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Abstract. Free axisymmetric vibrations of a circular plate resting on an inhomogeneous, 
continuous elastic Winkler foundation are investigated. The foundation inhomogeneity is 
represented by a spatially varying subgrade modulus, which may be described by an arbitrary 
continuous function. For this class of structures, an analytical modal analysis method based on an 
exact solution of the governing partial differential equation is proposed. Numerical results for a 
circular plate are presented in tabulated form. To validate the proposed approach, the results are 
compared with those obtained from finite element analysis using the LIRA-FEM software 
package.  
Keywords: circular plate, inhomogeneous foundation, Winkler’s hypothesis, variable subgrade 
modulus, analytical calculation method, modal analysis. 

1. Introduction 

Oscillatory phenomena are ubiquitous in nature and play a fundamental role across various 
fields of science and engineering, in particular in civil and industrial engineering [1]-[4], hydraulic 
engineering [5], mechanical engineering [6]-[8], and aerospace applications [9], [10]. 

In contemporary construction practice, circular plate elements supported by elastic foundations 
are widely utilized as essential structural components. Modal analysis of circular plates supported 
by inhomogeneous Winkler foundations is particularly relevant to soil-structure interaction 
problems and vibration control. These models are essential for the design and dynamic assessment 
of circular foundations, raft and pile caps, machine and turbine bases, pavements, manhole covers, 
storage tanks, and landing platforms for wind turbines and aerospace vehicles, where soil 
properties are inherently nonuniform. Accurate prediction of natural frequencies and mode shapes 
enables resonance avoidance, enhances structural safety, and supports material optimization. 

Among the various approaches for modeling foundation-structure interaction, the Winkler 
model remains one of the most widely used. It represents the foundation as a system of 
independent vertical springs characterized by a single parameter, the subgrade modulus. In its 
simplest form, the foundation is assumed homogeneous, yielding a constant subgrade modulus 
and significantly simplifying the governing differential equations for plate vibrations. However, 
this idealization rarely reflects actual ground conditions, and more realistic analyses require 
consideration of foundation heterogeneity [11]. In such cases, the subgrade modulus varies 
spatially, which substantially increases the mathematical complexity of the problem and generally 
necessitates the use of approximate solution techniques. 

The theory of circular plates is comprehensively presented in classical monographs [12]-[14]. 
In contrast, analytical solutions for circular plates resting on variable Winkler foundations remain 
scarce in the literature [11], [15], [16]. In particular, [15] and [16] develop analytical approaches 
for axisymmetric bending of circular plates supported by Winkler-type foundations with spatially 
varying stiffness, based on the general integral of the governing differential equation with variable 
coefficients. 
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In [17], the authors address this problem by employing the Rayleigh-Schmidt approach, 
presenting tabulated frequency coefficients for the lower symmetric and asymmetric transverse 
vibration modes of a thin isotropic plate, under the condition of elastic constraints against both 
displacement and rotation. Paper [18] proposes a generalized numerical method based on the 
classical Mohr method, adapted to analyze structures on a variable single-parameter elastic 
foundation. Notably, the method is formulated for efficient computer implementation. In [19], the 
lowest natural frequency of transverse vibrations of circular plates with fixed and simply 
supported edges was evaluated using the Rayleigh-Ritz variational approach. The trial functions 
employed consisted of polynomial terms, which conform to the boundary conditions at the plate’s 
perimeter, combined with trigonometric functions. The authors [20] used an analytical method to 
obtain the frequency equation of a circular plate with elastic edge supports, part of which rests on 
a discontinuous elastic foundation. Parametric investigations were performed to examine the 
response of circular plates with elastic edge supports, considering various values of the transverse 
stiffness and foundation parameters under different boundary conditions. In [21], a finite 
element-based numerical procedure is proposed for conducting nonlinear dynamic analysis of 
circular reinforced concrete slab structures subjected to variable dynamic loads. In article [22], 
free vibrations are investigated and modal analysis of thin circular plates with arbitrary boundary 
conditions is performed. The Pasternak and Winkler models are used to simulate the elastic base. 
The natural frequencies and vibration modes of circular plates are obtained using a numerical 
method for solving differential equations. The influence of the base stiffness parameters and 
boundary conditions on the natural frequencies and vibration modes is taken into account. Studies 
[23], [24] are dedicated to the study of vibrations of circular plates with unusual boundary 
conditions. Article [23] provides a study of the vibrational characteristics of thin circular plates 
on a homogeneous Winkler foundation with rotational elastic boundary condition at the edge. The 
frequency equation was obtained using an analytical method. Parametric studies of the vibrations 
of circular plates were carried out for different parameters of the stiffness of the elastic boundary 
condition on the contour. In [24], plate with the boundary conditions which deviate from the 
classical cases is considered. The transverse vibrations of thin circular plates on a homogeneous 
Winkler foundation with guided edge were investigated. Article [25] provides a study of the 
dynamics of thin circular plates fixed along the contour and performs a finite element analysis. By 
analyzing the dynamic behavior of the plate, the modes of vibrations are determined, which can 
be used to identify patterns characterizing the location of damage. In [26], exact solution is derived 
for the characteristics of free vibrations of thin circular plates, elastically constrained from 
displacement, resting on a Winkler elastic foundation. For circular plates constrained along their 
outer contour, parametric studies were conducted to assess the effect of the stiffness of the elastic 
foundation on the natural frequencies. Studies [27] and [28] investigate the application of the two-
dimensional differential transformation method to analyze the dynamic response of functionally 
inhomogeneous circular plates resting on a Pasternak elastic foundation. Paper [29] considers the 
analysis of free vibrations of circular plates supported by Winkler and Pasternak types of subgrade. 
The main partial differential equation is solved using the Galerkin method. Surface radial and 
circumferential stress types are determined. The obtained analytical solutions are used to study 
the influence of elastic foundation types on the dynamic behavior of a circular plate. In [30], the 
dynamic characteristics of nonlinear free vibrations of a circular plate resting on a two-parameter 
elastic foundation are examined. The governing differential equation is solved analytically 
through the Laplace decomposition method. These analytical results are then employed to assess 
the effects of the elastic foundation, as well as radial and circumferential stress distributions, on 
the plate’s natural frequencies. 

Thus, analysis of the existing literature indicates that most authors rely on approximate 
methods. However, scientific journals lack studies on vibrations of circular plates resting on 
heterogeneous elastic foundations based on the general integral of the governing differential 
equation. Therefore, the development of analytical solution methods for this problem remains 
relevant. A similar conclusion was reached by the authors of [11] following a comprehensive 
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review of related studies. 
This paper presents an analytical approach for evaluating free axisymmetric vibrations of 

circular plates on a heterogeneous continuous elastic Winkler foundation, where the foundation 
heterogeneity is characterized by a radially varying subgrade modulus described by an arbitrary 
continuous function. 

The aim of this study is to develop an analytical method for the modal analysis of circular plate 
resting on a continuous non-homogeneous Winkler elastic foundation. Some of the research 
results were previously presented in thesis form as conference materials [31]. 

The authors’ research methodology is based on the general integral of the governing 
differential equation for plate vibrations and its numerical implementation. The study employs the 
direct integration method developed in [15], [31], and [32], which is grounded in the theory of 
functional series and partial differential equations. 

2. Results 

Annular (Fig. 1) and solid circular (Fig. 2) homogeneous plates with uniform flexural rigidity 𝐷 resting on a heterogeneous continuous Winkler elastic foundation are considered, where: 𝑎 – 
plate outer contour circle radius; 𝑏 – plate inner contour circle radius; ℎ – plate thickness; 𝑟 – 
radial coordinate ሺ0 ≤ 𝑟 ≤ 𝑎ሻ. 

 
Fig. 1. Annular plate 

 
Fig. 2. Solid circular plate 

The plate flexural rigidity is determined using the standard expression: 

𝐷 ൌ 𝐸ℎଷ12ሺ1 − 𝜇ଶሻ, 
where 𝐸 – material elastic modulus, 𝜇 – Poisson’s ratio. 

Free axisymmetric vibrations of a plate occur when the elastic foundation reaction 𝑅ሺ𝑟, 𝑡ሻ and 
the edge boundary conditions are independent of the polar angle 𝜃. Under these vibration 
conditions, the plate experiences only three types of dynamic internal forces (Fig. 3): 𝑀௥ሺ𝑟, 𝑡ሻ – 
radial bending moment; 𝑀ఏሺ𝑟, 𝑡ሻ – as circumferential bending moment; 𝑄௥ሺ𝑟, 𝑡ሻ – radial 
transverse force. 

Following the Winkler hypothesis, the correlation between the foundation reaction 𝑅ሺ𝑟, 𝑡ሻ and 
the dynamic deflection of the plate 𝑊ሺ𝑟, 𝑡ሻ is expressed by the following equation  𝑅ሺ𝑟, 𝑡ሻ ൌ −𝑘ሺ𝑟ሻ𝑊ሺ𝑟, 𝑡ሻ, where 𝑘ሺ𝑟ሻ – variable subgrade modulus. Relatively to 𝑘ሺ𝑟ሻ accept the 
entry form: 𝑘ሺ𝑟ሻ ൌ 𝑘଴𝐵ሺ𝑟ሻ, (1)
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where 𝑘଴ represents the subgrade modulus at a characteristic point; 𝐵(𝑟) denotes a dimensionless 
continuous function describing the variation of the subgrade modulus. 

 
Fig. 3. Bending moments and transverse forces in the plate 

The vibration differential equation is [12], [13]: 

𝐷 1𝑟 𝜕𝜕𝑟 ൜𝑟 𝜕𝜕𝑟 ൤1𝑟 𝜕𝜕𝑟 ൬𝑟 𝜕𝑊𝜕𝑟 ൰൨ൠ + 𝑘଴𝐵(𝑟)𝑊 + 𝜌ℎ 𝜕ଶ𝑊𝜕𝑡ଶ = 0, (2)

where 𝜌 – material density. Finding an exact solution to this equation is the central problem of the 
study. 

3. General integral of the vibration equation and exact expressions for dynamic deflections 
and internal forces 

Dynamic movements include deflection 𝑊(𝑟, 𝑡) and the angle of rotation 𝜑(𝑟, 𝑡). After 
subtracting from Eq. (2) the deflection function will be found 𝑊(𝑟, 𝑡), dynamic angle of rotation 𝜑(𝑟, 𝑡) and dynamic forces in the plate 𝑀௥(𝑟, 𝑡), 𝑀ఏ(𝑟, 𝑡), 𝑄௥(𝑟, 𝑡) are determined by well-known 
formulas [12]: 

𝜑(𝑟, 𝑡) = 𝜕𝑊𝜕𝑟 , (3)𝑀௥(𝑟, 𝑡) = −𝐷ቆ𝜕ଶ𝑊𝜕𝑟ଶ + 𝜇𝑟 𝜕𝑊𝜕𝑟 ቇ, (4)𝑀ఏ(𝑟, 𝑡) = −𝐷 ቆ𝜇 𝜕ଶ𝑊𝜕𝑟ଶ + 1𝑟 𝜕𝑊𝜕𝑟 ቇ, (5)𝑄௥(𝑟, 𝑡) = −𝐷ቆ𝜕ଷ𝑊𝜕𝑟ଷ + 1𝑟 𝜕ଶ𝑊𝜕𝑟ଶ − 1𝑟ଶ 𝜕𝑊𝜕𝑟 ቇ. (6)

Using the Fourier method, we look for the solution of Eq. (2) in the form of; 𝑊(𝑟, 𝑡) = 𝑤(𝑟)𝑇(𝑡), (7)

where 𝑤(𝑟) – deflections amplitude function that depends solely on the coordinate 𝑟, 𝑇(𝑡) – is a 
function of time. Substituting Eq. (7) into Eq. (2) and distributing the variables, we get two 
ordinary differential equations: 𝑇ሶ (𝑡) + 𝜔ଶ𝑇(𝑡) = 0, (8)𝐷 1𝑟 𝑑𝜕𝑟 ൜𝑟 𝑑𝜕𝑟 ൤1𝑟 𝑑𝜕𝑟 ൬𝑟 𝑑𝑤𝜕𝑟 ൰൨ൠ + (𝑘଴𝐵(𝑟) − 𝜌ℎ𝜔ଶ)𝑤 = 0, (9)
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where 𝜔ଶ is the constant of the Fourier method. 
The solution to the Eq. (8) is obvious: 

𝑇(𝑡) = 𝑇(0) cos𝜔 𝑡 + 𝑇ሶ (0)𝜔 sin𝜔 𝑡, 
where 𝑇(0), 𝑇ሶ (0) – parameters of the initial conditions of motion. It follows that the introduced 
constant value 𝜔 is the frequency of the plate free vibration. 

The principal mode of vibration is determined as the solution to Eq. (9), which can be 
reformulated as: ΔΔ𝑤 + 1𝑎ସ (𝐾𝐵(𝑟) − Ωଶ)𝑤 = 0, (10)

where Δ = ௗమௗ௥మ + ଵ௥ + ௗௗ௥ – Laplace operator; 𝐾 = ௔ర௞బ஽  – established dimensionless parameter; Ω – 
a dimensionless frequency defined in relation to the actual frequency 𝜔 through the following 
equation: 

Ωଶ = 𝑎ସ𝜌ℎ𝜔ଶ𝐷 . (11)

We denote as 𝑋ଵ(𝑟), 𝑋ଶ(𝑟), 𝑌ଵ(𝑟), 𝑌ଶ(𝑟) the sought fundamental functions of the Eq. (10), and 𝑌ଵ(𝑟), 𝑌ଶ(𝑟) let’s search as the representation: 𝑌௡(𝑟) = 𝑋௡(𝑟) ln 𝑟𝑎 + 𝑍௡(𝑟),    (𝑛 = 1,2), (12)

where 𝑍ଵ(𝑟), 𝑍ଶ(𝑟) – auxiliary functions that are not yet known. By substituting Eq. (12) into 
Eq. (10), after the transformations we get: ൬ΔΔ𝑋௡(𝑟) + 1𝑎ସ (𝐾𝐵(𝑟) − Ωଶ)𝑋௡(𝑟)൰ ln 𝑟𝑎 + ΔΔ𝑍௡(𝑟) + 1𝑎ସ (𝐾𝐵(𝑟) − Ωଶ)𝑍௡(𝑟)+ 4𝑟 𝑑ଷ𝑋௡(𝑟)𝑑𝑟ଷ = 0. (13)

Since the expression at the logarithm in Eq. (13) must be exactly zero, according to the 
condition 𝑋௡(𝑟) (𝑛 = 1,2) – solutions of the Eq. (10). So, instead of the Eq. (13) we can record: 

ΔΔ𝑋௡(𝑟) + 1𝑎ସ (𝐾𝐵(𝑟) − Ωଶ)𝑋௡(𝑟) = 0,     (𝑛 = 1,2), (14)ΔΔ𝑍௡(𝑟) + 1𝑎ସ (𝐾𝐵(𝑟) − Ωଶ)𝑍௡(𝑟) = −4𝑟 𝑑ଷ𝑋௡(𝑟)𝑑𝑟ଷ ,    (𝑛 = 1,2). (15)

Solutions to the Eqs. (14) are sought in the format of double series: 

𝑋௡(𝑟) = ෍෍(−𝐾)௞Ωଶ௠ஶ
௞ୀ଴

ஶ
௠ୀ଴ 𝛼௡,௠,௞(𝑟), (16)

where 𝛼௡,௠,௞(𝑟) (𝑛 = 1,2) – sought variable coefficients, which are assumed to be continuous as 
well as their first- to fourth-order derivatives.  

For now, it is assumed that Eq. (15) and series alike, in which instead of 𝛼௡,௠,௞(𝑟) (𝑛 = 1,2) 
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its first- to fourth-order derivatives appear, converge uniformly. Then, it will be possible to 
differentiate the series. 

Substituting Eq. (15) into Eq. (14), we get: 

෍෍(−𝐾)௞Ωଶ௠ஶ
௞ୀ଴

ஶ
௠ୀ଴ ΔΔ𝛼௡,௠,௞(𝑟) − 1𝑎ସ 𝐵(𝑟) ෍෍(−𝐾)௞ାଵΩଶ௠ஶ

௞ୀ଴
ஶ

௠ୀ଴ 𝛼௡,௠,௞(𝑟)
− 1𝑎ସ ෍෍(−𝐾)௞Ωଶ௠ାଶஶ

௞ୀ଴
ஶ

௠ୀ଴ 𝛼௡,௠,௞(𝑟) = 0, 
or: 

෍෍(−𝐾)௞Ωଶ௠ஶ
௞ୀ଴

ஶ
௠ୀ଴ ΔΔ𝛼௡,௠,௞(𝑟) − 1𝑎ସ 𝐵(𝑟) ෍෍(−𝐾)௞Ωଶ௠ஶ

௞ୀଵ
ஶ

௠ୀ଴ 𝛼௡,௠,௞ିଵ(𝑟)
− 1𝑎ସ ෍෍(−𝐾)௞Ωଶ௠ஶ

௞ୀ଴
ஶ

௠ୀଵ 𝛼௡,௠ିଵ,௞(𝑟) = 0. 
Then, after the transformations, we come to the need to fulfill the identity: 

ΔΔ𝛼௡,଴,଴(𝑟) + ෍(−𝐾)௞ ൬ΔΔ𝛼௡,଴,௞(𝑟) − 1𝑎ସ 𝐵(𝑟)𝛼௡,଴,௞ିଵ(𝑟)൰ஶ
௞ୀଵ+ ෍Ωଶ௠ ൬ΔΔ𝛼௡,௠,଴(𝑟) − 1𝑎ସ 𝛼௡,௠ିଵ,଴(𝑟)൰ஶ

௠ୀଵ+ ෍෍(−𝐾)௞Ωଶ௠ஶ
௞ୀଵ

ஶ
௠ୀଵ ൬ΔΔ𝛼௡,௠,௞(𝑟) − 1𝑎ସ 𝐵(𝑟)𝛼௡,௠,௞ିଵ(𝑟) − 1𝑎ସ 𝛼௡,௠ିଵ,௞(𝑟)൰ = 0. 

To satisfy this identity, we equate all the variable coefficients at the powers to zero (−𝐾)௞Ωଶ௠. 
Then, we transition from the operator to the explicit form of writing. As a result, we get the 
differential equations: 1𝑟 𝑑𝑑𝑟 ൜𝑟 𝑑𝑑𝑟 ൤1𝑟 𝑑𝑑𝑟 ൬𝑟 𝑑𝛼௡,଴,଴(𝑟)𝑑𝑟 ൰൨ൠ = 0,    (𝑛 = 1,2), (17)1𝑟 𝑑𝑑𝑟 ൜𝑟 𝑑𝑑𝑟 ൤1𝑟 𝑑𝑑𝑟 ൬𝑟 𝑑𝛼௡,௠,଴(𝑟)𝑑𝑟 ൰൨ൠ = 1𝑎ସ 𝛼௡,௠ିଵ,଴(𝑟),   (𝑚 = 1,2,3, . . . ), (18)1𝑟 𝑑𝑑𝑟 ൜𝑟 𝑑𝑑𝑟 ൤1𝑟 𝑑𝑑𝑟 ൬𝑟 𝑑𝛼௡,଴,௞(𝑟)𝑑𝑟 ൰൨ൠ = 1𝑎ସ 𝐵(𝑟)𝛼௡,଴,௞ିଵ(𝑟),   (𝑘 = 1,2,3, . . . ), (19)1𝑟 𝑑𝑑𝑟 ൜𝑟 𝑑𝑑𝑟 ൤1𝑟 𝑑𝑑𝑟 ൬𝑟 𝑑𝛼௡,௠,௞(𝑟)𝑑𝑟 ൰൨ൠ = 1𝑎ସ 𝐵(𝑟)𝛼௡,௠,௞ିଵ(𝑟) + 1𝑎ସ 𝛼௡,௠ିଵ,௞(𝑟),  (𝑚 = 1,2,3, . . . ), (𝑘 = 1,2,3, . . . ). (20)

As 𝛼ଵ,଴,଴(𝑟),𝛼ଶ,଴,଴(𝑟) select the next functions: 

𝛼ଵ,଴,଴(𝑟) = 1,    𝛼ଶ,଴,଴(𝑟) = ቀ𝑟𝑎ቁଶ. (21)

Obviously, each of them satisfies the Eq. (17). Next, integrating Eq. (18-20) and presuming 
integration constants are equal to zero, we get: 
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𝛼௡,௠,଴(𝑟) = 1𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න 𝑟𝛼௡,௠ିଵ,଴(𝑟)𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟௥
଴

௥
଴ ,     (𝑚 = 1,2,3, . . . ), (22)𝛼௡,଴,௞(𝑟) = 1𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න 𝑟𝐵(𝑟)𝛼௡,଴,௞ିଵ(𝑟)𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟௥

଴ ,     ௥
଴ (𝑘 = 1,2,3, . . . ), (23)𝛼௡,௠,௞(𝑟) = 1𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න 𝑟 ቀ𝐵(𝑟)𝛼௡,௠,௞ିଵ(𝑟) + 𝛼௡,௠ିଵ,௞(𝑟)ቁ 𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟௥

଴
௥
଴ , (𝑚 = 1,2,3, . . . ), (𝑘 = 1,2,3, . . . ). (24)

As can be seen, formulas Eq. (22-24) are recursive. Using these formulas, 𝛼ଵ,௠,଴(𝑟), 𝛼ଶ,௠,଴(𝑟), 𝛼ଵ,଴,௞(𝑟), 𝛼ଶ,଴,௞(𝑟), 𝛼ଵ,௠,௞(𝑟), 𝛼ଶ,௠,௞(𝑟), which will be named as generating [15], [31], [32], are 
sequentially determined from the known primary 𝛼௡,଴,଴(𝑟). For found variable coefficients of the 
series Eq. (16), the Eq. (14) are satisfied identically. 

Let us now turn to the Eq. (15). As you can see, they are similar to the Eq. (14). The only 
difference is that the Eq. (15) are inhomogeneous. Accordingly, by employing the same method 
as in the previous case, we derive the solutions to Eq. (15). Leaving out details, only the final 
formulas that define the desired solutions will be presented: 

𝑍௡(𝑟) = ෍෍(−𝐾)௞Ωଶ௠ஶ
௞ୀ଴

ஶ
௠ୀ଴ 𝛽௡,௠,௞(𝑟), (25)

𝛽௡,଴,଴(𝑟) = 𝛼௡,଴,଴(𝑟) = ቀ𝑟𝑎ቁଶ௡ିଶ ,    (𝑛 = 1,2), (26)𝛽௡,௠,଴(𝑟) = 1𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න ቆ𝑟𝛽௡,௠ିଵ,଴(𝑟) − 4𝑎ସ 𝑑ଷ𝛼௡,௠,଴(𝑟)𝑑𝑟ଷ ቇ𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟௥
଴

௥
଴ , (𝑚 = 1,2,3, . . . ), (27)

𝛽௡,଴,௞(𝑟) = 1𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න ቆ𝑟𝐵(𝑟)𝛽௡,଴,௞ିଵ(𝑟) − 4𝑎ସ 𝑑ଷ𝛼௡,଴,௞(𝑟)𝑑𝑟ଷ ቇ𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟௥
଴

௥
଴ , (𝑘 = 1,2,3, . . . ) (28)𝛽௡,௠,௞(𝑟)= 1𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න ቆ𝑟𝐵(𝑟)𝛽௡,௠,௞ିଵ(𝑟) + 𝛽௡,௠ିଵ,௞(𝑟)௥
଴

௥
଴− 4𝑎ସ 𝑑ଷ𝛼௡,௠,௞(𝑟)𝑑𝑟ଷ ቇ𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟 ,      (𝑚 = 1,2,3, . . . ), (𝑘 = 1,2,3, . . . ). (29)

Rows Eq. (16), (25) coincide evenly. Here is a proof of convergence, for example, for the 
series Eq. (16). First of all, let us note that the generating functions 𝛼௡,௠,଴(𝑟) (𝑚 = 1,2,3, . . . ) are 
calculated by the Eqs. (21), (22) explicitly: 

𝛼௡,௠,଴(𝑟) = 𝑐௡,௠,଴,଴ ቀ𝑟𝑎ቁଶ௡ାସ௠ିଶ ,     (𝑚 = 1,2,3, . . . ), (30)𝑐௡,௠,଴,଴ = 1(2ଶ௠(𝑛 + 2𝑚 − 1)!)ଶ. (31)

For other productive functions, denoting 𝛾 = max଴ஸ௥ஸ௔𝐵(𝑟) and by applying integral properties, 
we derive following estimates: 

𝛼௡,଴,௞(𝑟) ≤ 𝛾𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න 𝑟𝛼௡,଴,௞ିଵ(𝑟)𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟௥
଴

௥
଴ ,    (𝑘 = 1,2,3, . . . ), (32)
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𝛼௡,௠,௞(𝑟) ≤ 1𝑎ସ න 1𝑟௥଴ න 𝑟௥଴ න 1𝑟 න 𝑟௥଴௥
଴ ቀ𝛾𝛼௡,௠,௞ିଵ(𝑟) + 𝛼௡,௠ିଵ,௞(𝑟)ቁ 𝑑𝑟𝑑𝑟𝑑𝑟𝑑𝑟, (𝑚 = 1,2,3, . . . ),    (𝑘 = 1,2,3, . . . ). (33)

Next, performing sequential operations using recursive Eqs. (32), (33) for the specified index 
values 𝑚, 𝑘 taking into account Eqs. (30), (31), in relation to the generating functions  
Eqs. (22-24) we come to the following general formula: 

𝛼௡,௠,௞(𝑟) ≤ 𝛾௞𝐶௠ା௞௠(2ଶ(௠ା௞)(𝑛 + 2(𝑚 + 𝑘) − 1)!)ଶ ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ିଶ, (𝑚 = 0,1,2, . . . ),   (𝑘 = 0,1,2, . . . ), (34)

where 𝐶௠ା௞௠ – is the number of connections with 𝑚 + 𝑘 by 𝑚. 
By applying Eq. (34) for series Eq. (16) we get: 

|𝑋௡(𝑟)| ≤ ෍෍(𝛾𝐾)௞Ωଶ௠ஶ
௞ୀ଴

(𝑚 + 𝑘)!𝑚!𝑘! (2ଶ(௠ା௞)(𝑛 + 2(𝑚 + 𝑘) − 1)!)ଶ ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ିଶஶ
௠ୀ଴≤ ෍෍ (𝛾𝐾)௞Ωଶ௠𝑚! 𝑘!ஶ
௞ୀ଴

ஶ
௠ୀ଴ = exp( 𝛾𝐾 + 𝛺ଶ),     (𝑛 = 1,2). 

As you can see, the constant acts as a majorant here. This proves that the series Eq. (16) 
converge absolutely and uniformly. Similarly, uniform convergence is proven for the other series 
that are formed from derivatives of 𝛼௡,௠,௞(𝑟), 𝛽௡,௠,௞(𝑟)(𝑛 = 1,2). 

Let us now prove linear independency of the functions 𝑋ଵ(𝑟), 𝑋ଶ(𝑟), 𝑌ଵ(𝑟), 𝑌ଶ(𝑟) by reverse 
method, assuming that the following is true: 𝐶ଵ𝑋ଵ(𝑟) + 𝐶ଶ𝑋ଶ(𝑟) + 𝐶ଷ𝑌ଵ(𝑟) + 𝐶ସ𝑌ଶ(𝑟) = 0, (35)

provided that not all constants 𝐶ଵ, 𝐶ଶ, 𝐶ଷ, 𝐶ସ are zero. Considering Eq. (12) and separately 
setting the logarithmic expression equal to zero, we get: 

𝐶ଷ𝑋ଵ(𝑟) + 𝐶ସ𝑋ଶ(𝑟) = ෍෍(−𝐾)௞Ωଶ௠ஶ
௞ୀ଴

ஶ
௠ୀ଴ (𝐶ଷ𝛼ଵ,௠,௞(𝑟) + 𝐶ସ𝛼ଶ,௠,௞(𝑟)) = 0. 

This equation is true for all 𝐾, Ω cases only if the following conditions are satisfied: 𝐶ଷ𝛼ଵ,௠,௞(𝑟) + 𝐶ସ𝛼ଶ,௠,௞(𝑟) = 0,    (𝑚 = 0,1,2, … ),     (𝑘 = 0,1,2, … ). 
In particular, when 𝑚 = 0, 𝑘 = 0, must be fulfilled 𝐶ଷ + 𝐶ସ ቀ௥௔ቁଶ = 0. Hence: 𝐶ଷ = 𝐶ସ = 0, (36)

i.e. functions 𝑋ଵ(𝑟), 𝑋ଶ(𝑟) – are linearly independent. Given this fact, as well as the Eq. (36), it 
follows from identity Eq. (35) that 𝐶ଵ = 𝐶ଶ = 𝐶ଷ = 𝐶ସ = 0. This proves linear independency of 
the system of functions 𝑋ଵ(𝑟), 𝑋ଶ(𝑟), 𝑌ଵ(𝑟), 𝑌ଶ(𝑟). 

As a result, it can be claimed that Eqs. (12), (16), (21-29) describe four fundamental functions 𝑋ଵ(𝑟), 𝑋ଶ(𝑟), 𝑌ଵ(𝑟), 𝑌ଶ(𝑟) of Eq. (10). By analyzing the mentioned formulas, we conclude that 
the functions 𝑋ଵ(𝑟), 𝑋ଶ(𝑟), 𝑍ଵ(𝑟), 𝑍ଶ(𝑟) are dimensionless [15]. For this reason, the functions 𝑌ଵ(𝑟), 𝑌ଶ(𝑟) are also dimensionless. 
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Therefore, the general solution of Eq. (10) is expressed as: 𝑤(𝑟) = 𝐶ଵ𝑋ଵ(𝑟) + 𝐶ଶ𝑋ଶ(𝑟) + 𝐶ଷ𝑌ଵ(𝑟) + 𝐶ସ𝑌ଶ(𝑟), (37)

where 𝐶ଵ, 𝐶ଶ, 𝐶ଷ, 𝐶ସ – arbitrary constants, which are of the same unit as deflection. By assuming 
that 𝐶௡ = 𝑎𝜆௡ (𝑛 = 1,2), where 𝜆ଵ, 𝜆ଶ – arbitrary dimensionless constants, then Eq. (37) can be 
expressed as: 𝑤(𝑟) = 𝑎𝑤଴(𝑟), (38)𝑤଴(𝑟) = 𝜆ଵ𝑋ଵ(𝑟) + 𝜆ଶ𝑋ଶ(𝑟) + 𝜆ଷ𝑌ଵ(𝑟) + 𝜆ସ𝑌ଶ(𝑟), (39)

where 𝑤଴(𝑟) is a dimensionless function. the expressions for the function 𝑤(𝑟) first three 
derivatives are also provided as follows: 𝑑𝑤𝑑𝑟 = 𝑤෥଴(𝑟), (40)𝑤෥଴(𝑟) = 𝜆ଵ𝑋෨ଵ(𝑟) + 𝜆ଶ𝑋෨ଶ(𝑟) + 𝜆ଷ𝑌෨ଵ(𝑟) + 𝜆ସ𝑌෨ଶ(𝑟), (41)𝑑ଶ𝑤𝑑𝑟ଶ = 1𝑎 𝑤̑଴(𝑟), (42)𝑤̑଴(𝑟) = 𝜆ଵ𝑋̑ଵ(𝑟) + 𝜆ଶ𝑋̑ଶ(𝑟) + 𝜆ଷ𝑌̑ଵ(𝑟) + 𝜆ସ𝑌̑ଶ(𝑟), (43)𝑑ଷ𝑤𝑑𝑟ଷ = 1𝑎ଶ 𝑤ෝ଴(𝑟), (44)𝑤ෝ଴(𝑟) = 𝜆ଵ𝑋෠ଵ(𝑟) + 𝜆ଶ𝑋෠ଶ(𝑟) + 𝜆ଷ𝑌෠ଵ(𝑟) + 𝜆ସ𝑌෠ଶ(𝑟), (45)

where: 

𝑋෨௡(𝑟) = 𝑎 𝑑𝑋௡(𝑟)𝑑𝑟 ,     𝑋̑௡(𝑟) = 𝑎ଶ 𝑑ଶ𝑋௡(𝑟)𝑑𝑟ଶ ,     𝑋෠௡(𝑟) = 𝑎ଷ 𝑑ଷ𝑋௡(𝑟)𝑑𝑟ଷ ,     (𝑛 = 1,2), (46)𝑌෨௡(𝑟) = 𝑎 𝑑𝑌௡(𝑟)𝑑𝑟 ,     𝑌̑௡(𝑟) = 𝑎ଶ 𝑑ଶ𝑌௡(𝑟)𝑑𝑟ଶ ,     𝑌෠௡(𝑟) = 𝑎ଷ 𝑑ଷ𝑌௡(𝑟)𝑑𝑟ଷ ,     (𝑛 = 1,2). (47)

Functions Eqs. (46), (47), unlike derivative functions 𝑋௡(𝑟), 𝑌௡(𝑟), will be dimensionless [15] 
and will be called dimensionless derivatives from now on. In this case, taking into account 
Eq. (12), the dimensionless derivatives given in Eq. (47) yield: 𝑌෨௡(𝑟) = 𝑋෨௡(𝑟) ln 𝑟𝑎 + 𝑎𝑟 𝑋௡(𝑟) + 𝑍෨௡(𝑟), 𝑌̑௡(𝑟) = 𝑋̑௡(𝑟) ln 𝑟𝑎 + 2𝑎𝑟 𝑋෨௡(𝑟) − ቀ𝑎𝑟ቁଶ 𝑋௡(𝑟) + 𝑍̑௡(𝑟), 𝑌෠௡(𝑟) = 𝑋෠௡(𝑟) ln 𝑟𝑎 + 3𝑎𝑟 𝑋̑௡(𝑟) − 3 ቀ𝑎𝑟ቁଶ 𝑋෨௡(𝑟) + 2 ቀ𝑎𝑟ቁଷ 𝑋௡(𝑟) + 𝑍መ௡(𝑟), 
where: 

𝑍෨௡(𝑟) = 𝑎 𝑑𝑍௡(𝑟)𝑑𝑟 ,    𝑍̑௡(𝑟) = 𝑎ଶ 𝑑ଶ𝑍௡(𝑟)𝑑𝑟ଶ ,    𝑍መ௡(𝑟) = 𝑎ଷ 𝑑ଷ𝑍௡(𝑟)𝑑𝑟ଷ , 
are dimensionless derivatives of functions 𝑍ଵ(𝑟), 𝑍ଶ(𝑟). 

Therefore, the amplitude function of deflection and its first three derivatives are expressed in 
terms of dimensionless functions 𝑤଴(𝑟), 𝑤෥଴(𝑟), 𝑤̑଴(𝑟), 𝑤ෝ଴(𝑟). Consequently, the formulations 
for dynamic deflections Eq. (3), (7), as well as for dynamic internal forces Eqs. (4-6), when 
accounting for Eqs. (38), (40), (42), (44), take the following form: 
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𝑊(𝑟, 𝑡) = 𝑎𝑤଴(𝑟)𝑇(𝑡), (48)𝜑(𝑟, 𝑡) = 𝑤෥଴(𝑟)𝑇(𝑡), (49)𝑀௥(𝑟, 𝑡) = −𝐷𝑎 ቆ𝑤̑଴(𝑟) + 𝜇 𝑎𝑟 𝑤෥଴(𝑟)ቇ𝑇(𝑡), (50)𝑀ఏ(𝑟, 𝑡) = −𝐷𝑎 ቆ𝜇𝑤̑଴(𝑟) + 𝑎𝑟 𝑤෥଴(𝑟)ቇ𝑇(𝑡), (51)

𝑄௥(𝑟, 𝑡) = − 𝐷𝑎ଶ ൭𝑤ෝ଴(𝑟) + 𝑎𝑟 𝑤̑଴(𝑟) − ቀ𝑎𝑟ቁଶ 𝑤෥଴(𝑟)൱𝑇(𝑡). (52)

Consequently, dynamic parameters were expressed in terms of dimensionless fundamental 
functions 𝑋ଵ(𝑟), 𝑋ଶ(𝑟), 𝑌ଵ(𝑟), 𝑌ଶ(𝑟) and their dimensionless derivatives, enabling the use of 
mostly dimensionless quantities in modal analysis of plates. 

4. Vibration frequency analytical representation 

According to Eq. (11), we obtain the frequency spectrum: 

𝜔௝ = Ω௝𝑎ଶ ඨ 𝐷𝜌ℎ ,      (𝑗 = 1,2,3, … ), (53)

where Ω௝ are positive roots of the frequency Eq. (37) sorted in ascending order. Essentially, 
determining the frequency 𝜔 reduces to evaluating the corresponding dimensionless frequency Ω. 
Since the fundamental functions 𝑋ଵ(𝑟), 𝑋ଶ(𝑟) and their dimensionless derivatives depend on the 
dimensionless frequency, then the frequency equations obtained after the implementation of the 
specified boundary conditions will serve to find it. 

5. Representation of product functions by power series 

For the study of free vibrations of circular plates, the exact formulas were obtained 
Eqs. (38-45), (48)-(52). However, the practical implementation of these formulas requires 
repeated calculation of integrals Eq. (22-24), (27-29), which define the generating functions. 
However, such calculations can be difficult, which, in turn, can be an obstacle to the application 
of the results in engineering practice. Therefore, for the convenience of numerical realization, we 
will write the product functions in the form of power series. 

As can be seen from the Eq. (30), generating functions 𝛼௡,௠,଴(𝑟) (𝑚 = 1,2,3, . . . ) are already 
polynomials (finite power series). In the subsequent analysis, we consider the dimensionless 
continuous function 𝐵(𝑟) is regular near 𝑟 = 0 and expressed by the Maclaurin series: 

𝐵(𝑟) = 𝐵଴ + 𝐵ଵ ቀ𝑟𝑎ቁ + 𝐵ଶ ቀ𝑟𝑎ቁଶ +. . . +𝐵௝ ቀ𝑟𝑎ቁ௝ +. . ., (54)

where: 

𝐵଴ = 𝐵(0),    𝐵௝ = 𝑎௝𝐵(௝)(0)𝑗! ,     (𝑗 = 1,2,3, . . . ), 
are dimensionless coefficients, and the index (𝑗) denotes the order of the derivative. From 
Eqs. (23), (21), (54) it is evident that the generating functions 𝛼௡,଴,௞(𝑟) (𝑘 = 1,2,3, . . . ) are 
likewise expressed as power series, with their lowest power equal to 2𝑛 + 4𝑘 − 2. Hence, 
functions 𝛼ଵ,଴,௞(𝑟), 𝛼ଶ,଴,௞(𝑟) (𝑘 = 1,2,3, . . . ) can be written in the form: 
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𝛼௡,଴,௞(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ௞ିଶ෍𝑐௡,଴,௞,௝ஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝ ,     (𝑘 = 1,2,3, . . . ), (55)

where 𝑐௡,଴,௞,௝ – dimensionless coefficients to be determined. At the same time, in a particular case 𝑘 = 0 Eq. (55) must coincide with Eq. (21). From this condition we find: 𝑐௡,଴,଴,଴ = 1,     𝑐௡,଴,଴,௝ = 0,    (𝑗 = 1,2,3, . . . ). (56)

Using the form of Eq. (54), as well as equation: 

𝛼௡,଴,௞ିଵ(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ௞ି଺෍𝑐௡,଴,௞ିଵ,௝ஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝ ,  

which is a consequence of Eq. (55), find the product of the series: 

𝐵(𝑟)𝛼௡,଴,௞ିଵ(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ௞ି଺෍𝑒௡,଴,௞ିଵ,௝ ቀ𝑟𝑎ቁஶ
௝ୀ଴

௝ , (57)

where: 

𝑒௡,଴,௞ିଵ,௝ = ෍𝐵௝ି௜𝑐௡,଴,௞ିଵ,௜௝
௜ୀ଴ . (58)

Substituting the value of Eq. (57) into Eq. (23) in place of the product 𝐵(𝑟)𝛼௡,଴,௞ିଵ(𝑟) and 
carrying out the integration, yields the following result: 

𝛼௡,଴,௞(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ௞ିଶ෍𝑒௡,଴,௞ିଵ,௝𝑝௡, ଴,௞,௝ଶஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝, (59)

where 𝑝௡,଴,௞,௝ = (2𝑛 + 4𝑘 + 𝑗 − 4)(2𝑛 + 4𝑘 + 𝑗 − 2). 
By comparing Eq. (55) and (59), and factoring in Eq. (58), the following recursive formula for 

the coefficients of interest is obtained: 

𝑐௡,଴,௞,௝ = 1𝑝௡, ଴,௞,௝ଶ ෍𝐵௝ି௜𝑐௡,଴,௞ିଵ,௜௝
௜ୀ଴ ,     (𝑘 = 1,2,3, . . . ),    (𝑗 = 0,1,2, . . . ). (60)

So, Eqs. (56), (60) fully define series coefficients Eq. (55). 
Analyzing the Eq. (24) taking into account Eqs. (30), (54), (55), we come to the conclusion 

that the generating functions 𝛼௡,௠,௞(𝑟) will also be power series with the lowest power of  2𝑛 + 4(𝑚 + 𝑘) − 2. Accordingly, the expression can be written as: 

𝛼௡,௠,௞(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ିଶ෍𝑐௡,௠,௞,௝ஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝ ,     (𝑚 = 1,2,3, . . . ),    (𝑘 = 1,2,3, . . . ), (61)

where 𝑐௡,௠,௞,௝ – the desired dimensionless coefficients. The case of 𝑘 = 0 requires separate 
consideration. In this case, the Eq. (61) must coincide with Eq. (30), what will be ensured if: 
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𝑐௡,௠,଴,௝ = 0,    (𝑚 = 1,2,3, . . . ),     (𝑗 = 1,2,3, . . . ). (62)

By shifting indices 𝑚 and 𝑘 in Eq. (61) by one at a time, we get: 

𝛼௡,௠ିଵ,௞(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ି଺෍𝑐௡,௠ିଵ,௞,௝ஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝ , (63)

𝛼௡,௠,௞ିଵ(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ି଺෍𝑐௡,௠,௞ିଵ,௝ஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝ . (64)

As the product of the series Eqs. (54) and (64) we get 

𝐵(𝑟)𝛼௡,௠,௞ିଵ(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ି଺෍𝑒௡,௠,௞ିଵ,௝ ቀ𝑟𝑎ቁஶ
௝ୀ଴

௝ , (65)

where: 

𝑒௡,௠,௞ିଵ,௝ = ෍𝐵௝ି௜𝑐௡,௠,௞ିଵ,௜௝
௜ୀ଴ . (66)

By substituting the values of Eqs. (63), (65) into Eq. (24) replacing the expressions 𝐵(𝑟)𝛼ଵ,௠,௞ିଵ(𝑟), 𝐵(𝑟)𝛼ଶ,௠,௞ିଵ(𝑟), 𝛼ଵ,௠ିଵ,௞(𝑟), 𝛼ଶ,௠ିଵ,௞(𝑟) and subsequently performing the 
integration, we obtain: 

𝛼௡,௠,௞(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ିଶ෍ 𝑒௡, ௠, ௞ିଵ, ௝ + 𝑐௡, ௠ିଵ, ௞, ௝𝑝௡, ௠,௞,௝ଶஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝,      (𝑚 = 1,2,3, . . . ),     (𝑘 = 1,2,3, . . . ), (67)

where 𝑝௡,௠,௞,௝ = (2𝑛 + 4(𝑚 + 𝑘) + 𝑗 − 4)(2𝑛 + 4(𝑚 + 𝑘) + 𝑗 − 2). 
Comparing Eqs. (61) and (67), and factoring in Eq. (66), we derive the following recursive 

relation for the coefficients of interest: 

𝑐௡,௠,௞,௝ = 1𝑝௡, ௠,௞,௝ଶ ቌ𝑐௡, ௠ିଵ, ௞, ௝ + ෍𝐵௝ି௜𝑐௡,௠,௞ିଵ,௜௝
௜ୀ଴ ቍ,      (𝑚 = 1,2,3, . . . ),    (𝑘 = 1,2,3, . . . ),     (𝑗 = 0,1,2, . . . ). (68)

Thus, the recursive Eqs. (31), (60), (62), (68) fully define the dimensionless coefficients of 
Eq. (61). 

Similarly, you can get a representation in the form of power series for generating functions 
Eqs. (27)-(29). Here are given only the final formulas: 

𝛽௡,௠,଴(𝑟) = 𝑑௡,௠,଴,଴ ቀ𝑟𝑎ቁଶ௡ାସ௠ିଶ ,     (𝑚 = 1,2,3, . . . ), (69)𝑑௡,଴,଴,଴ = 1,𝑑௡,௠,଴,଴ = 𝑑௡,௠ିଵ,଴,଴𝑝௡,௠,଴,଴ଶ − 4(2𝑛 + 4𝑚 − 3) 𝑐௡,௠,଴,଴𝑝௡,௠,଴,଴ ,     (𝑚 = 1,2,3, . . . ), (70)
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𝛽௡,଴,௞(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ௞ିଶ෍𝑑௡,଴,௞,௝ஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝, (71)𝑑௡,଴,଴,௝ = 0,     (𝑗 = 1,2,3, . . . ), (72)𝑑௡,଴,௞,௝ = 1𝑝௡,଴,௞,௝ଶ ෍𝐵௝ି௜௝

௜ୀ଴ 𝑑௡,଴,௞ିଵ,௜ − 4(2𝑛 + 4𝑘 + 𝑗 − 3) 𝑐௡,଴,௞,௝𝑝௡,଴,௞,௝ ,      (𝑘 = 1,2,3, . . . ),     (𝑗 = 0,1,2, . . . ), (73)

𝛽௡,௠,௞(𝑟) = ቀ𝑟𝑎ቁଶ௡ାସ(௠ା௞)ିଶ෍𝑑௡,௠,௞,௝ஶ
௝ୀ଴ ቀ𝑟𝑎ቁ௝ ,     (𝑚 = 1,2,3, . . . ),     (𝑘 = 1,2,3, . . . ), (74)𝑑௡,௠,଴,௝ = 0,     (𝑚 = 1,2,3, . . . ),     (𝑗 = 1,2,3, . . . ), (75)𝑑௡,௠,௞,௝ = 1𝑝௡,௠,௞,௝ଶ ቌ𝑑௡,௠ିଵ,௞,௝ + ෍𝐵௝ି௜௝

௜ୀ଴ 𝑑௡,௠,௞ିଵ,௜ቍ − 4(2𝑛 + 4(𝑚 + 𝑘) + 𝑗 − 3) 𝑐௡,௠,௞,௝𝑝௡,௠,௞,௝ , (𝑚 = 1,2,3, . . . ),     (𝑘 = 1,2,3, . . . ),     (𝑗 = 0,1,2, . . . ). (76)

The set of recurrence relations Eqs. (70), (72), (73), (75), (76) completely determines the 
coefficients of series Eq. (74). 

Eqs. (39), (41), (43) and (45) provide a general framework for analyzing the vibrations of both 
solid and annular plates. For solid plates, however, these equations can be further simplified. 
Specifically, applying the condition of finite deflection at the plate center 𝑟 = 0 to Eq. (39) yields 
a reduction in the complexity of the solution 𝜆ଷ = 𝜆ସ = 0. In this scenario, the fundamental 
functions 𝑌ଵ(𝑟), 𝑌ଶ(𝑟) appearing in Eqs. (69)-(76) are not involved in the calculations. 

It should also be noted that, for plates with non-smooth 𝐵(𝑟), the problem can be addressed in 
a piecewise manner by discretizing the structure. 

Consequently, all generating functions can be expressed as power series. Hence, an analytical 
method of numerical realization for the found exact solutions is actually proposed. 

6. Illustrative examples 

6.1. Example 1. Annular plate 

Consider the scenario in which the subgrade modulus varies following a parabolic distribution: 

𝑘(𝑟) = 4 𝑏𝑎ቀ1 − 𝑏𝑎ቁଶ 𝑘 ൬𝑎 + 𝑏2 ൰ ቀ𝑟𝑏 − 1ቁ ቀ1 − 𝑟𝑎ቁ. 
Such a form of dependence is appropriate in cases where the foundation stiffness function 

exhibits an extremum (minimum or maximum) within the intermediate region of the annulus – for 
example, in the presence of a local zone of reinforcement or weakening of the foundation. 

Let’s write this formula in the Eq. (1): 

𝑘(𝑟) = 𝑘଴ ቀ𝑟𝑏 − 1ቁ ቀ1 − 𝑟𝑎ቁ ,     𝑘଴ = 4 𝑏𝑎ቀ1 − 𝑏𝑎ቁଶ 𝑘 ൬𝑎 + 𝑏2 ൰ ,     𝐵(𝑟) = ቀ𝑟𝑏 − 1ቁ ቀ1 − 𝑟𝑎ቁ, 
i.e.: 
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𝐵଴ = −1,     𝐵ଵ = 1 + 𝑎𝑏 ,     𝐵ଶ = −𝑎𝑏 ,    𝐵௝ = 0,     (𝑗 = 3,4,5, . . . ). 
Here are the calculation results for annular concrete plate with clamped contours. This case 

corresponds to the boundary conditions: 𝑊(𝑎, 𝑡) = 0; 𝜑(𝑎, 𝑡) = 0; 𝑊(𝑏, 𝑡) = 0; 𝜑(𝑏, 𝑡) = 0. By 
implementing them, using Eqs. (48), (49), (39), we have a homogeneous linear system of four 
equations regarding 𝜆ଵ, 𝜆ଶ, 𝜆ଷ, 𝜆ସ. By formulating the condition for the existence of solutions to 
this system, we obtain the corresponding frequency equation: 

Δ(Ω) = ተተ𝑋ଵ(𝑎) 𝑋ଶ(𝑎) 𝑌ଵ(𝑎) 𝑌ଶ(𝑎)𝑋෨ଵ(𝑎) 𝑋෨ଶ(𝑎) 𝑌෨ଵ(𝑎) 𝑌෨ଶ(𝑎)𝑋ଵ(𝑏) 𝑋ଶ(𝑏) 𝑌ଵ(𝑏) 𝑌ଶ(𝑏)𝑋෨ଵ(𝑏) 𝑋෨ଶ(𝑏) 𝑌෨ଵ(𝑏) 𝑌෨ଶ(𝑏)ተተ = 0. (77)

Once the solutions Ω௝  (𝑗 = 1,2,3, … ) of this equation are obtained, the natural frequencies of 
free axisymmetric vibrations of the plate can be determined using Eq. (53). 

Input data for the calculation: 𝜌 = 2500 kg/m3; 𝐸 = 15 MPa; 𝜇 = 1/6; 𝑎 = 2.5 m; 𝑏 = 1.5 m; ℎ = 0.12 m; 𝑘 ቀ௔ା௕ଶ ቁ = 4×103 kN/m3. 
Table 1 summarizes the computed values for the first three vibration modes, determined using 

the proposed authors’ method (AM), and compares them with results obtained via the approximate 
finite element method (FEM) executed in the LIRA-FEM software (7560 rectangular elements). 
The corresponding mode shapes for these three vibration modes are illustrated in Fig. 4. 

Table 1. Obtained results 

Mode no. Vibration frequencies 𝜔, rad/s Relative error, % AM FEM 
1 614.790850 630.461487 2.55 
2 1694.701320 1736.626465 2.27 
3 3328.775677 3405.004639 2.29 

 

 
a) 1st mode 

 
b) 2nd mode 

 
c) 3rd mode 

Fig. 4. First three normalized axisymmetric vibration modes of annular plate with clamped edges 

It is important to emphasize that, in the present example, series Eq. (54) degenerates into a 
finite first-degree polynomial. Consequently, truncation of the series is unnecessary, and the 
resulting computations can be considered exact. 

6.2. Example 2. Solid circular plate 

Consider the scenario in which the subgrade modulus varies following an exponential 
distribution: 

𝑘(𝑟) = 𝑘(0) exp ቀ𝛿 𝑟𝑎ቁ ,    𝛿 = ln 𝑘(𝑎)𝑘(0). 
The proposed model adequately captures the gradient heterogeneity of the foundation caused 

by the spatial variation of its physico-mechanical properties. Variation of the model parameter 
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enables the representation of both smooth and abrupt changes in foundation characteristics and is 
applicable to modeling gradual stiffness variations that cannot be accurately approximated by 
polynomial functions, as well as to describing transitions between more and less compacted 
regions or zones of reinforcement and weakening within the foundation. 

The formula can be expressed in the form of Eq. (1). Specifically, if 𝑘(0) ് 0, then: 𝑘଴ = 𝑘(0),    𝐵(𝑟) = exp ቀ𝛿 𝑟𝑎ቁ, 
i.e.: 

𝐵଴ = 1,     𝐵௝ = 𝛿௝𝑗! ,     (𝑗 = 1,2,3, . . . ). 
The computation results for a solid steel plate constrained along its edges are summarized as 

follows. This case corresponds to the boundary conditions: 𝑊(𝑎, 𝑡) = 0; 𝜑(𝑎, 𝑡) = 0. By 
implementing them, using Eqs. (48), (49), (39), (41), we have a homogeneous linear system of 
two equations regarding 𝜆ଵ, 𝜆ଶ. By formulating the condition for the existence of solutions to this 
system, we obtain the corresponding frequency equation: 

Δ(Ω) = ฬ𝑋ଵ(𝑎) 𝑋ଶ(𝑎)𝑋෨ଵ(𝑎) 𝑋෨ଶ(𝑎)ฬ = 0. 
Once the solutions Ω௝  (𝑗 = 1,2,3, … ) of this equation are obtained, the natural frequencies of 

free axisymmetric vibrations of the plate can be determined using Eq. (53). 
Input data for the calculation: 𝜌 = 7800 kg/m3; 𝐸 = 200 GPa; 𝜇 = 0.3; 𝑎 = 1 m; ℎ = 0.05 m; 𝑘(0) = 5×103 kN/m3; 𝑘(𝑎) = 4×103 kN/m3.  
Table 2 summarizes the computed values for the first three vibration modes, determined using 

the proposed authors’ method (AM), and compares them with results obtained via the approximate 
finite element method (FEM) executed in the LIRA-FEM software (360 triangle elements in the 
center of the plate, 6840 rectangular elements). The corresponding mode shapes for these three 
vibration modes are illustrated in Fig. 5. 

Table 2. Obtained results 

Mode No. Vibration frequencies 𝜔, rad/s Relative error, % AM FEM 
1 252.382020 256.028412 1.44 
2 973.790567 996.033997 2.28 
3 2180.611868 2229.999023 2.26 

 

 
a) 1st mode 

 
b) 2nd mode 

 
c) 3rd mode 

Fig. 5. First three normalized axisymmetric vibration modes of solid circular plate with clamped edge 

It should be noted that the method allows for achieving any preassigned level of computational 
accuracy. In particular, in the examples considered, the calculations were carried out with a 
precision of up to six decimal places. For the frequency values, this level of accuracy is attained 
by retaining the first 𝑚 = 𝑘 = 17 terms of the series in the first example and 𝑚 = 𝑘 = 10 terms 
in the second. 
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7. Conclusions 

1) This study presents an analytical method for performing axisymmetric modal analysis of 
circular plates resting on a variable elastic foundation. This method eliminates the need for 
structural discretization and offers a robust alternative to conventional approximate techniques for 
addressing this class of problems. 

2) As modal analysis is based on the exact solution of the governing differential equation, the 
obtained numerical results can be regarded as accurate. Such exact solutions serve as important 
reference benchmarks for evaluating the accuracy of different approximate techniques. The 
introduction of such methods into engineering practice will ensure greater accuracy of 
calculations. 

3) The comparison between the AM results and the corresponding FEM results obtained using 
the LIRA-FEM software demonstrates the accuracy and applicability of the proposed method for 
the case under study. 
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