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Abstract. The study focuses on the nonlinear dynamic behavior of an anisotropic fiber-reinforced
viscoelastic rectangular plate made of fiberglass with fully clamped edges, subjected to a
parametric load applied along one of its sides. The mathematical formulation describing the plate’s
dynamic response is developed within the framework of the generalized Timoshenko plate theory,
which accounts for transverse shear deformation as well as rotary inertia effects. To incorporate
the viscoelastic nature of the material, the integral representation of the Boltzmann-Volterra
hereditary theory is employed, allowing the time-dependent stress relaxation of the material to be
taken into account. A parametric analysis is performed to investigate how the geometric
characteristics of the plate and the viscoelastic properties of the composite material influence its
dynamic response. The obtained results may be useful for the design and analysis of composite
structural elements operating under dynamic and parametric loading conditions. The considered
problem is directly related to vibration analysis and dynamic stability of engineering structures,
which is within the scope of vibroengineering applications.

Keywords: anisotropy, fiber-reinforced fiberglass plate, geometric nonlinearity, viscoelasticity,
periodic vibrations.

1. Introduction

The dynamic stability of laminated and composite plates has been extensively investigated in
the works of J. N. Reddy, where refined plate theories and analytical models for multilayer
composite structures were developed [1]. Parametric vibrations and stability of plates and shells
were further studied by L. Amabili, particularly in the context of nonlinear dynamics of
thin-walled structures [2].

In recent years, significant progress has been made in the study of nonlinear vibrations of
composite and viscoelastic plates. Modern approaches include time-domain and
frequency-domain analyses of viscoelastic laminated structures, accounting for geometric
nonlinearity and hereditary material behavior. For instance, nonlinear periodic responses of
viscoelastic composite plates under harmonic excitation have been investigated using advanced
numerical techniques such as shooting methods and finite element formulations [3].

Further developments include refined theories for laminated plates with viscoelastic layers and
fractional constitutive models, allowing for a more accurate description of damping and nonlinear
effects [4].
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Recent studies [S] also address geometrically nonlinear vibro-acoustic behavior and the
influence of structural parameters, boundary conditions, and material heterogeneity on the
dynamic response of composite plates.

In addition, various numerical and analytical approaches have been proposed for analyzing
nonlinear vibrations of composite plates resting on viscoelastic foundations and subjected to
complex loading conditions [6].

A comprehensive overview of recent developments is provided in review papers [7] covering
advances in nonlinear vibration analysis of laminated composite structures over the last decade

Despite the considerable number of studies, the problem of dynamic instability of viscoelastic
reinforced composite plates, especially under clamped boundary conditions and with
consideration of geometric nonlinearity, remains insufficiently explored and requires further
development of mathematical models and numerical analysis methods. Problems with a similar
formulation were considered in studies [8]-[10].

The main contributions of this study can be summarized as follows:

— Development of a nonlinear mathematical model of a clamped viscoelastic anisotropic
composite plate under parametric loading.

— Incorporation of hereditary viscoelastic behavior using the Boltzmann-Volterra model.

— Analysis of the combined influence of geometric nonlinearity, material properties, and
structural parameters on the dynamic response.

— Numerical investigation of vibration characteristics using the Bubnov-Galerkin approach.

The developed model is then used to investigate the influence of key parameters on the
dynamic behavior of the structure, and the obtained results are discussed in detail.

2. Materials and methods

Consider a rectangular plate with all edges clamped, subjected to compressive forces P(t),
acting along the sides of length a. The applied load varies in time according to the following
relation:

P(t) = P, + P.cosyt, (1

where, P, denotes the constant (static) component of the load, P, represents the amplitude of the
time-dependent (dynamic) component, and y is the frequency of the external periodic excitation

(Fig. 1).
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Fig. 1. Reinforced composite under dynamic loading

The mathematical model of the problem is formulated based on the refined Timoshenko plate
theory, which accounts for transverse shear deformations and rotary inertia. By incorporating the
viscoelastic behavior of the material via the integral representation of the Boltzmann-Volterra
hereditary model, a system of nonlinear integro-differential partial differential equations with
weakly singular relaxation kernels is obtained. Subsequently, the Bubnov-Galerkin method,
employing a polynomial approximation of the transverse deflection, is applied to reduce the
original boundary-value problem to a system of nonlinear ordinary integro-differential equations.
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The resulting system is then solved numerically using a quadrature-based scheme, with the
singular kernels first regularized to ensure computational stability and accuracy. This approach
provides an accurate description of the coupled effects of geometric nonlinearity, viscoelasticity,
and parametric excitation, providing a robust framework for the analysis of dynamic instability in
clamped reinforced composite plates. A detailed description of the mathematical model is
provided in [8].

For clarity, the mathematical model describes the transverse vibration of the plate within the
framework of the Timoshenko-type theory, accounting for shear deformation and rotary inertia.
Geometric nonlinearity is included through nonlinear strain-displacement relations, allowing for
large deflections. The viscoelastic behavior of the material is incorporated using a hereditary
approach based on the Boltzmann-Volterra model, which captures time-dependent stress
relaxation effects. The external load is assumed to be periodic with both static and harmonic
components.

In this study, a rectangular plate made of CAST-V reinforced fiberglass (a high-temperature
structural glass laminate) is analyzed. The material exhibits the following mechanical
characteristics: a longitudinal Young’s modulus of E; = 25.5 GPa, a transverse modulus of
E, = 1491 GPa, a shear modulus G;, = 4.41 GPa, a Poisson’s ratio {1, = 0.2 and a density
p = 1900 kg/m>.

3. Results and discussion

The following graphs illustrate the results for the midpoint of a clamped plate. In these plots,
the deflection is expressed in meters (m), while time is given in seconds (s). All figures are created
by the authors.

Figs. 2 and 3 present the results of the convergence analysis of the Bubnov-Galerkin method
applied to a fiber-reinforced anisotropic plate, considering both viscoelastic and purely elastic
material behavior. In the subsequent calculations, the first nine harmonics were taken into account
(i.e., M = N = 3). The results show that the inclusion of additional harmonic components beyond
this order has a negligible effect on the vibration amplitude of the plate, confirming the adequacy
of the selected approximation level.

w.10*
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Fig. 2. Convergence analysis of the Bubnov-Galerkin method for the elastic case:
1-M=N=2,2-M=N=3,3-M=N=4

Furthermore, the analysis demonstrates that accounting for the viscoelastic properties of the
structural material leads to noticeable damping, which results in a gradual decay of oscillations
over time. This attenuation is caused by internal friction between molecules within the material’s
microstructure, which dissipates energy during deformation. In contrast, when the viscoelastic
properties are neglected, the damping effect is absent. These results highlight the importance of
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incorporating viscoelastic behavior in the analysis of the dynamic response and stability of
composite structures.

w-10*
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Fig. 3. Convergence analysis of the Bubnov-Galerkin method for the viscoelastic case:
1-M=N=22-M=N=33-M=N=4

Fig. 4 illustrates the influence of the geometric coefficient A (1= a/b) on the dynamic behavior
of a viscoelastic fiber-reinforced anisotropic plate. It can be observed that increasing the geometric
parameter A leads to a noticeable growth of the vibration amplitude, indicating a reduction in the
overall stiffness of the plate. Quantitatively, the increase in A results in a rise of the peak deflection
amplitude by approximately 20-30 % within the considered range, indicating a pronounced
sensitivity of the system to geometric parameters. Conversely, a reduction in the plate thickness
results in a proportional increase in the vibration amplitude. This behavior is explained by the
decrease in bending stiffness as the plate thickness is reduced. For instance, reducing the plate
thickness leads to an increase in the maximum deflection amplitude by more than 50 %,
highlighting the dominant role of bending stiffness in the dynamic response. These findings
highlight the importance of considering geometric parameters in the analysis of the dynamic
response and stability of composite structures (Fig. 5).
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Fig. 4. Time histories of deflection w (m) versus time t (s) for various values
a

of the geometric parameter 1 (/1 = ;): 1-1=1,2—-1=12,3-1=14

Fig. 6 illustrates the variation of the mid-point deflection of a clamped viscoelastic CAST-V
fiberglass plate for different fiber orientation angles. In conventional fiber-reinforced composites,
aligning the fibers closer to the direction of the applied load typically increases stiffness and
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enhances bending resistance due to the high longitudinal modulus of the fibers. When the fiber
orientation deviates from the load direction, the influence of the relatively softer matrix becomes
more pronounced, leading to greater flexibility of the structure. A similar trend can be observed
in the clamped CAST-V plate under consideration. The results confirm that fiber orientation plays
a crucial role in controlling the stiffness and dynamic response of the structure. In particular,
deviations of the fiber orientation from the loading direction lead to an increase in vibration
amplitude by approximately 15-25 %, depending on the angle.

w-10"
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Fig. 5. Time histories of deflection w (m) versus time ¢t (s) for various plate thicknesses:
1—-h=048sm,2—h=0.5sm,3 —h =0.52 sm
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Fig. 6. Effect of fiber orientation angle on the dynamic response (deflection w (m) versus time t (s))
of the reinforced plate: 1 — 0 =0°,2 -6 =15°,3 -0 =30°,4 — 6 =45°

Fig. 7 illustrates the influence of the frequency of the external periodic load on the dynamic
behavior of the plate. At the initial stage, variations in the frequency parameter y have a negligible
effect on the oscillation process. However, as the response develops, an increase in y induces a
noticeable phase shift to the left. By varying the frequency characteristics of the external load, the
natural frequency of the plate can be identified. When the excitation frequency approaches
resonance, a significant amplification of the vibration amplitudes occurs, leading to a rapid growth
in their magnitude and potentially resulting in dynamic instability.

At the initial stage of the oscillatory process, high-frequency oscillations are observed. This
effect is associated with the transient regime arising from the sudden application of parametric
excitation. In this stage, higher vibration modes are temporarily activated, even within the
truncated Bubnov-Galerkin approximation (M = N = 3), due to nonlinear modal interaction. In

38 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479



PARAMETRIC VIBRATIONS OF A CLAMPED REINFORCED VISCOELASTIC COMPOSITE PLATE.
BAKHTIYOR ESHMATOV, MIRZIYOD MIRSAIDOV, ABDURAHMON RAYIMOV, ZULAYKHO ESHMATOVA

addition, geometric nonlinearity leads to an exchange of energy between modes, which results in
the appearance of high-frequency components superimposed on the main oscillation. The
viscoelastic properties of the material further influence this transient response through hereditary
effects, causing short-term irregularities in the motion. As time progresses, these high-frequency
oscillations are gradually damped, and the response becomes dominated by the principal vibration
mode corresponding to the excitation frequency. This behavior is typical of nonlinear systems
subjected to parametric excitation. Quantitatively, as the excitation frequency approaches the
natural frequency, the vibration amplitude increases by several times compared to the initial stage,
indicating the onset of resonance conditions.

t

0 0 s s b 3
Fig. 7. Influence of the excitation frequency parameter y on the oscillatory process:
1—-y=1s,2—-y=2s,3-y=35s"'

4. Conclusions

The proposed model provides an effective tool for addressing a wide range of problems related
to the vibration characteristics of composite structures. The proposed approach is applicable to
both purely elastic models and models accounting for the viscoelastic behavior of the material,
and it allows for the consideration of various types of external loading and boundary conditions.
The numerical simulations show that accounting for the actual material properties of the structure
has a significant impact on the dynamic behavior of a fiber-reinforced composite plate. In
particular, it is shown that the inclusion of viscoelastic material properties results in pronounced
damping, leading to a gradual decay of vibration amplitudes over time. This effect is of particular
importance when composite materials are used for vibration mitigation and dynamic load
reduction. Furthermore, the analysis reveals a substantial influence of the plate’s geometric
parameters on the vibration response, affecting both amplitude and frequency characteristics. The
results highlight the need to consider both the mechanical properties of the material and the
geometric features of the structure when designing stable and reliable composite elements.
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