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Abstract. In an era of increasing digital connectivity and device autonomy, the Internet of Things
(IoT) represents a fundamental pillar of modern digital transformation. As the number of sensors
and devices operating in environments without a stable power supply continues to grow, the
demand for sustainable and autonomous energy solutions becomes critical. Efficient conversion
of vibrational energy into electrical energy requires a carefully optimized mechanical design to
ensure effective energy transfer to the transducers, particularly under low-frequency and small-
amplitude conditions typical of real-world IoT applications. This study presents a comprehensive
multiphysics investigation and energy-dynamic characterization of an elastic cantilever system
integrating piezoelectric and electromagnetic transducers for vibration energy harvesting.
Analytical and numerical models are developed to describe the coupled mechanical-electrical
behavior of both harvesting mechanisms, supported by detailed finite element simulations
performed in COMSOL Multiphysics. The dynamic response of the cantilever is analyzed for
multiple mass configurations. The results demonstrate that modifying the mass distribution
significantly shifts the natural frequencies and redistributes kinetic and potential energy across
vibration modes, enabling optimized placement of energy transducers. The findings confirm the
potential of hybrid cantilever-based harvesters to provide efficient, multifunctional, and
sustainable energy solutions for self-powered IoT and smart monitoring systems.

Keywords: energy harvesting, multiphysics modelling, elastic cantilever system, piezoelectric
transducer, electromagnetic transducer.

Nomenclature

Length of cantilever beam, m
Width of cantilever beam, m
Thickness of cantilever beam, m
Young’s modulus, Pa
Density, kg/m?
Poisson’s ratio
1 First added mass (tip mass), kg
Second added mass (energy zone 2), kg
Natural frequency (i-th mode), Hz
Angular natural frequency, rad/s
Spatial coordinate along beam, m
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Voltage, V

Electric current, A

Electrical power, W
Electrical resistance (load), Q
Coil inductance, H

Electrical impedance, Q
Magnetic flux density, T
Number of coil turns
Excitation force, N
Acceleration, m/s?

Velocity, m/s

x(t)  Displacement, m

qn(t) Modal coordinate

@(x)  Mode shape function

A Active area of piezoelectric element, m?
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1. Introduction

The increasing deployment of wireless sensor networks in modern technological systems,
particularly within the framework of the Internet of Things (IoT), requires reliable and long-lasting
sources of electrical energy [1]. Conventional battery-based solutions exhibit significant
limitations, including limited lifespan, the need for periodic replacement or recharging, and the
generation of environmentally harmful waste [2]. In this context, harvesting energy from
mechanical vibrations has emerged as a sustainable and efficient alternative for powering
low-power devices [3]. Vibrations represent one of the most abundant yet underutilized sources
of ambient energy, commonly present in industrial environments, rotating machinery,
transportation systems, and civil structures [4]. Their utilization provides a promising approach to
addressing energy supply challenges, particularly in autonomous sensor systems and smart
monitoring applications. Addressing these challenges requires a multidisciplinary engineering
approach, encompassing the investigation of piezoelectric and electromagnetic transducers as well
as the development of hybrid systems with enhanced energy conversion efficiency [5]. One of the
key challenges in vibration energy harvesting lies in the design of mechanical structures capable
of efficiently responding to excitations across a wide frequency range [6]. Most conventional
systems operate near resonance and are therefore optimized for a narrow frequency bandwidth,
typically relying on either piezoelectric or electromagnetic transduction principles [7-10]. A major
engineering challenge is to design mechanical structures that not only respond over a broad
frequency spectrum but also enable optimal integration with transducers to maximize energy
conversion efficiency. Particular attention must be given to identifying regions within the
mechanical structure characterized by maximum strain, stress, or vibration velocity, as these
locations represent zones of highest energy potential for effective transducer placement [11].

Piezoelectric transducers represent one of the most widely used technologies for vibration
energy harvesting [12-15]. However, their performance and power output strongly depend on
several factors, including the properties of the piezoelectric material, the geometry and thickness
of the active element, the mounting conditions, the electrical load, and the location of the
transducer on the mechanical structure [16, 17]. Particular attention must be given to the coupling
between the structural mode shapes and the operating mode of the piezoelectric element, as the
appropriate selection of transducer location and orientation can significantly influence the
harvested energy [18]. In addition, electrical impedance matching plays a critical role in
determining the overall energy conversion efficiency, particularly under varying excitation
frequencies [19, 20]. Piezoelectric materials are widely used for coupling the mechanical and
electrical domains due to their bidirectional electromechanical conversion capability, enabling
their use as both sensors and actuators. Owing to their high efficiency, capability for high-
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frequency operation, and corrosion resistance, they are applied across both micro-scale [21-24]
and macro-scale systems [25, 26]. Cantilever-based configurations are among the most employed
structures for vibration energy harvesting, typically operating near their natural frequencies and
incorporating one or more piezoelectric transducers to maximize power output [27, 28]. This
approach is favored due to its relatively simple mechanical design, high sensitivity, and ability to
generate significant electrical power even under low vibration levels. The effectiveness of
cantilever structures is largely attributed to their low resonant frequencies, which enable the
generation of high strain levels even at small excitation amplitudes [29].

Electromagnetic transducers for vibration energy harvesting [30] are characterized by simple
and economical construction, high robustness and low load impedance, which makes them
suitable for direct utilization of kinetic energy from vibrations of mechanical structures [31].
However, the additional mass of the magnet and the coil affect the mass distribution and dynamic
response of the entire structure, which can lead to a shift of the natural frequencies and a change
in dynamic behavior. In addition, the changing magnetic field can induce eddy currents in the
metal parts of the mechanical structure, which cause local heating and the creation of Lorentz
force that damps the oscillations, leading to losses and reduced efficiency [32-34].

The integration of piezoelectric and electromagnetic transduction mechanisms within a hybrid
energy harvesting system represents a significant research challenge, primarily due to the need to
reconcile their distinct physical principles and electrical characteristics [35-38]. In addition, such
systems require the development of dedicated power management electronics to enable efficient
signal conditioning, energy storage, and continuous power delivery to the load.

Despite these challenges, hybrid approaches have attracted increasing research interest due to
their potential to extend the operational frequency bandwidth and enhance overall energy
conversion efficiency [39-42]. Numerous studies have investigated different aspects of vibration
energy harvesting systems. For instance, piezoelectric bimorph cantilevers subjected to random
vibrations have been analyzed both theoretically and experimentally [43], while energy harvesting
from vortex-induced vibrations has been explored in [44, 45]. Furthermore, low-frequency energy
harvesting concepts have also been demonstrated in MEMS-based systems operating under
controlled excitation conditions [46].

The influence of structural parameters, particularly tip mass, on energy harvesting
performance has been extensively studied [47-50], with results indicating that optimal power
output is achieved when the added mass is approximately 25 % of the total cantilever mass. In
addition, microfabricated piezoelectric harvesters [51], impact-based energy harvesting in
composite piezoelectric beams [52], and comprehensive analyses of systems operating under
random vibrations [53] have further contributed to the advancement of the field.

However, despite the extensive body of research, there remains a need for systematic
investigation of hybrid systems that explicitly consider the interaction between mechanical modal
behavior, spatial energy distribution, and the optimal placement of multiple transduction
mechanisms within a single structure.

In this context, the present study proposes a hybrid energy harvesting system based on a
cantilever structure with integrated piezoelectric and electromagnetic transducers. The system is
designed through the identification of distinct energy zones corresponding to different modal
characteristics. The key novelty of this work lies in the deliberate spatial separation of energy
zones, enabling simultaneous and mode-specific optimization of piezoelectric and
electromagnetic energy harvesting within a single hybrid structure.

2. Motivation

The increasing deployment of autonomous sensing systems within the Internet of Things (IoT)
has created a strong demand for sustainable and maintenance-free energy solutions. Conventional
battery-powered systems suffer from limited lifetime, frequent replacement requirements, and
environmental concerns, particularly in industrial environments where access is restricted and
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maintenance costs are high. Among various ambient energy sources, mechanical vibrations
represent a widely available and reliable source of energy, especially in industrial settings such as
rotating machinery, transportation systems, and structural installations. However, one of the
primary challenges in vibration energy harvesting is the inherently narrow operational bandwidth
of conventional resonant harvesters, which significantly limits their performance under real-world
conditions characterized by variable and broadband excitation. Piezoelectric energy harvesters are
well known for their high voltage output and high efficiency, particularly in low-frequency
regimes and in regions of high mechanical strain. In contrast, electromagnetic harvesters are more
effective in regions characterized by high velocity and displacement, typically associated with
higher vibration modes. Despite their respective advantages, both approaches exhibit inherent
limitations when employed independently, particularly in terms of bandwidth and adaptability to
varying excitation conditions. To address these limitations, hybrid energy harvesting systems that
combine multiple transduction mechanisms have emerged as a promising solution. Integrating
piezoelectric and electromagnetic transducers within a single structure enables the simultaneous
exploitation of different physical domains and modal characteristics of the system. Furthermore,
the use of multiple proof masses and coupled cantilever configurations allows for tuning multiple
natural frequencies, thereby extending the operational bandwidth. Motivated by these challenges,
this work investigates a hybrid multiphysics energy harvesting system based on a cantilever
structure with strategically distributed energy conversion zones. The system is designed to exploit
both the first and second vibration modes, enabling efficient energy extraction from
strain-dominated and velocity-dominated regions. The proposed approach aims to enhance power
output, broaden the operational bandwidth, and improve the applicability of energy harvesting
systems under realistic industrial vibration conditions.

3. Energy analysis of cantilever beam
3.1. Dynamic analysis of cantilever beam

In this section, the cantilever beam is considered as an elastic system suitable for vibration
energy harvesting applications. The cantilever configuration is selected as the fundamental model
due to its structural simplicity and widespread implementation in practical engineering systems.
Furthermore, it allows for the development of a mathematically tractable model while retaining
sufficient fidelity for the analysis of real-world dynamic behavior. Within the numerical
framework, three configurations are investigated: a cantilever without an added mass, a cantilever
with a single added mass, and a cantilever with two added masses. These configurations enable a
systematic analysis of the influence of mass distribution on the dynamic response of the system,
as well as the identification of regions with high energy potent. Attention is given to the modal
characteristics of the structure. The identification of nodal points of the mode shapes is of critical
importance, as these locations exhibit zero transverse displacement and are therefore unsuitable
for the placement of energy transducers. Instead, transducers should be positioned in regions of
maximum strain or maximum vibration velocity, depending on the transduction mechanism
(piezoelectric or electromagnetic). The proposed modeling approach enables not only an accurate
evaluation of the energy distribution across vibration modes, but also the optimization of
transducer placement within the structure. In this context, the cantilever beam serves as an
effective medium for the accumulation, transfer, and conversion of mechanical vibration energy
into electrical energy. To illustrate the energy distribution, Table 1 summarizes the characteristic
parameters of the first two dominant vibration modes of the cantilever.

Table 1. Characteristic parameters for the first two bending mode

Mode shape | Nodal points (x/1) Maximum zone Dominant energy | Suitable converter
1 (no node) Area of clamping Potential (bending) Piezoelectric
0.7835 Central zone and peak | Kinetic (velocities) | Electromagnetic
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In the first vibration mode, the maximum strain and stress are concentrated near the clamped
end of the cantilever, making this region suitable for the placement of piezoelectric transducers.
In the second mode, a nodal point is located at approximately 0.7835 [, while the highest vibration
velocities occur in the region between the clamped end and the nodal point, which is favourable
for the placement of electromagnetic transducers.

In this study, the finite element method (FEM) is implemented using the COMSOL
Multiphysics software package to perform modal and energy analyses of the cantilever beam. The
objective is to determine the natural frequencies, mode shapes, and spatial distribution of energy
density. A cantilever beam without added masses or integrated transducers is considered as a
reference configuration, serving as a baseline for comparison with subsequent cases involving
added masses. These configurations enable the identification of regions with the highest energy
potential and support the optimization of transducer placement. The specific objectives of the
numerical analysis include: (i) determination of the first two natural frequencies and
corresponding mode shapes, (ii) computation and visualization of the kinetic and potential energy
distribution, and (iii) identification of regions with the highest potential for energy transducer
placement.

The mechanical structure is modeled as a rectangular cantilever beam with length [, width b,
and thickness h, composed of a homogeneous and isotropic material characterized by Young’s
modulus E, Poisson’s ratio v, and density p. The boundary conditions correspond to a classical
cantilever configuration: the beam is clamped at the left end (x = 0), while the free end (x = 1) is
free of reaction forces and bending moments.

An eigenfrequency analysis is performed in COMSOL Multiphysics to determine the natural
frequencies and corresponding mode shapes. The obtained numerical results are compared with
analytical solutions based on Euler-Bernoulli beam theory, where the natural angular frequencies
w;and the corresponding natural frequencies f; are defined as follows:

El w;

DAL fi=5o (D

w; = ff o

where the first 3 solutions are f; = 1.8751, 5, = 4.6941, f; = 7.8548.

The comparison between the numerical results obtained from COMSOL Multiphysics and the
analytical solutions enables validation of the accuracy and consistency of the simulations. In the
initial stage, a cantilever beam without added masses or integrated transducers is considered as a
reference configuration, serving as a baseline for comparison with subsequent scenarios. The
objectives of this analysis include: (i) determination of the natural frequencies and corresponding
mode shapes, (ii) evaluation of the kinetic and strain energy distribution, and (iii) identification of
regions with the highest energy potential. The cantilever beam has a length [ = 0.199 m, width
b = 0.03 m, and thickness h = 0.001 m. The material is structural steel, characterized by Young’s
modulus E = 210 GPa, density p = 7850 kg/m?, and Poisson’s ratio v = 0.3. The total mass of
the cantilever is approximately 0.058 kg. In the finite element model, the cantilever is discretized
using 11,988 triangular elements, resulting in a total of 72,003 degrees of freedom. An
eigenfrequency analysis is performed without external excitation, as the solver determines the
natural frequencies and corresponding mode shapes of the structure.

The first three eigenfrequencies and corresponding mode shapes are obtained. The first two
natural frequencies are f; = 20.68 Hz (Fig. 1(a)) and f, = 129.53 Hz (Fig. 1(b)), showing
excellent agreement with the analytical Euler-Bernoulli solution (deviation < 1 %). A third mode
is identified at f; = 270.19 Hz (Fig. 1(c)), corresponding to out-of-plane bending or torsional
behavior, which does not belong to the classical in-plane bending mode sequence predicted by
Euler-Bernoulli beam theory. This behavior is expected in three-dimensional models with finite
cross-section dimensions, where additional deformation modes may occur. The next in-plane
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bending mode is observed at f, = 363.12 Hz (Fig. 1(d)), with a deviation of approximately 2 %
compared to the analytical solution.

The strong agreement between the numerical simulation results and the analytical calculations
confirms the validity of the developed model and its suitability for further analyses. Within
COMSOL Multiphysics, simulations of the spatial distribution of potential (strain) energy, kinetic
energy, and dissipated power were performed. For the frequency response analysis, the system
was subjected to harmonic excitation over a frequency range from 1 Hz to 140 Hz, ensuring that
both the first and second bending modes were included. The excitation was applied as a harmonic
force with a constant amplitude of F = 100 mN.

a) First bending mode f; =20.68 Hz ~ b) Second bending mode f, = 129.53 Hz

¢) Third bending mode f; =270.19 Hz d) Fourth bending mode f, =363.12 Hz
Fig. 1. Comparison between numerical results with COMSOL
and analytical calculations according to the Euler-Bernoulli theory

3.2. Dynamic analysis of cantilever beam with 1 added mass

Numerical simulations performed using the finite element method in COMSOL Multiphysics
enable a detailed investigation of the influence of an added concentrated mass on the dynamic
behavior of the cantilever beam. A tip mass m; ranging from 0 to 0.1 kg (0, 0.025, 0.05, 0.075,
and 0.1 kg) is applied at the free end of the beam. For each configuration, the distributions of
kinetic energy, strain (potential) energy, and dissipated power are evaluated, together with the
identification of regions characterized by maximum vibration velocity and normal stress. The
results, referenced against the baseline case without added mass, enable the identification of
regions with high energy potential for the placement of piezoelectric and electromagnetic
transducers. This analysis provides a foundation for optimizing the mass configuration to improve
the efficiency of energy harvesting, as summarized in Table 2.

The results indicate that the total mechanical energy of the cantilever in the first bending mode
remains relatively stable with increasing m,, while the natural frequency decreases significantly.
Specifically, the first natural frequency is reduced from 19.1 Hz (without added mass) to 7.2 Hz
for m; = 0.1 kg, corresponding to a reduction of approximately 62 %. For the second bending
mode, the natural frequency decreases from 124.9 Hz to 100.9 Hz for m; = 0.1 kg, corresponding
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to a reduction of approximately 20 %. A variation in the ratio between kinetic and strain energy is
also observed with increasing mass. Both energy components increase with mq, indicating
enhanced energy storage within the system. The total strain energy increases from 0.41 mJ
(without added mass) to 1.35 mJ for m; = 0.1 kg, while the kinetic energy increases from 0.21 mJ
to 0.68 mJ for the same configuration.

Table 2. Influence of the added mass m; on the natural frequencies of the cantilever

Added mass m, (kg) at the end of the cantilever beam
Mass 0 0.025 | 0.05 | 0.075 | 0.1 Percentage change [%]
fi[Hz] | 19.1 12.1 9.6 8.17 7.2 62 %
fo[Hz] | 12493 | 110 | 105.5 | 103.3 | 100.9 20 %

The simulation results indicate that dissipative losses strongly depend on the added mass m,
of the system. These losses represent the portion of mechanical energy dissipated as heat, leading
to a gradual reduction of the system’s total energy and increased damping of the oscillations. In
the first bending mode, the highest dissipative losses are observed in the configuration without
added mass. As the mass m; increases, the dissipative losses gradually decrease, accompanied by
a reduction in the natural frequency f;. Specifically, the losses decrease from 47 mW for the
cantilever without added mass (f; = 19.2 Hz) to 17 mW for m; = 0.1 kg (f; = 7.2 Hz),
corresponding to a reduction of approximately 37 %. In contrast, in the second bending mode, the
dissipative losses exhibit the opposite trend. The lowest losses are observed in the case without
added mass, while increasing m, leads to higher dissipative losses, as summarized in Table 3. The
losses increased from 3.2 mW (without added mass) to 8.5 mW for m; = 0.1 kg at a natural
frequency of f, = 100.9 Hz, corresponding to an increase of approximately 39 %.

This contrasting behavior between the first and second modes highlights the influence of mass
distribution on energy dissipation mechanisms and provides important insight for optimizing
energy harvesting performance.

Table 3. Influence of the added mass m; on the cantilever losses at the first mode

Added mass m; (kg) at the end of the cantilever beam
Mass 0 0.025 | 0.05 | 0.075 | 0.1 | Percentage change [%]
f1 [Hz] 19.1 | 121 | 9.6 | 8.17 | 7.2 62 %
Dissipation losses [mW] | 45 28 23 19 17 37%

Table 4. Influence of added mass m; on the cantilever losses at second mode

Added mass m, (kg) at the end of the cantilever beam
Mass 0 0.025 | 0.05 | 0.075 | 0.1 Percentage change [%]
f> [Hz] 12493 | 110 | 105.5 | 103.3 | 100.9 20 %
Dissipation losses [mW] 34 7.1 8.1 8.5 8.6 39%

Modal analysis reveals significant changes in both the bending mode shapes (Fig. 2) and the
spatial distribution of kinetic and strain energy along the cantilever. In the first bending mode, the
maximum kinetic energy remains concentrated near the free end of the cantilever, while the
maximum strain (potential) energy is localized near the clamped end.

In the second mode, the presence of the added mass m, alters the position of the nodal point,
which shifts away from the free end as the mass increases. This shift leads to a modification of the
mode shape and a redistribution of energy along the beam. These results demonstrate that added
masses influence not only the resonant frequencies of the cantilever, but also the spatial
distribution of energy and stress. This behavior is critical for determining the optimal locations
for integrating piezoelectric and electromagnetic transducers, with the aim of maximizing energy
harvesting efficiency.

The simulation results further indicate that the velocity distribution along the cantilever varies
significantly depending on the vibration mode and the presence of the added mass m;.
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Fig. 2. Modal shapes (first and second mode) of oscillations for different added masses m,
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Fig. 3. Zones of maximum normal stresses for the first mode f; = 7.2 Hz, and the second
mode f, = 124.9 Hz with an added mass m1 at the end of the cantilever

In the first bending mode, in the absence of added mass, the velocity increases progressively
from the clamped end toward the free end, where it reaches its maximum value due to the largest
vibration amplitude in this region. A characteristic feature of the second vibration mode is the
presence of two regions with high vibration velocity, separated by a nodal point where the velocity
approaches zero. The first region is located between the clamped end and the nodal point, while
the second is situated near the free end of the cantilever. The addition of a mass m; alters the
position of the nodal point and leads to a redistribution of the velocity profile along the structure.
As the added mass increases, the velocity at the free end decreases, while the velocity in the region
between the clamped end and the nodal point increases, as illustrated in Fig. 4.

Speed RMS (mm/s)

0 0.02 0.04 0.06 0.12 0.14 0.16 0.18

0.08 0.1
Cantilever length, L (m)

Fig. 4. Velocity distribution along the length of the cantilever with added mass m; = 0.1 kg
3.3. Dynamic analysis of cantilever beam with 2 added masses

The results of the previous analysis indicate that, in the second vibration mode, the region of
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maximum velocity is located between the clamped end and the nodal point. In addition, the motion
in this region is predominantly rectilinear, which makes it particularly suitable for the integration
of an electromagnetic transducer. The combination of high vibration velocity and near-linear
displacement provides favorable conditions for the placement of the moving magnetic element,
which constitutes the active component of the electromagnetic transducer. Based on these
observations, an additional analysis of the dynamic behavior of the cantilever is performed by
introducing a second added mass m,, positioned within this region, hereafter referred to as energy
zone 2. The objective is to evaluate its influence on the modal characteristics, energy distribution,
and the potential for improving energy conversion efficiency.

The simulations are performed with the first added mass fixed at m; = 0.1 kg, while the second
mass m,, is varied over the range 0-0.1 kg (0, 0.025, 0.05, 0.075, and 0.1 kg). These configurations
enable a systematic analysis of the influence of m, on the natural frequencies, mode shapes,
distributions of kinetic and strain energy, as well as energy losses, with the objective of identifying
optimal locations for energy transducer placement and maximizing energy harvesting efficiency.
The results show that increasing the second mass m,, positioned in energy zone 2, has a
significantly stronger influence on the second bending mode than on the first. The first natural
frequency exhibits only a minor variation of approximately 3.5 %, decreasing from f; = 7.72 Hz
to 7.52 Hz for m, = 0.1 kg. In contrast, the second natural frequency decreases substantially by
approximately 49 %, from f, = 103.16 Hz to 52.4 Hz. This pronounced reduction is attributed to
the placement of m, within a region of high vibration velocity and significant modal participation,
which effectively increases the inertia associated with the second mode.

Table 5. Changes in natural frequency with the addition of a second mass m,
Added mass m, (kg)-energy zone 2, m; = 0.1 kg.

m, (kg) 0 0.025 | 0.05 | 0.075 | 0.1 | Percentage change [%]

f1 [Hz] 7.72 7.68 | 7.62 | 7.58 | 7.52 3.5%

fo [Hz] | 103.16 | 77.8 | 65.38 | 57.7 | 52.4 49 %

The analysis of energy parameters for the first bending mode (Fig. 5) indicates that the addition
of the second mass m, has a relatively minor influence on both the magnitude and spatial
distribution of the accumulated energy in the system. The maximum strain (potential) energy in
the absence of added mass is approximately 36 mJ, decreasing gradually to about 31 mJ as m,
increases. A similar trend is observed for kinetic energy, which decreases from an initial value of
approximately 18 mJ to about 15 mJ at the highest added mass. The dissipated power also exhibits
a decreasing trend, from approximately 17 mW without added mass to about 14 mW for the largest
value of m,. This behavior indicates reduced dynamic activity and lower energy dissipation
intensity as the system inertia increases. However, despite these variations, the relative
relationship between the total stored energy and dissipated power remains nearly unchanged.

pation (mw)

Total power dissipation (mW)

[

L L L L L L L L f L
e as 50 60 70 80 20 100 110 120
equency (Hz)

aym; =0.1kg b)m; =0.1 kg
Fig. 5. Dependence of the dissipative power on the variable mass m,

7.5
Frequency (Hz)

The analysis of the second bending mode (Fig. 6) shows that the addition of the second mass
m,, has a significantly stronger influence on the energy parameters of the system compared to the
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first mode. The maximum strain (potential) energy without added mass is approximately 1.05 mJ,
decreasing to below 0.5 mJ as m, increases. A similar trend is observed for the kinetic energy,
which decreases from an initial value of approximately 0.55 mJ to about 0.2 mJ at the highest
added mass. These results indicate that increasing the system inertia leads to a reduction in the
total stored mechanical energy in the second mode. The dissipated power follows a comparable
trend, decreasing from approximately 7.5 mW (without added mass) to less than 3 mW for
m, = 0.1 kg. This reduction in dissipative losses suggests a lower rate of damping and a longer
retention of mechanical energy within the system. Overall, these results demonstrate that the
introduction of m, significantly alters the energy characteristics of the second mode, providing a
mechanism for controlling both energy distribution and dissipation behavior.

o

a) b)
Fig. 6. Zones of maximum normal stresses for the first mode f; = 7.2 Hz,
and f, = 52.4 Hz for the second mode with a second added mass m, = 0.1 kg

The velocity distribution along the cantilever for the first and second vibration modes (Fig. 7)
clearly illustrates the differences in the dynamic behavior of the system. In the first bending mode
(blue curve), the velocity increases progressively from the clamped end toward the free end, where
it reaches its maximum value. This behavior is consistent with the largest displacement amplitude
occurring in this region and indicates that the kinetic energy is predominantly concentrated near
the free end of the cantilever.

—— 410:freq=7.21 Hz, m2=0.1
—— 2160: freq=52.4 Hz, m2=0.1

Speed RMS (mm/s)

o 002 004 006 o 014 016 s

Can!ﬂwfgesver length, LO(:n)
Fig. 7. Distribution of effective velocity along the length
of the cantilever for m, = 0.1 kg location second energy zone

In contrast, the velocity distribution for the second bending mode (green curve) exhibits a
significantly different profile. Two distinct regions of high velocity are observed, separated by a
nodal point where the velocity approaches zero. The first high-velocity region is located near the
free end of the cantilever, while the second is positioned at approximately 0.08-0.12 m from the
clamped end.

The placement of the second mass (Fig. 8), which represents the permanent magnet in the
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practical implementation, is selected to enable predominantly rectilinear motion along the z-axis.
Such a configuration offers several advantages. First, rectilinear motion ensures stable and
controlled relative displacement between the magnet and the coil, minimizing the risk of
mechanical contact, collision, or structural damage. Second, the introduction of the second mass
m, leads to the formation of localized normal stresses in the region behind the magnet position.
This creates additional potential for exploiting strain energy in this zone. As a result, the proposed
configuration enables hybrid energy conversion from multiple regions of the structure, thereby
Analytical and Multiphysics modelling of piezoelectric energy harvester.

L.,

Fig. 8. Axial movement of the magnet during the second oscillation mode
3.4. Analytical modelling of piezoelectric energy harvester

Piezoelectric transducers represent one of the most widely used technologies for converting
mechanical vibration energy into electrical energy. Their operation is based on the direct
piezoelectric effect, whereby mechanical deformation of a crystalline or ceramic material
generates an electric charge and a corresponding potential difference across the electrodes. This
effect is reversible, enabling the same materials to function as actuators, where an applied electric
field induces controlled mechanical deformation.

Among the available materials, piezoelectric ceramics based on PZT (lead zirconate titanate)
are most commonly used in energy harvesting applications due to their high piezoelectric
coefficients and stability. In addition, polymer-based materials such as PVDF (polyvinylidene
fluoride) are employed in applications requiring greater flexibility and operation under low-strain
conditions. When an elastic structure, such as a cantilever beam, undergoes vibration, the highest
electric charge is generated in regions with maximum mechanical strain. Consequently,
piezoelectric elements are typically integrated near the clamped end of the cantilever, where
deformation is greatest. At higher vibration modes, additional strain-dominated regions may be
exploited, enabling improved utilization of the available mechanical energy.

The main advantages of piezoelectric transducers include high energy density, ease of
integration into structural components, high sensitivity to local deformation, compactness, and
robustness. However, their limitations include relatively high output impedance, the requirement
for impedance matching circuits, and sensitivity to temperature variations. In the context of this
research, piezoelectric transducers are employed as the primary mechanism for harvesting energy
from strain-dominated regions of the cantilever, with the objective of maximizing energy
conversion efficiency. The electromechanical behavior of piezoelectric materials is described by
constitutive equations that couple mechanical and electrical fields. In linear form, these relations
can be expressed as:

S =sET +dTE, (2)
D = dT + €"E, 3)

where S is the strain vector, T is the stress vector, E is the electric field vector, and D is the electric
displacement vector. The matrix s& denotes the elastic compliance at constant electric field, d is
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the piezoelectric strain coefficient matrix, and €7 represents the dielectric permittivity matrix at
constant stress. These constitutive relations describe the electromechanical coupling in
piezoelectric materials, whereby mechanical stresses generate an electric field and, conversely, an
applied electric field induces mechanical deformation. For the cantilever-based energy harvester
considered in this study, the dominant coupling mechanism corresponds to the transverse dsq
mode, which governs the interaction between bending-induced normal stresses and the generated
electric field. Accordingly, for a one-dimensional bending configuration, such as a cantilever
beam with an integrated piezoelectric layer, the constitutive relations can be simplified as follows:

S =s"T +d,,"E, 4)
D = d31T + 55?3[':. (5)

The equivalent electrical model of the piezoelectric transducer can be represented using a

Norton equivalent circuit, consisting of a current source in parallel with a capacitor and a resistor,
as illustrated in Fig. 9.

Cp | IRp l

Fig. 9. Electrical equivalent model of the piezoelectric transducer

The parallel resistance R, represents the dielectric losses within the piezoelectric material. Its
value for typical piezoelectric transducers ranges from 10® to 10° Q. The resistance R,, can be
calculated as:

1
R, =—F77—,
P 2mfC,tand ©)

where f — frequency, C,, — capacitance.
The electric charge generated in the piezoelectric transducer is directly related to the applied
mechanical stress and can be expressed as:

0=dy fA o1 (x)dA. ™

D

Based on the constitutive relations presented above, the open-circuit voltage of the
piezoelectric transducer can be expressed as a function of the mechanical stress distribution a; (x).
This relation quantifies the coupling between the applied mechanical stress, the piezoelectric
coefficient ds;, the dielectric permittivity €15, and the effective electrode area Ap:

d3q ty

da1ty J o, (x)dA. )
Ap

Vv =
Poc €§3Ap

If the stresses o;are uniform, then one can write:

_ ds3 01ty

Vboc = ) ©

T
€33
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where A is the active area of the piezo transducer and ¢}, is the thickness of the piezo transducer.
The output current of the piezoelectric transducer corresponds to the time derivative of the
total electric charge on the electrodes and can be expressed as:

0= (10)

The complete expression for the output current can be derived as follows:

d av
1) =Ad31%+c (11)

Pat

This equation describes the relationship between the applied mechanical stress, the generated
source current, and the electrical dynamics of the piezoelectric transducer. Under closed-circuit
conditions (Fig. 10), the current flowing through the circuit depends on the rate of change of the
electric charge @, which is directly related to the time variation of the mechanical stress o. In the
frequency domain, the current magnitude is governed by the electrical impedance of the circuit
and can be expressed a:

v

lope(@) == (12)

For low frequencies the resistance R, can be neglected. The power in an electrical circuit can
be calculated as:

szt = Ropt : Iopt(RMS)Z- (13)

]
i(t) /D - \T/p it
Cp | IRp l

Ropt

Fig. 10. Equivalent circuit diagram of a piezoelectric transducer in a closed circuit
3.5. Multiphysics analysis of piezoelectric energy harvester

A multiphysics simulation of a PI Ceramic P-876.A11 piezoelectric transducer integrated into
a cantilever structure was conducted using COMSOL Multiphysics, in order to analyze the
coupled electromechanical behavior and electrical performance of the system. The geometry and
key characteristics of the transducer are presented in Fig. 11 and Table 6. The simulation model
employs a predefined material library in COMSOL Multiphysics, incorporating the required
mechanical, electrical, and piezoelectric properties. These parameters, defined according to the
manufacturer’s technical specifications, serve as the basis for both the numerical simulations and
the subsequent experimental validation.

Connector
Electric isolator . 50

35:0.5
30

Piezoelectric layer

Electrode

Fig. 11. Piezoelectric transducer P-876.A11 and dimensions
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Table 6. Basic characteristics of the piezoelectric transducer P-876.A11

Parameter Quantity

Active length (mm) 50

Active width (mm) 30

Piezo ceramic layer thickness (mm) 0.1

Capacitance (nF) =20 % 150
Piezo coefficient d33 (pC/N) 320-400
Piezo material PIC255

Minimum lateral contraction (pg) 400

Relative lateral contraction ((png)/V) 1.6

3.6. Multiphysics analysis of piezoelectric energy harvester in zone 1 and zone 2

Multiple simulations were carried out with cantilever without added mass, with only 1 added
mass (47 g and 94 g) and with 2 added masses (each 47 g and 94 g). The results are shown in
Table 7.

Table 7. Simulation results of a piezoelectric transducer with varied added masses in energy zone 1
and 2 (Power refers to RMS electrical power on optimal resistive load.)

. Natural V, Power Optimal
Configuration frequency f (Hz) (Vrms) | (mW) resistance (kQ)
Zone 1 —nom First 15.25 18 1.7 100
one 1 —no mass Second | 89.3 4 0.48 17.3
Jone | - mass m. = 47 First 8.2 19.3 0.98 181
1=%E Second 73.9 1.8 0.08 20
Jone | —m o4 First 5.82 21 0.76 230
one assmy =% ¢ Second | 69.74 142 | 0.046 2
First 6.5 16.23 0.56 232
Zone 1 —massmy =94 gandm, =94g /g i 439 1.9 0.055 35
Jone 2 - mass m. = 47 First 8.18 1.75 | 0.0075 217
1=%78 Second 71 19 13.8 23
Jone - mass m. — 94 First 5.84 1.81 | 0.0054 310
one assmy =% g Second | 66.89 18.5 9.6 19
First 6.6 18 0.7 240
Zone2-—massm; =94 gandm, =% g Second 49 6.8 181 13

A multiphysics simulation analysis of a cantilever structure with an integrated piezoelectric
transducer in energy zones 1 and 2 was conducted for three configurations: massless, single-mass
(my; =47 g, m, =47 g), and dual-mass (m; = 94 g, m, = 94 g). The analysis enables a detailed
investigation of the dynamic response and energy distribution of the system. In energy zone 1, the
addition of mass results in a significant shift of the natural frequencies toward lower values. The
first natural frequency decreases from 15.25 Hz (massless case) to 5.82 Hz (m; = 94 g),
accompanied by an increase in output voltage from 18 Vrms to 21 Vrms. However, the output
power exhibits a non-monotonic behavior, reaching a maximum of 2.1 mW at m; = 47 g. In the
dual-mass configuration, the first natural frequency slightly increases to 6.5 Hz, while both voltage
and power decrease to 16.23 Vrms and 0.56 mW, respectively. In energy zone 2, the first mode is
characterized by relatively low voltage (1.75-18 Vrms) and power levels (0.0054-0.7 mW). In
contrast, the second mode achieves significantly higher outputs, particularly for m; = 47 g
(19 Vrms, 13.8 mW) and m; = 94 g (18.5 Vrms, 9.6 mW). The addition of a second mass
(m; = 94 g, m, = 94 g) increases the power in the first mode (0.7 mW), but reduces it in the
second mode (1.81 mW).

These results demonstrate that energy zone 2 is significantly more effective in the second
vibration mode, whereas energy zone 1 provides superior performance in the first mode.
Furthermore, the energy distribution can be tuned through appropriate mass configuration,
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enabling adaptation to specific target frequency ranges. An additional advantage arises from the
approximately rectilinear motion of the mass m, (Fig. 12), which in practical implementation acts
as the permanent magnet of an electromagnetic transducer in the second mode, thereby enabling
enhanced hybrid energy harvesting performance.

A 2.48x107
7

S x10°

i _-__ . FEPS
0

— 0.01

Uo I 0
vo ! vo

Fig. 12. Piezoelectric transducer placed on a cantilever with additional
masses m; = 94 g and m, = 94 g for resonant frequency 51.1 Hz

4. Analytical and multiphysics modelling of electromagnetic energy harvester
4.1. Analytical modelling of electromagnetic energy harvester

Electromagnetic transducers, also referred to as electromagnetic vibration energy generators,
represent a structurally simple and robust solution for converting mechanical energy into electrical
energy. Their typical configuration consists of a permanent magnet and a conductive coil, enabling
straightforward integration into a wide range of mechanical systems. These transducers are
characterized by compact design, relatively low mass, and low output impedance, which allows
efficient operation under higher electrical loads and improved utilization of available mechanical
vibration energy. They are particularly suitable for regions with high vibration velocities, where
significant relative motion between the magnet and the coil can be achieved.

The operating principle is based on Faraday’s law of electromagnetic induction, according to
which a time-varying magnetic flux through a conductor induces an electromotive force (EMF).
This principle enables effective energy conversion from dynamic mechanical motion into
electrical output. Fig. 13 presents a schematic representation of an electromagnetic transducer,
illustrating its fundamental components: a permanent magnet and a coil.

Permanent magnet

/

Coils

Fig. 13. Schematic representation and basic structural elements of an electromagnetic transducer

The induced voltage V., is the open circuit voltage generated when the coil is not connected

to aload. When the coil is connected to a load with resistance R, the voltage across the coil depends
on the value of the resistance R, the coil inductance L, and the rate of change of current di/dt. In
that case, the equation takes the form as:
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do di
N —7 = . 14
N i Ldt + R;, (14)

di . . . . . _—
where: L d—; is the voltage caused by self-induction of the coil, R; is the voltage across the circuit

resistance, and is the current through the coil.

Eq. (14) describes the dynamics of an electromagnetic transducer when integrated into a closed
circuit. The voltage induced in the winding is an alternating voltage with a frequency
corresponding to the oscillations of the mechanical structure. For an alternating voltage model can
be represented by an impedance Z, which includes resistive and inductive components:

Z=R+jX, (15)

where X; = wL is the inductive reactance. This impedance defines the system’s response to
alternating current and is crucial for efficient energy transfer. The integration of electromagnetic
transducers into mechanical structures such as a cantilever beam focuses on positioning to
maximize vibration absorption. The electromagnetic transducer is modeled with an ideal source
of Ve in series with the coil resistance R;,4,, and the coil inductance L;4,,. For an alternating
voltage with a circular frequency w, the total series impedance with the resistive load R, can be
written as:

Ziot = Rpgm + Ropt + jwLygm- (16)

In a closed circuit (Fig. 14), according to Eq. (16) the current in the circuit i (t) will also depend
on the load resistance Rp.

Rnam. Lnam.

— [} -
Vemf ﬁf_ |

(1) <z> \flm. it Ropt

o— — —
Fig. 14. The equivalent circuit of the electromagnetic transducer

The magnitude of the electrical impedance of an electrical circuit is:

1Z] = \/(Rnam, + Rope )’ + (WL)?, (17)

From here for the current I, (w) depending on the frequency we can write:

%
Iopt(w) = | |€;l|f|. (18)

The voltage across the resistor is:
Veim = Iopt(w) : Ropt- (19)
We can calculate the power in an electrical circuit as:

B, = Ropt ' Iopt(RMS)Z- (20)
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Two approaches can be used to determine the optimal load resistance of an electromagnetic
transducer. The first is an engineering-based approach grounded in classical AC circuit theory. In
this case, the transducer is modeled as a voltage source with a series impedance composed of the
coil resistance R.q; and the inductance L. The optimal load resistance R,,;, which ensures
maximum power transfer, is obtained when it is equal to the magnitude of the source impedance,
ie.

Ropt =+ Ragm. + (wL)?. (21)

This formulation is direct and practical, as it involves only measurable electrical parameters
of the coil and the operating frequency, enabling straightforward experimental validation.

The second approach is based on an electromechanical analogy and enables a more
comprehensive analysis of the system. In this case, the optimal electrical resistance is determined
by matching the mechanical and electrical damping, which represents the condition for maximum
energy conversion efficiency. By deriving the energy balance and coupling relationships of the
transducer, the following expression is obtained:

m E2M §M
R = Omlim oo _Ciwo p (22)
Opt nam d nam

where Cgy, is the electromechanical constant of the converter, d,, is the mechanical damping
coefficient, Q,, is the quality factor of the system, R,,,,, represents the resistance of the winding.
This expression not only defines the optimal electrical resistance but also emphasizes the
relationship between the mechanical and electrical parameters of the system. Thus, the approach
opens the possibility of optimization through a combination of electrical and mechanical design.

4.2. Multiphysics analysis of electromagnetic energy harvester in zone 1

The definition of electromagnetic transducer parameters in COMSOL Multiphysics is essential
for accurately modeling real operating conditions, as it encompasses geometric, material, and
electrical characteristics of the system. The simulation considers key parameters such as the
vibration frequency and amplitude, the distance between the magnet and the coil, magnetic flux
density, number of coil turns, electrical load resistance R,,:;, and wire geometry. Accurate
specification of these parameters enables a realistic representation of the system and provides a
reliable basis for estimating the induced voltage and output power.

T
A 0531
— 05
N 0.45
50 \ 7
2 0.4
| 0.35
0.3
mm 0
0.25
0.2
y 4 0.15
50 .
“ 0.1
= 0.05
50 0 so 29
mm
mm ¥ 1.77x10™!

Fig. 15. Simulation of the magnetic field of an electromagnetic transducer

Fig. 15 illustrates the magnetic field distribution around a cylindrical NdFeB permanent
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magnet (grade N52) positioned at the center of the model. The AC/DC Magnetic Fields interface
in COMSOL Multiphysics was used to compute and visualize the magnetic field distribution. The
results show that the magnetic flux density is highest near the pole regions of the magnet, reaching
values of approximately 0.8 T, and gradually decreases with increasing distance from the magnet.

This spatial distribution is of particular importance, as the induced voltage depends not only
on the rate of change of magnetic flux through the coil, but also on the spatial alignment between
the magnetic field and the coil position.

Fig. 16 presents the displacement distribution along the cantilever length at the first natural
frequency (6.6 Hz) and the second natural frequency (49 Hz) for a configuration with additional
masses my; = 94 g and m, = 94 g. The simulation results indicate that, at the location of the
permanent magnet, the displacement amplitude reaches approximately 0.6 mm in both vibration
modes. This finding implies that, in practical system design, a minimum clearance of at least
0.6 mm between the magnet and the coil is required to prevent mechanical contact or collision
during operation. In the simulation model, the coil is defined with a height of 0.7 mm, ensuring
sufficient mechanical clearance for safe oscillatory motion of the magnet within the operating
range, while maintaining realistic conditions consistent with expected system performance.

1sf 1
1.4 // |
e
1.3F v
1.2 /
1.1 /
T af y
§ 0.9 // -
g 0.8l yd i
g o7fF /- ]
=2 //
g osf £ 4
3
8 s - 7T
.5 ~ y g 1
P ~ ~ /
0.4l // N // |
0.3k e }
0.2} //' s 4
ol P _— / |
of —= \/ |
n L L L .
o 0.05 0.1 0.15 0.2

Cantilever length, L{m)
Fig. 16. Displacements along the length of the cantilever during vibrations
with frequencies of 6.6 Hz and 49 Hz

Fig. 17 presents the simulation results of the induced voltage, current, and output power of the
electromagnetic transducer at the first natural frequency of the system (6.7 Hz). The results
indicate that the induced voltage in the coil reaches approximately +0.3 Vy,, while the current
through the resistive load is about +0.3 mA,,. The corresponding electrical power delivered to the
load is approximately 0.08 mW. These results confirm that, at low vibration frequencies, energy
conversion efficiency is limited by the low rate of change of the magnetic flux.

Fig. 18(a) presents the induced voltage in the coil at a natural frequency of 49 Hz, while
Fig. 18(b) shows the corresponding current through the load for a resistive load of 1230 Q.
Fig. 18(c) illustrates the output electrical power, i.e., the power dissipated in the load resistor.

According to the simulation results, the induced voltage reaches approximately +2.4 V,,,, while
the current through the load is about £2 mA,,,. The corresponding output power is in the range of
3-4 mW. These results demonstrate that, with increasing vibration frequency, the rate of change
of magnetic flux through the coil increases, leading to a significant rise in the induced voltage and,
consequently, higher output power.

Simulations of the electromagnetic transducer performed in COMSOL Multiphysics enabled
both quantitative and qualitative analysis of the conversion of mechanical vibration energy into
electrical energy. The results confirm that the induced voltage and output power depend on the
vibration frequency and amplitude, as well as on the magnetic flux density and the relative position
between the magnet and the coil. At the first natural frequency (6.7 Hz), the induced voltage in
the coil reaches approximately £0.3 V, with a corresponding output power of about 0.08 mW.
These values are consistent with operation in a low-frequency regime, where the limited rate of
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change of magnetic flux restricts the energy conversion capability. In contrast, at the second
natural frequency (49 Hz), the induced voltage increases to approximately £2.4 V, while the output
power reaches 3-4 mW. This significant increase is attributed to the higher relative velocity
between the magnet and the coil, which enhances electromagnetic induction.
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Fig. 17. Parameters of the system for a natural frequency of 6.7 Hz
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Fig. 18. Parameters of the system for a natural frequency of 49 Hz
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Magnetic field analysis further reveals that the highest magnetic flux density is concentrated
near the pole regions of the magnet, emphasizing the importance of precise coil placement for
maximizing electromagnetic coupling and output power. Overall, the results demonstrate that the
electromagnetic transducer is capable of generating practically usable energy levels, particularly
in the frequency range of 40-60 Hz, making it suitable for low-power and autonomous IoT
applications.

5. Discussion of the results
5.1. Modal behaviour discussion

The developed numerical models in COMSOL Multiphysics enable accurate prediction of the
dynamic behavior of the system, including mode shapes and the distribution of kinetic, potential,
and dissipative energy across different excitation frequencies. The results indicate that the first
and second natural frequencies represent the dominant energy-carrying modes of the system.

Parametric simulations with added masses demonstrate that modifying mass distribution
enables controlled tuning of the natural frequencies and redistribution of energy between the
fundamental vibration modes. The addition of a tip mass m, leads to a significant reduction in the
first natural frequency, decreasing from 19.1 Hz (without added mass) to 7.2 Hz form; = 100 g,
corresponding to a reduction of approximately 62 %. In comparison, the second natural frequency
decreases from 124.9 Hz to 100.9 Hz (approximately 20 %), indicating that m; predominantly
affects the first vibration mode. In contrast, the addition of a second mass m, in energy zone 2 has
a much stronger influence on the second vibration mode. The first natural frequency changes only
slightly, from 7.72 Hz (without m,) to 7.52 Hz for m, = 100 g (approximately 3.5 %). However,
the second natural frequency decreases significantly from 103.16 Hz to 52.4 Hz, representing a
reduction of approximately 49 %. These results confirm that selective mass placement enables
targeted modal tuning, allowing independent control of the first and second vibration modes and
their associated energy distributions.

5.2. Power output discussion

The addition of tip masses causes a change in the natural frequencies of the cantilever, but at
the same time the modal analysis reveals significant changes in the oscillation shapes, as well as
in the distribution of kinetic and potential energy along its length. In the first mode, the zone with
the highest kinetic energy remains concentrated at the free end of the cantilever, while the
maximum potential energy occurs near the clamped end. In the second mode, the added mass m,
affects the position of the nodal point, when increasing the mass, it moves away from the end of
the cantilever, which leads to a change in the modal shape and in the distribution of the effective
velocity along the length of the structure. The analysis showed that the selected position of the
mass m,, in addition to being characterized by the highest effective speeds, also allows for almost
rectilinear motion along the z-axis which has multiple advantages. Rectilinear motion is
particularly suitable for the electromagnetic transducer, as it allows for stable and controlled
relative displacement between the magnet and the coil, without the risk of mechanical contact,
collision or damage. After the introduction of the second mass m,, localized normal stresses
additionally appear in the zone behind the magnet position, which creates a new potential for
utilizing potential energy in this area as well. Based on these results, energy zones for the
integration of converters were defined, determining energy zone located near the clamped end,
suitable for a piezoelectric transducer, an energy zone located at the position of the maximum
amplitude peak at the second natural frequency, suitable for an electromagnetic transducer, and
an energy zone immediately after the maximum amplitude at the second natural frequency,
suitable for harnessing the potential energy through a second piezoelectric transducer. Using a
multiphysics approach in COMSOL Multiphysics, detailed models have been developed that
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encompass the coupled mechanical, electrical, and magnetic domains, allowing for quantitative
evaluation of energy conversion in various configurations. This analysis is not limited to
individual converters but rather lays the foundation for their integration into a hybrid system,
where the complementary advantages of both principles enable increased operating efficiency.

6. Conclusions

The development of analytical models for both piezoelectric and electromagnetic transducers
established the fundamental mathematical relationships between the mechanical and electrical
domains, enabling an analytical description of the energy conversion processes within the system.

The piezoelectric model captures the relationship between mechanical stresses in the cantilever
and the generated electrical voltage through the material’s piezoelectric constants. In parallel, the
electromagnetic model describes the relationship between the relative motion of the magnet and
the coil and the induced voltage, based on Faraday’s law of electromagnetic induction. These
models enable analytical estimation of voltage, current, and energy output as a function of the
system dynamics.

Subsequently, numerical simulations of the cantilever structure with integrated transducers
were performed for different configurations, including cases with and without added masses. The
results confirm that optimal transducer performance strongly depends on their placement within
the identified energy zones. Specifically, positioning the piezoelectric transducer near the clamped
end (energy zone 1) yields the highest voltage and power in the first vibration mode, whereas
placement in energy zone 2 is more effective for higher modes.

The introduction of additional masses significantly influences the modal characteristics and
energy distribution. Increasing the tip mass m; reduces the first natural frequency and amplifies
strain near the clamped end, leading to increased piezoelectric voltage, although with limited
power output. In contrast, the introduction of a second mass m,, in energy zone 2 primarily affects
the second vibration mode, enhancing velocity levels and enabling higher energy extraction.

The configuration with two added masses (m; = 94 g, m, = 94 g) represents an optimal
compromise for the proposed hybrid architecture. It provides efficient piezoelectric energy
harvesting in the first mode (energy zone 1) and stable performance in the second mode (energy
zone 2). Moreover, this configuration enables nearly rectilinear motion of m,, which functions as
the permanent magnet of the electromagnetic transducer along the z-axis. This motion ensures
stable spacing between the magnet and the coil, minimizes lateral deviations, and reduces
magnetic flux losses.

Importantly, the resulting second natural frequency (f, = 49 Hz) lies within the typical
industrial vibration range of 40-60 Hz, confirming the practical applicability of the proposed
system. These findings demonstrate that the selected mass configuration provides an effective
balance between modal tuning, energy distribution, and hybrid energy conversion performance.

While recent experimental investigations [54] have confirmed the practical performance of the
system, the present work addresses the lack of a comprehensive analytical and numerical
framework for describing the coupled electromechanical behavior of hybrid energy harvesters.
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