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Abstract. This paper investigates how the assumed pressure-time shape for vented dust 
deflagrations affects the predicted dynamic response of thin steel plates using a bilinear SDOF 
model with Cowper-Symonds strain-rate effects. Five peak/impulse-matched, peak-aligned 
equivalent load laws triangular, right-triangle, reversed Friedlander, double reversed Friedlander, 
and a hybrid ramp and tail are compared against a CFD-validated reference trace. Results quantify 
sensitivity of mid-span deflection and peak demand to rise/decay assumptions, identifying when 
impulse matching is sufficient and when rise time and post-peak tail must be modeled explicitly. 
Keywords: SDOF model, steel plate, vented deflagration, equivalent load, pressure-time history, 
impulse. 

1. Introduction 

Vented dust deflagrations remain a critical safety scenario for industrial enclosures, filtration 
units, and lightweight casings [1]. Although venting limits the peak overpressure, it does not 
remove the transient pressure loading acting on structural panels, whose rise times and decay tails 
can differ markedly from classical blast waveforms and introduce additional uncertainty beyond 
the reduced-pressure magnitude alone. In engineering practice, simplified equivalent 
pressure-time shapes are often adopted for rapid plate assessments. The consequences of the 
selected idealization are rarely discussed explicitly, despite their potential influence on 
displacement demand, peak-response timing, and, in the inelastic range, permanent deformation. 

Single-degree-of-freedom (SDOF) models offer an effective compromise between mechanical 
fidelity and computational efficiency for preliminary plate-response screening [2]. If the load 
duration is very short compared with the natural period, impulse equivalence may be sufficient, 
and different shapes with the same impulse tend to produce similar peak deflections. However, 
vented deflagration transients often exhibit longer effective durations and nontrivial rise/decay 
features, making the response sensitive to how the load is distributed in time [3-7], especially 
when the duration becomes comparable to the structural period. In this regime, identical global 
descriptors may still produce different dynamic amplification and inelastic demand [8]. 

Within this context, the present study proposes a practical and reproducible framework for 
simplifying vented-deflagration pressure loads into a compact set of equivalent pressure-time 
histories tailored to rapid structural assessment. Rather than relying on a single surrogate 
waveform, the approach organizes and compares a family of low-parameter idealizations, ranging 
from triangular pulses to Friedlander-type decay laws [9] and reverse-Friedlander-like profiles 
able to represent slower pressure build-up followed by vent-controlled decay. The objective is to 
provide a rational basis for selecting an equivalent representation of vented-deflagration loading 
according to the response features that must be preserved. The paper then presents the SDOF 
model and assumptions, defines the load families and matching criteria, discusses response trends 
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across representative duration-to-period ratios, and concludes with practical guidance for the rapid 
assessment of plate-like components subjected to vented deflagration loading. 

2. SDOF model for blast-loaded steel plates 

In this work the plate response is approximated through a reduced-order single-degree-of-
freedom (SDOF) formulation in which the full flexural field is condensed into a single generalized 
displacement 𝑈(𝑡)associated with the dominant deformation mode [10]. The approach follows the 
classical plate-to-SDOF idealization for impulsive loads and extends it by (i) a bilinear 
elastic-plastic resistance, (ii) rate-dependent steel yield stress, and (iii) an explicit time-marching 
scheme suitable for large batches of simulations. 

Let 𝑤(𝑥,𝑦, 𝑡) be the transverse displacement of a rectangular plate of plan dimensions 𝑎 × 𝑏 
and thickness ℎ. The plate kinematics are expressed as a separable approximation  𝑤(𝑥,𝑦, 𝑡) = 𝜙(𝑥,𝑦) ∙ 𝑈(𝑡), where 𝜙(𝑥,𝑦) is an assumed mode shape consistent with the 
boundary conditions, and 𝑈(𝑡) is the generalized coordinate representing the mid-span response. 
The condensed equation of motion is written as: 𝑀௘ ∙ 𝑈ሷ (𝑡) + 𝐶௘ ∙ 𝑈ሶ (𝑡) + 𝑅 ∙ ቀ𝑈(𝑡),𝑈ሶ (𝑡)ቁ = 𝐹௘(𝑡), (1)

where 𝑀௘ is the equivalent (lumped) mass, 𝐶௘ is the equivalent viscous damping, which is 
neglected here because very short impulses are considered [11], 𝑅(⋅) is the generalized resistance 
(nonlinear), and 𝐹௘(𝑡) is the equivalent generalized load. In the SDOF mapping, the generalized 
terms are obtained through mass and load factors (commonly denoted 𝐾ெ and 𝐾௅), so that the 
external force and the stiffness/resistance can be consistently reduced to the single coordinate. In 
practice, once 𝐾ெ and 𝐾௅ are selected for the chosen 𝜙(𝑥,𝑦) and boundary condition set, the 
effective inertia and forcing read 𝑀௘ = 𝐾ெ ∙ 𝑀 and 𝐹௘(𝑡) = 𝐾௅ ∙ 𝑃(𝑡). 

With 𝑀 the total plate mass and 𝑃(𝑡) the resultant pressure load integrated over the plate area 
(in our case, for uniform pressure, 𝑃(𝑡) = 𝑝(𝑡)∙𝑎 ∙ 𝑏). 

The global resistance is represented by a bilinear force–displacement relationship calibrated 
to the plate type. In the elastic range, 𝑅(𝑈) = 𝑘ଵ ∙ 𝑈, with |𝑈| ≤ 𝑌ௌଵ where 𝑟ௌଵ = 𝑘ଵ𝑌ௌଵ is the 
yield-level generalized resistance. A second displacement level 𝑌ௌଶ can be introduced as a “plastic 
cap” (limit displacement) to stop the integration when the assumed bilinear idealization is no 
longer valid (or to flag a severe damage/failure state). In the implementation, the active stiffness 
(and corresponding 𝐾ெ, 𝐾௅) is switched depending on whether |𝑈| is below or above 𝑌ௌଵ; this 
allows the model to mimic the progressive boundary-condition change associated with plastic 
hinge formation along the edges. 

Blast loading produces high strain rates, which increase the apparent yield strength of steel and 
therefore the plate resistance. The rate sensitivity is introduced through a Cowper-Symonds type 

amplification of the yield stress [12]: 𝑓௬,ௗ = 𝑓௬ ∙ ൤1 + ቀఌሶ஼ቁଵ/௤൨, where 𝑓௬ is the quasi-static yield 
strength, 𝜀ሶ is an equivalent strain rate, and 𝐶, 𝑞 are material constants (typical values used for 
structural steels in blast-oriented reduced-order models are 𝐶 = 40·s-1 and 𝑞 = 5 [11]. The updated 𝑓௬,ௗ is used at each time step to recompute the generalized yield resistance and, consequently, the 
current thresholds 𝑌ௌଵ and 𝑌ௌଶ. 

The strain-rate input for Cowper-Symonds is obtained from the curvature-rate associated with 
the assumed mode. For thin plates, the extreme-fiber longitudinal strain is related to curvature by 𝜀(𝑡) = 𝜅(𝑡) ∙ ௛ଶ, and 𝜀ሶ(𝑡) = 𝜅ሶ(𝑡) ∙ ௛ଶ. 

Because 𝑤(𝑥,𝑦, 𝑡) = 𝜙(𝑥,𝑦) ∙ 𝑈(𝑡), curvatures scale with 𝑈(𝑡) and curvature-rates scale with 𝑈ሶ (𝑡). For a given boundary condition, closed-form expressions of 𝜙(𝑥,𝑦) lead to explicit 
curvature-rate relations of the form 𝜅ሶ(𝑡) = Γ ∙ 𝑈ሶ (𝑡), where Γ is a geometry- and mode-dependent 
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constant (e.g., proportional to (𝜋/𝑎)ଶ for common trigonometric modes) [2]. The model uses these 
relations to estimate 𝜀ሶ(𝑡) directly from the current generalized velocity 𝑈ሶ (𝑡), updating 𝑓௬,ௗ and 
the bilinear resistance consistently at every time step. 

Given the millisecond-scale duration of blast loads, an explicit central-difference scheme is 
adopted for robustness and computational speed. With time step Δ𝑡, displacement is advanced 
using: 𝑈௡ାଵ = 2 ∙ 𝑈௡ − 𝑈௡ିଵ + Δ𝑡ଶ ∙ 𝑈ሷ௡. 

Overall, this SDOF formulation retains the key physical mechanisms governing plate response 
under impulsive pressure, dominant flexural mode, elastic-plastic transition, and rate-dependent 
resistance, while remaining computationally light enough to support extensive parametric and 
probabilistic analyses. 

3. Equivalent pressure-time histories for vented dust deflagrations 

The structural response of thin plates under internal deflagrations is governed by both the peak 
overpressure and the time distribution of the impulse [2]. In vented dust explosions a progressive 
pressure build-up during flame acceleration, a maximum associated with the venting competition, 
and a subsequent decay that may include oscillations and partial vacuum phases due to vent 
outflow and system compliance. For this reason, rather than adopting a single canonical blast 
function, several equivalent pressure-time shapes are considered to reproduce, in a controlled 
manner, the key descriptors of a vented deflagration curve within a prescribed time window. In 
all cases, the equivalent load is built to preserve the peak pressure 𝑃୫ୟ୶ and the impulse 𝐼 
(evaluated over a selected duration 𝑡௘௡ௗ), while modifying the “shape” of the rise/decay to explore 
its influence on the SDOF response [13]. 

In the following 𝑝(𝑡) denotes the measured/simulated vented-deflagration pressure (reference 
curve), 𝑃୫ୟ୶ = max𝑝(𝑡) is the peak within the chosen window [0, 𝑡௘௡ௗ], and 𝐼 = ׬ 𝑝(𝑡) ∙ 𝑑𝑡௧೐೙೏଴  
is the corresponding net impulse. Each equivalent law 𝑝௘௤(𝑡) is defined to remain non-negative, 
i.e. 𝑝௘௤(𝑡) ≥ 0, and the calibration of the equivalent shapes is performed against the positive-
phase descriptors 𝑃୫ୟ୶ and 𝐼 over [0, 𝑡௘௡ௗ]. The time alignment is performed such that the peak 
of 𝑝௘௤ is centered on the peak time of the reference curve, ensuring a meaningful comparison of 
rise rate and post-peak decay. 

The simplest representation of a vented deflagration build-up is a monotonic ramp reaching 𝑃୫ୟ୶ at the peak time 𝑡௣, followed by an instantaneous drop to zero [14]. This “right-triangle” 
model isolates the effect of a progressive pressurization without post-peak tail and is particularly 
useful to test the sensitivity of the SDOF response to the rise segment alone. The equivalent law 
is defined as: 

𝑝ோ்(𝑡) = ቐ𝑃୫ୟ୶ ∙ 𝑡 − ൫𝑡௣ − 𝜏൯𝜏 , 𝑡௣ − 𝜏 ≤ 𝑡 ≤ 𝑡௣,0, otherwise,  (2)

where 𝜏 is selected to enforce impulse matching. Because the area is triangular, 𝐼 = ଵଶ ∙ 𝑃୫ୟ୶ ∙ 𝜏 so 𝜏 = ଶ∙ூ௉ౣ ౗౮. This model automatically preserves 𝑃୫ୟ୶ and 𝐼, and by construction the peak occurs 
exactly at 𝑡 = 𝑡௣. 

To introduce a finite positive phase both before and after the peak, a symmetric triangular 
pulse is adopted. This shape is representative of cases where pressure increases and decreases with 
comparable characteristic times, offering a controlled “double-ramp” with zero skewness around 
the peak. 

A convenient definition centered at 𝑡௣ is: 
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𝑝்ோூ(𝑡) = ቐ𝑃୫ୟ୶ ∙ ቆ1 − ห𝑡 − 𝑡௣ห𝜏 ቇ , ห𝑡 − 𝑡௣ห ≤ 𝜏,0, otherwise,  (3)

where the total base duration is 2𝜏. The impulse condition gives 𝜏 = ூ௉೘ೌೣ. Compared to the right-
triangle, this variant distributes the same impulse across a longer support, reducing peak-adjacent 
slopes and changing the excitation bandwidth experienced by the SDOF oscillator. 

External-blast loads are often modeled with a Friedlander pulse (rapid rise, exponential decay), 
whereas vented dust deflagrations commonly show the opposite asymmetry: a progressive 
build-up followed by rapid relief once venting dominates. To represent this, a reversed 
Friedlander-type pulse is adopted, with pressure increasing toward 𝑃୫ୟ୶ and truncated at a finite 

end time [6]. A practical normalized form over ሾ0,  𝑡ௗሿis 𝑝ோி(𝑡) = 𝑃୫ୟ୶ ∙ ቀ ௧௧೏ቁ ∙ 𝑒൤ିఉ∙൬ଵି ೟೟೏൰൨ and 𝑝ோி(𝑡) = 0 for 𝑡 > 𝑡ௗ. The parameter 𝛽 > 0 controls the convexity/concavity of the rise: larger 𝛽concentrates more area closer to the peak, while smaller 𝛽 produces a more distributed build-up. 
For a chosen 𝛽, impulse matching determines 𝑡ௗ uniquely via 𝐼 = ׬ 𝑝ோி(𝑡) ∙ 𝑑𝑡௧೏଴ = 𝑃୫ୟ୶ ∙ 𝑡ௗ ∙𝐽(𝛽) where 𝐽(𝛽) is the closed-form integral of the normalized shape (a constant for a given 𝛽). 
Thus 𝑡ௗ = ூ௉ౣ ౗౮∙௃(ఉ). Finally, the curve is shifted so that its peak occurs at the measured peak time 𝑡௣, ensuring direct comparability of the rise segment to the reference deflagration. 

Several vented deflagration records exhibit a shoulder or a secondary pressure feature after the 
main peak, caused by flow reversals, vent-panel dynamics, or multi-compartment interactions. To 
represent such cases while retaining a limited number of parameters, a “double reversed 
Friedlander” is considered as the superposition of two reversed-Friedlander lobes with different 
characteristic durations and weights: 𝑝஽ோி(𝑡) = 𝐴௣ೃಷ(ଵ) (𝑡; 𝑡ௗଵ,𝛽ଵ) + (1 − 𝐴) ∙ 𝑝ோி(ଶ) ∙ (𝑡; 𝑡ௗଶ,𝛽ଶ) 
with each lobe truncated at its own end time and aligned (or slightly delayed) with respect to the 
primary peak. The parameters (𝐴,𝛽ଵ,𝛽ଶ, 𝑡ௗଵ, 𝑡ௗଶ) are not all free: the combined signal is calibrated 
to satisfy global constraints on peak and total impulse over [0, 𝑡௘௡ௗ]. In the simplest 
implementation, the peak is enforced by construction (normalizing both lobes to 𝑃୫ୟ୶ at 𝑡௣), while 
the impulse constraint is imposed by solving for one unknown duration (e.g., 𝑡ௗଶ) once the 
remaining shape parameters are selected. 

As a compromise between interpretability and fidelity, a hybrid equivalent load is introduced 
by combining a deterministic ramp-up (triangular) with a post-peak tail (Friedlander-like). This is 
motivated by vented deflagration physics: the rise phase is often governed by flame acceleration 
and dust dispersion (progressive), whereas the post-peak behavior is dictated by vent outflow and 
gas expansion. A generic piecewise hybrid law can be written as: 

𝑝ு௒஻(𝑡) = ⎩⎪⎨
⎪⎧𝑃୫ୟ୶ ∙ 𝑡 − ൫𝑡௣ − 𝜏௥൯𝜏 , 𝑡௣ − 𝜏 ≤ 𝑡 ≤ 𝑡௣,𝑃୫ୟ୶ ∙ 𝑒൤ି௧ି௧೛ఛ೏ ൨, 𝑡௣ < 𝑡 ≤ 𝑡௘௡ௗ ,0, otherwise,  (4)

where 𝜏௥ governs the linear build-up duration and 𝜏ௗ controls the decay rate. The parameters are 
determined by enforcing (i) continuity at 𝑡௣, (ii) the peak value 𝑃୫ୟ୶, and (iii) impulse matching: 𝐼 = ଵଶ ∙ 𝑃୫ୟ୶ ∙ 𝜏௥ + 𝑃୫ୟ୶ ∙ 𝜏ௗ ∙ ൫1 − 𝑒ି൫௧೐೙೏ି௧೛൯/ఛ೏൯. Given 𝑃୫ୟ୶, 𝐼, 𝑡௣, 𝑡௘௡ௗ, one may either fix 𝜏௥ 
based on the observed rise time and solve for 𝜏ௗ, or vice versa. This hybrid formulation allows 
one to explicitly control the pre-peak and post-peak contributions to the total impulse, which is 
advantageous when matching vented-deflagration records with a pronounced peak followed by a 
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non-negligible tail. 

4. Discussion 

For comparative assessment, a square thin steel plate is considered with side lengths  𝑎 = 𝑏 = 1000 mm and thickness ℎ = 2.0 mm. The material is structural steel, modelled with an 
elastic modulus 𝐸 = 210 GPa and density 𝜌 = 7850 kg/m3. The reference yield stress is set to 𝑓௬ = 275 MPa, while dynamic strength enhancement is accounted for through the strain-rate 
formulation embedded in the bilinear SDOF resistance model. The plate response is described in 
terms of mid-span deflection 𝑤௭(𝑡), computed via explicit time integration of the equivalent 
SDOF equation of motion using the calibrated load and mass factors for the square aspect ratio 
(𝜆 = 𝑎/𝑏 = 1). 

Using the same plate configuration, the structure is subjected to a CFD-validated “real” vented 
dust-deflagration pressure–time record [15] and to five equivalent pressure histories calibrated to 
match the same peak pressure and positive-phase impulse within the selected window, with peak-
time alignment. The alternatives are TRI, RT, RF, DRF and HYB. The mid-span deflection 
histories, depicted in Fig. 1, show that matching only (𝑃୫ୟ୶, 𝐼) is not sufficient when the effective 
load duration and rise/decay characteristics are not negligible compared to the structural period. 
RT suppresses post-peak forcing (instantaneous drop at 𝑡௣), shifting the forced-to-free transition 
and altering phase and amplitude of the first oscillation cycles; TRI provides a smoother forcing 
by distributing the impulse symmetrically, but imposes an unrealistic symmetric decay, leading to 
deviations in envelope and timing. RF better represents progressive pressurization through explicit 
control of the pre-peak build-up, improving agreement around the rise-to-peak and the first 
response cycle. DRF extends this by superimposing two RF lobes to capture shoulder/secondary 
features, and in this example better reproduces the oscillation envelope by retaining part of the 
impulse in a delayed secondary contribution. HYB combines a realistic rise segment with a 
tailored post-peak decay representative of vent-driven relaxation and shows the closest overall 
agreement with the CFD reference, especially near the peak and during the forced-to-free 
transition where the response is most sensitive to the post-peak tail [16]. Overall, the  
1000×1000 mm, 2 mm steel plate example indicates that equivalent loads for vented dust 
deflagrations should not be selected on impulse equivalence alone: rise time, peak-time alignment, 
post-peak relief representation, and possible secondary features can materially affect the predicted 
mid-span deflection demand. 

 
Fig. 1. Mid-span deflection histories predicted by the bilinear SDOF model under the CFD reference 

pressure record and the five peak- and impulse-matched equivalent load shapes 
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5. Conclusions 

An SDOF plate model with bilinear resistance and strain-rate-dependent yield strength 
provides a fast yet mechanically grounded framework to compare equivalent vented-deflagration 
loads in terms of structural demand. The present example shows that, even under peak-and-
impulse matching and peak-time alignment, the mid-span response remains sensitive to load shape 
when the effective duration is not negligible relative to the structural response time. In such cases, 
impulse-only simplified representations may lead to inaccurate displacement predictions. Among 
the simplified laws, triangular-only pulses (RT and TRI) may misrepresent both timing and 
oscillation amplitude because they lack a physically meaningful post-peak relief mechanism. 
Reversed-Friedlander-based laws improve realism for progressive pressurization, while DRF and 
HYB are more suitable when the record includes secondary features or a non-negligible 
vent-controlled decay tail. For rapid engineering assessment of panels under vented deflagration 
loading, low-parameter equivalent loads should therefore control both rise and decay. The same 
framework can be extended to other plate-like systems and boundary conditions, and future work 
should address broader validation against experiments and higher-fidelity models. 
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