
 

 VIBROENGINEERING PROCEDIA. JUNE 2026, VOLUME 62 51 

Modeling of a perforated plate with hysteresis type 
characteristics under kinematic excitations 

Muradjon Khodjabekov1, Azamat Otaqulov2 
Samarkand State Architectural and Civil Engineering University, 70 Lolazor Street, Samarkand, 140147, 
Uzbekistan 
1Corresponding author 
E-mail: 1uzedu@inbox.ru, 2azamatotaqulov.91@gmail.com 
Received 23 February 2026; accepted 19 April 2026; published online 8 June 2026 
DOI https://doi.org/10.21595/vp.2026.26171 

76th International Conference on Vibroengineering in Tashkent, Uzbekistan, April 28-29, 2026 

Copyright © 2026 Muradjon Khodjabekov, et al. This is an open access article distributed under the Creative Commons Attribution 
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract. In this study, the energy expressions of a perforated plate with hysteresis-type 
elastic-dissipative characteristics subjected to kinematic excitations are determined, and based on 
them, the differential equation of motion is formulated using the second-order Lagrange equation. 
The dissipative properties of the plate material are described using the expressions derived from 
the Pisarenko-Boginich hypothesis, and are incorporated through coefficients in explicit form by 
means of the harmonic linearization method. The cut-out extracted from the rectangular plate is 
also assumed to be rectangular in shape, with its sides parallel to those of the plate, and its location 
considered arbitrary within the plate domain. The kinetic and potential energies are expressed 
separately for the plate and the corresponding cut-out region, and, based on the equality of 
displacements along the cut-out boundary, the necessary compatibility relations are established. 
As a result, both the kinetic and potential energies are ultimately expressed solely in terms of the 
plate deflection. The mode shapes of the perforated plate are assumed to be orthogonal, and by 
applying the Bubnov-Galerkin method, the governing differential equation of motion is reduced 
to a simplified form.  
Keywords: plate with hole, hysteresis, kinetic energy, potential energy, bending, bending 
moment, torque, differential equation. 

1. Introduction 

At present, the development of mathematical models of mechanical systems that account for 
the nonlinear elastic–dissipative characteristics of materials in their complex structural elements 
is regarded as a pressing scientific problem. Numerous studies have been devoted to this issue. 

In studies [1-8], numerical methods have been proposed for analyzing the modal 
characteristics of plates. Using these approaches, the vibration frequencies of plates containing 
cut-outs were determined. The regularities governing variations in the natural frequencies were 
established on the basis of finite element modeling and experimental data. The ABAQUS software 
package was also employed for numerical simulations. The numerical results obtained from the 
model were found to be in good agreement with experimental data measured using the PSV-500 
vibrometer. The dependence of the natural frequencies of perforated plates on their geometric and 
physical parameters was identified and analyzed. The parameters exerting the most significant 
influence on the natural frequencies were determined. It was shown that the established 
regularities of natural frequencies make it possible to predict crack initiation between cut-outs in 
perforated plates and to assess their structural durability. 

In studies [9-12], the vibrations of rectangular plates with discontinuous boundaries were 
investigated. A parametric equivalent method was employed to calculate and analyze the 
vibrations of perforated and edge-discontinuous rectangular plates. A plate of constant thickness 
was considered, and the displacement functions were expressed in terms of Bessel functions. 
Based on equilibrium conditions, the governing vibration equations for plates with discontinuous 
boundaries were derived. The superposition method was applied to analyze their vibrational 
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behavior. The influence of internal cut-outs on plate vibrations was evaluated using the parametric 
equivalent method. To verify the reliability of the proposed approach, a finite element model of a 
plate with discontinuous boundaries was also developed. Numerical analyses were performed to 
study the effect of general boundary discontinuities on the system dynamics, and corresponding 
recommendations were provided. 

In studies [13-16], the problem of investigating vibrating surfaces with cut-outs was 
considered. It was substantiated that existing methods and results obtained for surfaces with a 
single cut-out cannot be directly applied to assess the reliability of vibrating surfaces containing 
cut-outs of complex geometric shapes. The method proposed in these works is based on 
constructing models of vibration parameters using experimental techniques and the finite element 
method, followed by comparison of the results. Three cases were analyzed: first, a surface without 
cut-outs; second, a surface with circular cut-outs; and third, a surface with cut-outs in the form of 
a five-lobed epicycloid. A model accounting for the presence of cut-outs with complex geometries 
was developed. Analytical expressions in terms of cut-out parameters were derived, enabling the 
investigation of vibration behavior as a function of material properties, boundary conditions, and 
structural and kinematic parameters. 

In studies [17-20], issues related to the mathematical modeling, validation, and numerical 
analysis of distributed-parameter mechanical systems with hysteresis-type elastic-dissipative 
characteristics were addressed. 

The investigation of vibrations of a perforated plate with hysteresis-type elastic-dissipative 
characteristics remains a relevant and significant research issue. 

2. Material and methods. 

 In this study, the problem of determining the energy expressions and the differential equation 
of motion of a perforated plate with hysteresis-type elastic–dissipative characteristics is 
considered (Fig. 1). The dissipative properties of the plate material are described on the basis of 
the Pisarenko-Boginich hypothesis. 

 
Fig. 1. Schematic diagram of a plate with a hole 

For the perforated plate with hysteresis-type elastic-dissipative characteristics shown in Fig. 1, 
the plate dimensions are 𝑎 and 𝑏, while the dimensions of the cut-out are 𝑎∗ and 𝑏∗. One corner 
of the cut-out is located at the point (𝑥଴,𝑦଴). 

The following relationships hold between the introduced coordinate systems 0𝑥𝑦 and 0∗𝑥∗𝑦∗: 𝑥 = 𝑥଴ + 𝑥∗,     𝑦 = 𝑦଴ + 𝑦∗. (1)

It is well known that, for the transverse bending of a plate, its kinetic and potential energies 
are defined as follows [21]: 

𝑇௣ = 12ඵ𝜌ℎ൬𝜕𝑤𝜕𝑡 ൰ଶ 𝑑𝑥𝑑𝑦, (2)
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𝑉௣ = 12ඵቆ𝑀௫ 𝜕ଶ𝑤𝜕𝑥ଶ + 𝑀௬ 𝜕ଶ𝑤𝜕𝑦ଶ + 2𝑀௫௬ 𝜕ଶ𝑤𝜕𝑥𝜕𝑦ቇ𝑑𝑥𝑑𝑦, 
where 𝜌, ℎ are the density and thickness of the plate material, respectively; 𝑤 = 𝑤(𝑥,𝑦, 𝑡) is the 
deflection of the plate; 𝑀௫, 𝑀௬ and 𝑀௫௬ are the bending and torsional moments, respectively. 

The bending and torsional moments, taking into account the hysteresis-type elastic-dissipative 
properties of the material, are defined as follows [20]: 

𝑀௫ = න 𝜎௫𝑧𝑑𝑧,௛ଶି௛ଶ    𝑀௬ = න 𝜎௬𝑧𝑑𝑧,௛ଶି௛ଶ    𝑀௫௬ = න 𝜎௫௬𝑧𝑑𝑧.௛ଶି௛ଶ      (3)

The stresses 𝜎௫, 𝜎௬  and 𝜎௫௬ are expressed in terms of deformations as follows: 

𝜎௫ = − 𝐸௫𝑧1 − 𝜇 𝑉ଵ,     𝜎௬ = − 𝐸௬𝑧1 − 𝜇𝑉ଶ,      𝜎௫௬ = − 𝐺௫௬𝑧1 − 𝜇 𝑉ଷ,  (4)

where 𝐸௫ = 𝐸(1 − 𝐿ଵ௫ + 𝑗𝐿ଶ௫), 𝐸௬ = 𝐸൫1 − 𝐿ଵ௬ + 𝑗𝐿ଶ௬൯, 𝐺௫௬ = 𝐺(1 − 𝐿ଵ∗ + 𝑗𝐿ଶ∗ ), 𝐸 and 𝐺 are 
first and second type Young modules; 𝜇 is Poisson’s ratio, 𝐿ଵ௫ = 𝜂ଵ𝑓௫(𝑧); 𝐿ଶ௫ = 𝜂ଶ∗𝑓௫(𝑧),  𝐿ଵ௬ = 𝜂ଵ𝑓௬(𝑧), 𝐿ଶ௬ = 𝜂ଶ∗𝑓௬(𝑧), 𝐿ଵ∗ = 𝑣ଵ𝑔(𝑧); 𝐿ଶ∗ = 𝑣ଶ𝑔(𝑧); 𝜂ଵ, 𝜂ଶ∗, 𝜈ଵ, 𝜈ଶ are linearization 
coefficients; 𝑓௫(𝑧) and 𝑓௬(𝑧) are the vibration decrements corresponding to the maximum value 
of the relative strain of the function; 𝑔(𝑧) is the vibration decrement depending on the amplitude 
of the relative strain. 𝑓௫(𝑧) = 𝑐଴ + 𝑐ଵ|𝑉ଵ|௔|𝑧| + 𝑐ଶ|𝑉ଵ|௔ଶ|𝑧|ଶ + ⋯+ 𝑐௥|𝑉ଵ|௔௥ |𝑧|௥, 𝑓௬(𝑧) = 𝑐଴ + 𝑐ଵ|𝑉ଶ|௔|𝑧| + 𝑐ଶ|𝑉ଶ|௔ଶ|𝑧|ଶ + ⋯+ 𝑐௥|𝑉ଶ|௔௥ |𝑧|௥, 𝑔(𝑧) = 𝑘଴ + 𝑘ଵ|𝑉ଷ|௔|𝑧| + 𝑘ଶ|𝑉ଷ|௔ଶ|𝑧|ଶ + ⋯+ 𝑘௥|𝑉ଷ|௔௦ |𝑧|௦, 𝑐଴,…, 𝑐௥, 𝑘଴,… 𝑘௦ are numbers determined from experiments: 

𝑉ଵ = 𝜕ଶ𝑤𝜕𝑥ଶ + 𝜇 𝜕ଶ𝑤𝜕𝑦ଶ ,     𝑉ଶ = 𝜕ଶ𝑤𝜕𝑦ଶ + 𝜇 𝜕ଶ𝑤𝜕𝑥ଶ ,     𝑉ଷ = 𝜕ଶ𝑤𝜕𝑥𝜕𝑦, (5)

𝜎௫, 𝜎௬ and we substitute the expressions 𝜎௫௬ for stresses Eq. (4) into the expressions for moments 
Eq. (3). 

The Eq. (4) for the stresses 𝜎௫, 𝜎௬ and 𝜎௫௬ are substituted into the Eq. (3) for the bending 
moments: 

𝑀௫ = −𝐷𝑉ଵ ቈ1 + 3(−𝜂ଵ + 𝑗𝜂ଶ∗)෍ |𝑉ଵ|௔௜భ ℎ௜భ2௜భ(𝑖ଵ + 3)௥௜భ ቉, 𝑀௬ = −𝐷𝑉ଶ ቈ1 + 3(−𝜂ଵ + 𝑗𝜂ଶ∗)෍ |𝑉ଶ|௔௜భ ℎ௜భ2௜భ(𝑖ଵ + 3)௥௜భ ቉, 𝑀௫௬ = −𝐷𝑉ଷ ቈ1 + 3(−𝜈ଵ + 𝑗𝜈ଶ∗)෍ |𝑉ଷ|௔௜మ ℎ௜మ2௜మ(𝑖ଶ + 3)௦௜మ ቉,   (6)

where 𝐷 = ா௛యଵଶ(ଵିఓమ). 
Since the cut-out is also in the form of a rectangular plate, its kinetic and potential energies in 

transverse bending are defined as follows [21]: 
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𝑇∗ = 12ඵ𝜌ℎ൬𝜕𝑤∗𝜕𝑡 ൰ଶ 𝑑𝑥∗𝑑𝑦∗, (7)𝑉∗ = 12ඵቆ𝑀௫∗ 𝜕ଶ𝑤∗𝜕𝑥∗ଶ + 𝑀௬∗ 𝜕ଶ𝑤∗𝜕𝑦∗ଶ + 2𝑀௫∗௬∗ 𝜕ଶ𝑤∗𝜕𝑥∗𝜕𝑦∗ቇ 𝑑𝑥∗𝑑𝑦∗, (8)

where, 𝑤∗ = 𝑤∗(𝑥∗,𝑦∗, 𝑡) is the deflection of the plate corresponding to the cut-out; 𝑀௫∗, 𝑀௬∗ and 𝑀௫∗௬∗ are the bending and torsional moments in the plate corresponding to the cut-out, 
respectively. 

Thus, the kinetic and potential energies of a perforated plate with hysteresis-type 
elastic-dissipative characteristics can be expressed as follows: 

𝑇 = 12ඵ𝜌ℎ ൬𝜕𝑤𝜕𝑡 ൰ଶ 𝑑𝑥𝑑𝑦 − 12ඵ𝜌ℎ ൬𝜕𝑤∗𝜕𝑡 ൰ଶ 𝑑𝑥∗𝑑𝑦∗, (9)𝑉 = 12ඵቆ𝑀௫ 𝜕ଶ𝑤𝜕𝑥ଶ + 𝑀௬ 𝜕ଶ𝑤𝜕𝑦ଶ + 2𝑀௫௬ 𝜕ଶ𝑤𝜕𝑥𝜕𝑦ቇ𝑑𝑥𝑑𝑦− 12ඵቆ𝑀௫∗ 𝜕ଶ𝑤∗𝜕𝑥∗ଶ + 𝑀௬∗ 𝜕ଶ𝑤∗𝜕𝑦∗ଶ + 2𝑀௫∗௬∗ 𝜕ଶ𝑤∗𝜕𝑥∗𝜕𝑦∗ቇ𝑑𝑥∗𝑑𝑦∗. (10)

The determined Eq. (10) make it possible to define the kinetic and potential energies of a 
perforated plate with hysteresis-type elastic–dissipative characteristics. 

3. Results and discussion 

We consider the problem of deriving the differential equation of motion for a perforated plate 
with hysteresis-type elastic–dissipative characteristics under kinematic excitations, using the 
energy expressions within the framework of the second-order Lagrange equation. 

First, the deflections for the plate and the corresponding cut-out region are expressed as 
follows: 

𝑤 = 𝑤(𝑥,𝑦, 𝑡) = ෍෍𝑢௜௞(𝑥,𝑦)𝑞௜௞(𝑡)ஶ
௞ୀଵ

ஶ
௜ୀଵ , 

𝑤∗ = 𝑤∗(𝑥∗,𝑦∗, 𝑡) = ෍෍𝑢∗௟௡(𝑥∗,𝑦∗)𝑞∗௟௡(𝑡)ஶ
௡ୀଵ

ஶ
௟ୀଵ , (11)

where, 𝑢௜௞(𝑥,𝑦) and 𝑢∗௟௡(𝑥∗,𝑦∗) are the mode shapes of the plate and the cut-out, respectively, 
while 𝑞௜௞(𝑡), 𝑞∗௟௡(𝑡) are the time-dependent functions. 

At the boundary between the plate and the cut-out, the following condition holds: 𝑤∗ = 𝑤. (12)

This equation can be written in matrix form: 𝑞∗௜௞(𝑡) = 𝐷଴௜௞ିଵ𝐷௜௞𝑞௜௞(𝑡) = 𝐷∗௜௞𝑞௜௞(𝑡),   (13)

where 𝑞∗௜௞(𝑡), 𝑞௜௞(𝑡) represent the column matrices; 𝐷∗௜௞ = 𝐷଴௜௞ିଵ𝐷௜௞: 
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𝐷௜௞ = ൦𝐷ଵଵ𝐷ଶଵ…𝐷௦∗ଵ      𝐷ଵଶ𝐷ଶଶ…𝐷௦∗ଶ    …………   𝐷ଵ௦𝐷ଶ௦…𝐷௦∗௦൪ ,     𝐷଴௜௞ିଵ = ൦1 𝐷଴ଵଵ⁄0…0       01 𝐷଴ଶଶ⁄…0     …………   0001 𝐷଴௦∗௦∗⁄ ൪. 
Taking Eq. (13) into account, the deflection in Eq. (11) can be written as follows: 

𝑤∗ = ෍෍𝑢∗௜௞(𝑥∗,𝑦∗)𝐷∗௜௞𝑞௜௞(𝑡)ஶ
௞ୀଵ

ஶ
௜ୀଵ .   (14)

The second-order Lagrange equation for a continuous system is expressed as follows: 𝑑𝑑𝑡 ൬𝜕𝑇𝜕𝑤෥ሶ ൰ − 𝛿𝑉𝛿𝑤෥ = 0, (15)

where 𝛿 is variation; 𝑤෥ = 𝑤 −𝑤∗. 
The necessary derivatives are calculated for the second-order Lagrange equation, taking the 

reference displacement as 𝑤଴. 
These derivatives are then substituted into the second-order Lagrange Eq. (15): 

𝜌ℎ(𝑤ሷ − 𝑤ሷ ∗) + 𝐷 ቆ𝜕ସ𝑤𝜕𝑥ସ + 2 𝜕ସ𝑤𝜕𝑥ଶ𝜕𝑦ଶ + 𝜕ସ𝑤𝜕𝑦ସቇ − 𝐷 ቆ𝜕ସ𝑤∗𝜕𝑥∗ସ + 2 𝜕ସ𝑤∗𝜕𝑥∗ଶ𝜕𝑦∗ଶ + 𝜕ସ𝑤∗𝜕𝑦∗ସ ቇ+ 3𝐷 × (−𝜂ଵ + 𝑗𝜂ଶ∗) ෍ 𝑐௜భℎ௜భ2௜భ(𝑖ଵ + 3)௥భ
௜భୀ଴ ቆ𝜕ଶ൫𝑉ଵ|𝑉ଵ|௔௜భ൯𝜕𝑥ଶ − 𝜕ଶ൫𝑉ଵ∗|𝑉ଵ∗|௔௜భ൯𝜕𝑥∗ଶ+ 𝜕ଶ൫𝑉ଶ|𝑉ଶ|௔௜భ൯𝜕𝑦ଶ −𝜕ଶ൫𝑉ଶ∗|𝑉ଶ∗|௔௜భ൯𝜕𝑦∗ଶ ቇ  

+ 6𝐷(1 − 𝜇)(−𝜈ଵ + 𝑗𝜈ଶ∗) ෍𝑘௜మ ℎ௜మ2௜మ(𝑖ଶ + 3)ቆ𝜕ଶ൫𝑉ଷ|𝑉ଷ|௔௜మ൯𝜕𝑥𝜕𝑦 − 𝜕ଶ൫𝑉ଷ∗|𝑉ଷ∗|௔௜మ൯𝜕𝑥∗𝜕𝑦∗ ቇ௥మ
௜మୀ଴  = −𝜌ℎ𝑤ሷ ଴.  

(16)

By substituting the deflection forms Eqs. (11) and (14) into the differential Eq. (16), we obtain 
the following differential equation using the Bubnov-Galerkin method: 

𝑞ሷ௜௞ + 𝑝௜௞ଶ ቎1 + 3𝐷𝜌ℎ𝑝௜௞ଶ 𝑑ଵ௜௞ (−𝜂ଵ + 𝑗𝜂ଶ∗) ෍ 𝑐௜భℎ௜భ𝑞௜௞௔௜భ2௜భ(𝑖ଵ + 3)௥భ
௜భୀ଴ ቆ𝜕ଶ൫𝛼ଵ|𝛼ଵ|௔௜భ൯𝜕𝑥ଶ− 𝐷∗௜௞|𝐷∗௜௞|௔௜భ 𝜕ଶ൫𝛼ଵ∗|𝛼ଵ∗|௔௜భ൯𝜕𝑥∗ଶ +𝜕ଶ൫𝛼ଶ|𝛼ଶ|௔௜భ൯𝜕𝑦ଶ − 𝐷∗௜௞|𝐷∗௜௞|௔௜భ 𝜕ଶ൫𝛼ଶ∗|𝛼ଶ∗|௔௜భ൯𝜕𝑦∗ଶ ቇ+ 6𝐷𝜌ℎ𝑝௜௞ଶ 𝑑ଵ௜௞ (1 − 𝜇)(−𝜈ଵ + 𝑗𝜈ଶ∗)

× ෍𝑘௜మ ℎ௜మ𝑞௜௞௔௜మ2௜మ(𝑖ଶ + 3)௥మ
௜మୀ଴ ቆ𝜕ଶ൫𝛼ଷ|𝛼ଷ|௔௜మ൯𝜕𝑥𝜕𝑦 − 𝐷∗௜௞|𝐷∗௜௞|௔௜భ 𝜕ଶ൫𝛼ଷ∗|𝛼ଷ∗|௔௜మ൯𝜕𝑥∗𝜕𝑦∗ ቇ൩ 𝑞௜௞ = −𝑑ଶ௜௞𝑑ଵ௜௞ 𝑤ሷ ଴,  

(17)

where 𝑢௜௞ = 𝑢௜௞(𝑥,𝑦); 𝑢∗௜௞ = 𝑢∗௜௞(𝑥∗,𝑦∗); 𝑝௜௞,𝑝∗௜௞ are the natural frequencies of the plate and 
the corresponding cut-out region, respectively: 
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𝛼ଵ = 𝜕ଶ𝑢௜௞𝜕𝑥ଶ + 𝜇 𝜕ଶ𝑢௜௞𝜕𝑦ଶ ,      𝛼ଶ = 𝜕ଶ𝑢௜௞𝜕𝑦ଶ + 𝜇 𝜕ଶ𝑢௜௞𝜕𝑥ଶ ,     𝛼ଷ = 𝜕ଶ𝑢௜௞𝜕𝑥𝜕𝑦 , 𝛼ଵ∗ = 𝜕ଶ𝑢∗௜௞𝜕𝑥∗ଶ + 𝜇 𝜕ଶ𝑢∗௜௞𝜕𝑦∗ଶ ,      𝛼ଶ∗ = 𝜕ଶ𝑢∗௜௞𝜕𝑦∗ଶ + 𝜇 𝜕ଶ𝑢∗௜௞𝜕𝑥∗ଶ ,     𝛼ଷ∗ = 𝜕ଶ𝑢∗௜௞𝜕𝑥∗𝜕𝑦∗, 𝑑ଵ௜௞ = ඵ(𝑢௜௞ − 𝑢∗௜௞𝐷∗௜௞)ଶ𝑑𝑥𝑑𝑦௔௕
଴଴ ,     𝑑ଶ௜௞ = ඵ(𝑢௜௞ − 𝑢∗௜௞𝐷∗௜௞)𝑑𝑥𝑑𝑦.௔௕

଴଴  (18)

The obtained differential equation represents the equation of motion for a perforated plate with 
hysteresis-type elastic-dissipative characteristics under kinematic excitations. 

4. Conclusions 

The energy expressions for a perforated plate exhibiting hysteresis-type elastic–dissipative 
properties under kinematic excitation have been formulated as functions of the system parameters. 
Based on these expressions for kinetic and potential energy, the equation of motion has been 
derived using the second-order Lagrange equation. The obtained differential equation makes it 
possible to analyze the dynamic behavior of the perforated plate, taking into account its 
hysteresis-type elastic–dissipative characteristics under kinematic excitation. Furthermore, this 
equation provides a basis for evaluating how the system responds to variations in its parameters, 
enabling a comprehensive study of its performance under different conditions. 
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