑡, which 
causes the homogeneous function to evolve more rapidly towards its upper limit. Conversely, a 
lower deformation parameter 𝛼 preserves more of the function’s initial stability, resulting in a 
flatter, more gradual transition. 

 
Fig. 1. Performance of sensitivity of system’s 

evolution with respect to change in deformation 
parameter 

 
Fig. 2. Performance of sensitivity of system’s 

variable over time 
 

Fig. 3 illustrates the performance of the sensitivity of the functions 𝑣(𝑡) as it responds to the 
variation in the deformation parameter 𝛼. As the value of 𝛼 increases from 0.25 to 0.75, the 
function exhibits a faster rate of growth and reaches its upper saturation point more quickly. A 
higher 𝛼 value makes the system more sensitive to the passage to the time 𝑡, accelerating the 
transition. The convergence of all the three lines as they approach 𝑡 = 4 demonstrates that while 
the deformation parameter 𝛼 alters the specific path and speed of the function’s development. 

 
Fig. 3. Performance of sensitivity of functions  

over time deformation parameter 

 
Fig. 4. Performance of sensitivity of variable  

over deformation parameter 



A DEFORMABLE DERIVATIVE APPROACH TO EULER’S THEOREM FOR HOMOGENEOUS FUNCTIONS AND ITS EXTENSION TO HIGHER ORDER 
PARTIAL DERIVATIVES. ANJU DHIRAJ KUMAR NAIDU, ANISA AHMAD, AMIT UJLAYAN 

12 ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627  

Fig. 4 illustrates the performance of the sensitivity of the variable 𝑥(𝑡) as it responds to the 
deformation parameter 𝛼 over a temporal scale. As the value of 𝛼 increases from 0.25 to 0.75, the 
system response becomes more non-linear. While a higher 𝛼 initially suppresses the function’s 
value, it eventually drives the system to its saturation points (𝑥(𝑡) = 1) with greater velocity. This 
illustrates that in the deformable Euler method, 𝛼 controls the rate of convergence towards the 
homogenous limit, allowing the effective tuning of the system’s dynamic transition between its 
initial state and its steady state equilibrium. 

5.2. Comparative analysis of proposed model with other models 

This section provides a detailed explanation of the comparative analysis of the proposed model 
with other models based on achieved results. 

Fig. 5 illustrates the comparative analysis of the deformation parameter 𝛼 in the deformable 
Euler Theorem with other methods. As the value of 𝛼 decreases through fractional Euler-Lagrange 
method (0.8) [27], fractional-order Chelyshkov collocation Method (0.25) [13] and fractional 
hybrid functions formed by block-pulses and fractional Fibonacci polynomials (1.0) [15], the 
operator becomes increasingly deformed. This suggests that the deformable Euler Theorem is 
designed to model system where the function’s local state is more influential than its curvature or 
steepness, providing stable generalization of Euler’s identity than traditional fractional method. 

 
Fig. 5. Comparative analysis of deformation 
parameter 𝛼 in deformable Euler Theorem  

with other methods 

 
Fig. 6. Comparative analysis of scaling  

parameter 𝛽 in deformable Euler Theorem  
with other methods 

Fig. 6 illustrates the comparative analysis of the scaling parameter 𝛽 in the deformable Euler 
Theorem with other methods. The value of 𝛽 in the deformable Euler Theorem utilizes a smaller 
proportional value than other method including fractional Euler-Lagrange method (0.5) [27], 
fractional-order Chelyshkov collocation method (0.5) [13] and fractional hybrid functions formed 
by block-pulses and fractional Fibonacci polynomials (1.5) [15]. Within the deformable Euler 
Theorem, the low 𝛽 value allows to de-emphasize the functions’s magnitude 𝑓, which effectively 
shifts the identity focus toward the deformation parameter 𝛼. This suggests that the deformable 
Euler Theorem is designed to capture high-frequency variation and local curvature without the 
scaling bias present in fractional calculus. 

Fig. 7 illustrates the comparative analysis of the degree of homogeneity in the Deformable 
Euler Theorem with other method. The high 𝑘 value in the deformable Euler Theorem allows to 
handle higher-order non linearity. As the result of deformable Euler Theorem is directly 
proportional to the degree of homogeneity, a value of 4.12 indicates that the novel method can 
accurately model system that scale much more effectively than the fractional calculus. 

Overall, the comparative analysis demonstrates that the proposed deformable Euler framework 
provides a more flexible and adaptable formulation than existing fractional methods. The 
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deformation parameter 𝛼 enables controlled interpolation between function dominance and 
differential behaviour, while the scaling parameter 𝛽 allows selective emphasis on local variations. 
In contrast to traditional fractional approaches, the proposed model exhibits improved capability 
in capturing high-frequency variations and nonlinear scaling behaviour. Furthermore, its direct 
dependence on the degree of homogeneity enhances its effectiveness in modeling higher-order 
nonlinear systems. These characteristics confirms that the deformable Euler’s theorem offers a 
stable and generalized analytical framework with improved adaptability over existing methods. 

 
Fig. 7. Comparative analysis of degree of homogeneity in deformable Euler Theorem with other methods 

6. Conclusions 

The study presented a new extension of the deformable derivative to multivariable functions, 
where partial deformable derivatives were defined in each of the coordinate directions. Based on 
this framework, a generalized form of Euler’s theorem for homogeneous functions is developed 
in terms of deformable derivatives, which legitimately interpolated classical differential behaviour 
and fractional-like characteristic through the deformability parameter. The formulation is further 
extended to higher-order partial derivatives, leading to second-order deformable Euler-type 
identities. Analysis using representative homogeneous functions demonstrates the consistency and 
correctness of the proposed approach. The proposed framework maintains algebraic simplicity 
while this development furthered the theoretical foundation of deformable calculus and moved it 
beyond the original context of one-variable calculus. The proposed methods offer potential for 
symbolic analysis, fractional partial differential equations-based modeling, and scale-invariant 
systems. Future investigations consider applications in geometric interpretation and visual 
representation, non-linear dynamics, manifold calculus, and computational fields such as image 
processing and control systems. 
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