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Abstract. This paper examines the interaction of a plane longitudinal elastic wave with a spherical
body with physical and mechanical properties different from those of the host medium. The
mathematical model is constructed using wave equations for scalar and vector potentials. The
solution is presented as expansions in orthogonal spherical harmonics. The influence of the
incident wave frequency on the stress-strain state of the interface is analyzed.

Keywords: spherical harmonic, potentials lame, wave scattering, diffraction, boundary
conditions.

1. Introduction

The investigation of oscillatory processes in elastic bodies under the action of external
harmonic waves is one of the fundamental problems of the theory of elasticity and wave dynamics.
Spherical elastic bodies are often used as model objects because their geometrical symmetry
allows the governing equations to be solved analytically. The interaction between an external
harmonic wave and an elastic sphere leads to forced oscillations, wave scattering, and resonance
effects, which are important in acoustics, seismology, and mechanics of deformable solids [1].
The classical theory of elastic wave propagation in continuous media shows that the response of
an elastic body to harmonic excitation depends on the frequency of the incident wave and on the
mechanical properties of the material. For spherical bodies, the displacement field can be
represented using spherical coordinates and harmonic functions, which makes it possible to obtain
exact solutions of the equations of motion. Such an approach is widely used in the study of
scattering of elastic waves by spherical inclusions in an infinite medium [2]. The problem of wave
scattering by a spherical body has been studied in many works using the expansion of the
displacement field in spherical wave functions. These methods make it possible to describe both
the internal oscillations of the sphere and the scattered wave field outside it. It was shown that
when the frequency of the external harmonic wave approaches the natural frequencies of the
sphere, resonance phenomena may occur, leading to a significant increase in the oscillation
amplitude [3]. In addition to the classical rigid-body approximation, many authors considered
deformable and elastic spheres. In this case, the dynamic response becomes more complicated
because the external wave excites different vibration modes inside the sphere. The solution of
such problems requires the use of the equations of elasticity together with boundary conditions on
the spherical surface, which ensures continuity of stresses and displacements [4]. Modern
investigations also consider more complex models, including anisotropic materials, layered
spheres, and viscoelastic media. These studies show that the oscillation characteristics of the
sphere depend not only on the frequency of the external harmonic wave but also on the internal
structure and damping properties of the material. Analytical and numerical methods are used to
determine resonance frequencies, vibration modes, and scattering parameters [5], [6].
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The study of forced oscillations of elastic spherical bodies in a harmonic wave field is also
important for many applied problems, such as seismic wave interaction with underground
inclusions, acoustic diagnostics of materials, and vibration analysis of mechanical structures.
When the external excitation is harmonic, the steady-state oscillations can be analyzed in the
frequency domain, which allows one to obtain exact expressions for the displacement field and
stress distribution [7].

2. Material and methods

Consider an isotropic elastic medium with density p and Lame parameters A and p. A sphere
ofradius R with parameters p;, 1,, and y, is placed within the medium. A plane longitudinal wave
propagating along the z-axis is incident upon the sphere:

Uipe = VP, Dy = Py’ F= @D, (1)

To describe the oscillations of a deformable body, displacement potentials ¢ (scalar) and 1,[7
(vector) are used. Under harmonic conditions, the equations of motion reduce to the Helmholtz
equations:

VD + k50 =0, VW +kIW =0, (2)
where the wave numbers for longitudinal (k) and transverse (k) waves are defined as:

w?p w?p
k2=——" ki=—— 3
Pd+2u s u 3)
In the spherical coordinate system (r, 8, @), the general solution for the potentials inside and
outside the sphere is sought in the form of series expansions in terms of Legendre polynomials
P,(cos ) and spherical Bessel functions j,(kr) (for the internal region) or Hankel functions

A (ker) (for the scattered field):

Dscar = Z A hg) (kplr)Pn (cos ), 4)
‘n(;O
dP,(cos )
Wscar = Z B, hg) (ks17) nT (5)
n=0

The coefficients 4,, and B,, are determined from a system of algebraic equations obtained by
substituting the solutions into the boundary conditions at r = a:

1) Continuity of displacements: uﬁl) = uﬁz) and uél) = uéz).
O @ _ (2 o _ (2
2) Continuity of stresses 0,,,” = 0,," and 6,.y° = 0,.5".
The stress tensor components are expressed in terms of potentials according to Hooke’s law in

operator form:

Ju,

o (6)

Opr = AVED + 2

In an isotropic medium, the displacement vector u is represented in terms of a scalar potential
¢ (longitudinal waves) and a vector potential IZ)) (transverse waves): u = VO +V X W,
In this case, the vector potential is subject to the gauge condition V - ¢y = 0. Due to the axial
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symmetry of the problem (the wave is incident along the z-axis), the vector potential has only one
significant component ¥,,, which we will denote simply as 1.

Infinite Series Representation. The potentials of the incident, scattered, and refracted (inside
the sphere) waves are expanded into series of eigenfunctions of the wave equation in spherical
coordinates.

For the surrounding medium (index 1):

b1 = Pinc + Pscar = Z[jn(kplr) + Anh1(11) (kplr)] Pn(COS 9); 7
n=0
< dP,(cos9)
Wy = Wacqr = D By b (eqar) 5 ®)
n=0

For the internal medium of the sphere (index 2):

®, = Z Cojn(Kps7)Pu(cOs 8), )
n=0
- ) dP,(cos )
lIJ2 = Z Dn]n(kszr) TIT, (10)
n=0

where, j, (kr) are spherical Bessel functions of the first kind (regular at the origin), and hg) (kr)
are spherical Hankel functions of the first kind (describing outgoing waves).
Boundary conditions and operator form. For each harmonic number n, there are four unknown
coefficients: A,, By, C,, and D,,. These are determined from the conditions at the surface r = a:
D 1 9 )
or + 7sing 06 (¥'sin 6).
100  19(r¥)
ree r or
3) Normal stresses: g, = AVZ® + 2u Buy
10uy a 629
4) Shear stresses: 0,9 = U ~5 T 7o (T)]
Substituting the series into these conditions yields a system of linear algebraic equations of the
form [M]{X} = {F}. A typical matrix element M;;, representing the normal stress produced by a

longitudinal wave, is given by:

1) Radial displacements: u, =

2) Tangential displacements: ug =

JE

nn+1)

4u.k
M31 = 2.“.1 T - (llklle + Zﬂlkzz)l)] hn(kpla) + ! pl

a

Ry (kpia). (11)

This is the “heart” of the mathematical solution: the determinant of this matrix A defines the
characteristic equation for finding the natural frequencies of the sphere’s oscillations.

Energy Balance. After calculating 4, and B,,, the absorption or scattering coefficients can be
determined. A crucial point is the mode transformation: even if only a longitudinal wave (¢) is
incident, the scattered field always contains a transverse component (1) due to the curvature of
the boundary. This phenomenon is known as mode conversion.

3. Analysis of results

The analysis of the obtained solutions reveals that, at specific frequency values, pronounced
resonance effects emerge. These resonances correspond to the intrinsic (natural) frequencies of
the sphere’s oscillatory modes, at which the system exhibits a significant amplification of response
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even under relatively small external influences. Physically, this behavior is associated with the
efficient transfer and accumulation of energy within the system when the excitation frequency
aligns with its inherent dynamic characteristics.

From a mathematical standpoint, these resonance frequencies are identified through the
spectral properties of the governing boundary value problem. In particular, they are determined
by the condition under which the determinant of the system matrix — constructed from the imposed
boundary conditions — vanishes. This requirement leads to a nontrivial solution of the
homogeneous system, indicating the existence of Eigen frequencies and corresponding Eigen
modes.

Such findings are highly relevant in both theoretical and applied contexts. In engineering and
physical modeling, accurately identifying these frequencies is essential for predicting stability,
avoiding destructive resonance, and optimizing the design of spherical structures and materials.
Moreover, this approach provides a rigorous framework for studying wave propagation, vibration
analysis, and acoustic or elastic behavior in bounded media.

4. Conclusions

This work examines the interaction of a plane longitudinal wave with a spherical inclusion in
an isotropic elastic medium using potential functions and spherical wave expansions. By applying
boundary conditions, the problem is reduced to a system of algebraic equations whose determinant
defines the natural frequencies of the sphere.

The analysis shows that wave scattering is accompanied by mode conversion: even a purely
longitudinal incident wave generates transverse components in the scattered field. Additionally,
resonance occurs at specific frequencies corresponding to the sphere’s intrinsic oscillation modes,
where the system response is significantly amplified.

These results are important for understanding wave propagation and resonance effects in
elastic media and can be applied in fields such as materials science, acoustics, and geophysics.
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