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Abstract. In this study, the energy expressions of a perforated plate with hysteresis-type
elastic-dissipative characteristics subjected to kinematic excitations are determined, and based on
them, the differential equation of motion is formulated using the second-order Lagrange equation.
The dissipative properties of the plate material are described using the expressions derived from
the Pisarenko-Boginich hypothesis, and are incorporated through coefficients in explicit form by
means of the harmonic linearization method. The cut-out extracted from the rectangular plate is
also assumed to be rectangular in shape, with its sides parallel to those of the plate, and its location
considered arbitrary within the plate domain. The kinetic and potential energies are expressed
separately for the plate and the corresponding cut-out region, and, based on the equality of
displacements along the cut-out boundary, the necessary compatibility relations are established.
As a result, both the kinetic and potential energies are ultimately expressed solely in terms of the
plate deflection. The mode shapes of the perforated plate are assumed to be orthogonal, and by
applying the Bubnov-Galerkin method, the governing differential equation of motion is reduced
to a simplified form.

Keywords: plate with hole, hysteresis, kinetic energy, potential energy, bending, bending
moment, torque, differential equation.

1. Introduction

At present, the development of mathematical models of mechanical systems that account for
the nonlinear elastic—dissipative characteristics of materials in their complex structural elements
is regarded as a pressing scientific problem. Numerous studies have been devoted to this issue.

In studies [1-8], numerical methods have been proposed for analyzing the modal
characteristics of plates. Using these approaches, the vibration frequencies of plates containing
cut-outs were determined. The regularities governing variations in the natural frequencies were
established on the basis of finite element modeling and experimental data. The ABAQUS software
package was also employed for numerical simulations. The numerical results obtained from the
model were found to be in good agreement with experimental data measured using the PSV-500
vibrometer. The dependence of the natural frequencies of perforated plates on their geometric and
physical parameters was identified and analyzed. The parameters exerting the most significant
influence on the natural frequencies were determined. It was shown that the established
regularities of natural frequencies make it possible to predict crack initiation between cut-outs in
perforated plates and to assess their structural durability.

In studies [9-12], the vibrations of rectangular plates with discontinuous boundaries were
investigated. A parametric equivalent method was employed to calculate and analyze the
vibrations of perforated and edge-discontinuous rectangular plates. A plate of constant thickness
was considered, and the displacement functions were expressed in terms of Bessel functions.
Based on equilibrium conditions, the governing vibration equations for plates with discontinuous
boundaries were derived. The superposition method was applied to analyze their vibrational
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behavior. The influence of internal cut-outs on plate vibrations was evaluated using the parametric
equivalent method. To verify the reliability of the proposed approach, a finite element model of a
plate with discontinuous boundaries was also developed. Numerical analyses were performed to
study the effect of general boundary discontinuities on the system dynamics, and corresponding
recommendations were provided.

In studies [13-16], the problem of investigating vibrating surfaces with cut-outs was
considered. It was substantiated that existing methods and results obtained for surfaces with a
single cut-out cannot be directly applied to assess the reliability of vibrating surfaces containing
cut-outs of complex geometric shapes. The method proposed in these works is based on
constructing models of vibration parameters using experimental techniques and the finite element
method, followed by comparison of the results. Three cases were analyzed: first, a surface without
cut-outs; second, a surface with circular cut-outs; and third, a surface with cut-outs in the form of
a five-lobed epicycloid. A model accounting for the presence of cut-outs with complex geometries
was developed. Analytical expressions in terms of cut-out parameters were derived, enabling the
investigation of vibration behavior as a function of material properties, boundary conditions, and
structural and kinematic parameters.

In studies [17-20], issues related to the mathematical modeling, validation, and numerical
analysis of distributed-parameter mechanical systems with hysteresis-type elastic-dissipative
characteristics were addressed.

The investigation of vibrations of a perforated plate with hysteresis-type elastic-dissipative
characteristics remains a relevant and significant research issue.

2. Material and methods.

In this study, the problem of determining the energy expressions and the differential equation
of motion of a perforated plate with hysteresis-type elastic—dissipative characteristics is
considered (Fig. 1). The dissipative properties of the plate material are described on the basis of
the Pisarenko-Boginich hypothesis.
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Fig. 1. Schematic diagram of a plate with a hole

For the perforated plate with hysteresis-type elastic-dissipative characteristics shown in Fig. 1,
the plate dimensions are a and b, while the dimensions of the cut-out are a* and b*. One corner
of the cut-out is located at the point (xg, ¥).

The following relationships hold between the introduced coordinate systems Oxy and 0*x..y,:

X=Xg+Xs Y=Y+ V- (1

It is well known that, for the transverse bending of a plate, its kinetic and potential energies
are defined as follows [21]:

T, = %ff ph (%—V:)Z dxdy, (2)
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V—lﬂ Y oy 2oy, 2 g
P2 * 9x2 Y dy? Y 0xdy Xy,

where p, h are the density and thickness of the plate material, respectively; w = w(x, y, t) is the
deflection of the plate; My, M, and M,,, are the bending and torsional moments, respectively.

The bending and torsional moments, taking into account the hysteresis-type elastic-dissipative
properties of the material, are defined as follows [20]:

h h
2 2 2

M, = fhaxzdz, M, = fhayzdz, My, = fhaxyzdz. 3)
2

The stresses gy, g, and oy, are expressed in terms of deformations as follows:

E.z Eyz Gz

Oy = 1—'[,[V1' O'y = HVZ, O'xy— 1—“ 3 (4)

where Ey = E(1 — Ly, + jLyy), Ey, = E(1 — Lyy, + jLay ), Gy, = G(1 — L} + jL3), E and G are
first and second type Young modules; u is Poisson’s ratio, Ly = 11f¢(2); Loy = 12+f(2),
Ly =mfy(2), Ly =n22fy(2), L1 =v,9(2); Ly = v,9(2); M1, Ny, V1, v, are linearization
coefficients; f,(z) and f,(z) are the vibration decrements corresponding to the maximum value
of the relative strain of the function; g(z) is the vibration decrement depending on the amplitude
of the relative strain.

fr(2) = co + c1Vilalzl + o Vi 212 + - + c Va7 2],
fy(2) = co + c11Valglzl + |V, 15 2] + - + ¢ VoGl 2",
9(2) = ko + ki |Vslalzl + ko V3121 2|* + - + ki [V55 215,

Cos---> Cr» ky,... kg are numbers determined from experiments:

_62w+ 0%w V_azw+ 0%w V_azw
~ Ox? Mayz' 27 9y? Koxz 37 9xoy

A )

0y, 0, and we substitute the expressions gy, for stresses Eq. (4) into the expressions for moments
Eq. (3).

The Eq. (4) for the stresses oy, o, and oy, are substituted into the Eq. (3) for the bending
moments:

ig

r .
M, =-DV,|[1+3(=n, +j Z L |
x 1[ (=1 +jn2+) i1| 1la 211(11._'_ 3)

r . ht1
M — _D 1 —_ i1 % Z Ll.— ) 6
: Vz[ +3(=11 +jn2+) Jele gng v ©
. s ; hiz
Mxy = _DV3 [1 * 3(_V1 +JV2*)Z' lVSlaZ m]’
is 2
__ ER®
where D = a2y

Since the cut-out is also in the form of a rectangular plate, its kinetic and potential energies in
transverse bending are defined as follows [21]:
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5 *
T, 2J-fph (,:Z dx*dy*, (7

- ﬂ O, 2% o, T ) g 8
- X axz Vs ay*z X*y*a a XA Yy ( )

where, w, = w, (x,, , t) is the deflection of the plate corresponding to the cut-out; M, , M,, and
M, ,, are the bending and torsional moments in the plate corresponding to the cut-out,
respectively.

Thus, the kinetic and potential energies of a perforated plate with hysteresis-type
elastic-dissipative characteristics can be expressed as follows:

ﬂ ph(— dxdy - —ﬂ dx*dy*, )
j J Y oM it dxd
x axz My a ayz T My gy ) XYY

0%w, 0%w, 0w,
_ _ff X, axz My* a—y*z + ZMx*y* ax ay dx dy*

The determined Eq. (10) make it possible to define the kinetic and potential energies of a
perforated plate with hysteresis-type elastic—dissipative characteristics.

(10)

3. Results and discussion

We consider the problem of deriving the differential equation of motion for a perforated plate
with hysteresis-type elastic—dissipative characteristics under kinematic excitations, using the
energy expressions within the framework of the second-order Lagrange equation.

First, the deflections for the plate and the corresponding cut-out region are expressed as
follows:

w=w(xyt) = Z Z i (%, ¥)que (1),
=1k=1 (11)
W= W06 1) = ) e (2 an (0
=1 n=1

where, u; (x, ¥) and u,;, (x.,y.) are the mode shapes of the plate and the cut-out, respectively,
while g (t), q.in(t) are the time-dependent functions.
At the boundary between the plate and the cut-out, the following condition holds:
W, = w. (12)
This equation can be written in matrix form:

Qi) = Dok Dix @i () = D.ipeqire (1), (13)

where q,;, (t), qix (t) represent the column matrices; D, = Dk Dix:
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Di; Dyp - Dy 1/Do11 0 0

D D .. D B 0 1/D 0
e Mz = ¢

Ds*l DS*Z Ds*s 0 0 I/DOS*S*

Taking Eq. (13) into account, the deflection in Eq. (11) can be written as follows:

DR ICBALRC) (14)
i=1k=1
The second-order Lagrange equation for a continuous system is expressed as follows:
d <6T ) sV (15)
dt\ow/ o&w

where § is variation; W = w — w,.
The necessary derivatives are calculated for the second-order Lagrange equation, taking the

reference displacement as wy,.
These derivatives are then substituted into the second-order Lagrange Eq. (15):

B — ) + D Fw ., Ow  w o'w. ., 9w,  d'w.
prAW = W dax* T ox2dy? oyt

oxr | “axzayz " oy
T1 . P i
_ c,ht (2(nn)E)  92(Velvily)
+ 3D (= +nz1) Z 200, + 3)( T P

62(V2|V2|“) aZ(V2*|V2*|“)
dy? dy?

(16)

hiz 62(V3|V3|i2) 62(V3*|V3*|i2)
6D(1 Z al_ a
+6D(1 — p)(=vy +jvy) 2 9, (i, +3) ( axdy 9x,0y,
i,=0
= _phWO.
By substituting the deflection forms Eqs. (11) and (14) into the differential Eq. (16), we obtain
the following differential equation using the Bubnov-Galerkin method:

3D ci,hrqit, (9% (aulesll)
G 2 1+ _ + in.e z 1 ika a
dik T Pik ,thizkdlik (=1 +jn2+) 2i1 (i, +3) 9x2

D 116 (a:[*lal* ) a2(0*,2|0*,2| ) D 116 (a2*|a2*| )
*Lkl *zkl dx2 + ayz *Lkl *Lkl T (17)
6D
+——— (1= ) (=vy + jvz)
phofidyix ! ?

2

X Z k; hlquka
;112 2723, + 3)

ir=

axay *lle*lk a P ay*

(e _p gy erleai), o,

where wy = wy (X, ¥); Uik = Uik (X., Y); ik, Puirc are the natural frequencies of the plate and

the corresponding cut-out region, respectively:
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0%uyy, 0%uy, 0%uyy, 0%uy, 0%uy,
BT gz TH oy?’ *2 = 0y?2 Koxzr ©7 oxdy’
TR VI Uy 0%Ugy 0% Ui,
T1e = 0x2 H oy2z "’ %2: = 0y2 H dx2 '’ @3+ =6x*6y*' (18)

ab ab
ik = ﬂ (ke = WD) ?dxdy,  dyy = _U Uik — Ui Dsi ) dxdy.
00 00

The obtained differential equation represents the equation of motion for a perforated plate with
hysteresis-type elastic-dissipative characteristics under kinematic excitations.

4. Conclusions

The energy expressions for a perforated plate exhibiting hysteresis-type elastic—dissipative
properties under kinematic excitation have been formulated as functions of the system parameters.
Based on these expressions for kinetic and potential energy, the equation of motion has been
derived using the second-order Lagrange equation. The obtained differential equation makes it
possible to analyze the dynamic behavior of the perforated plate, taking into account its
hysteresis-type elastic—dissipative characteristics under kinematic excitation. Furthermore, this
equation provides a basis for evaluating how the system responds to variations in its parameters,
enabling a comprehensive study of its performance under different conditions.
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