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Abstract. Responsive polymers can generate various self-sustained motions through the tuning of 
their geometric configurations, external stimuli, and boundary constraints. Research and 
innovation of novel self-sustained motions can broaden the scope of application for self-sustained 
active machines. In this paper, a novel dynamic model for the self-excited vibration of a thermally 
expandable cantilever beam driven by a steady temperature difference is constructed. The 
governing equation for the self-excited vibration of the beam is derived and solved using the modal 
superposition method. Numerical calculations reveal that the beam has two typical motion states, 
namely, the static state and the self-excited vibration state. The self-excitation mechanism is 
explained by the coupling between beam motion and the periodic switching of the thermally 
induced bending torque. The effects of each system parameter on the amplitude of the vibration 
in steady state are further investigated quantitatively, and the critical values for triggering the beam 
self-excited vibration are identified. Furthermore, the period of the self-excited vibration in steady 
state is almost unaffected by environmental parameters. The self-excited vibration cantilever beam 
holds promising potential for applications in soft robotics, energy harvesting, active motors, and 
self-sustained machinery.  
Keywords: self-excited vibration, thermally responsive, cantilever beam, dynamics, modal 
superposition method. 

1. Introduction 

Self-excited oscillation is a type of periodic non-equilibrium motion sustained by constant 
external stimuli [1-4], which can directly harvest energy from a steady environment to compensate 
for damping dissipation without complex control systems or external power supplies [5-7]. It 
exhibits unique advantages in active machines [8, 9], soft robotics [10-14], and energy harvesters 
[15-17]. Unlike traditional forced vibration, a self-excited system achieves continuous energy 
input and compensation through internal nonlinear coupling, and provides significant advantages 
in motion stability, structural simplicity, and environmental adaptability [18-20]. In recent years, 
the rapid development of various stimulus-responsive materials has provided abundant options for 
the design and realization of self-excited motion [21-27]. Exploring novel self-excited modes, 
revealing their dynamic mechanisms, and achieving controllable regulation have become 
important research directions in intelligent materials and structural mechanics [28-33]. 

Thermal energy, as a widely available and easily accessible clean energy source, has shown 
great potential in driving intelligent material systems [34-37]. Different from light [38-41], 
electrical [42-47], or magnetic stimuli [48-51], thermal energy can be stably obtained from 
temperature differences in the surrounding environment, with the advantages of wide distribution, 
strong penetration, and no requirement for special transmission media [52-54]. By exploiting the 
thermal expansion or thermal deformation characteristics of materials, structures can directly 
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convert thermal energy into mechanical energy, which is especially suitable for operation in 
closed, high-temperature, or non-illuminated harsh environments [55-57]. The rational utilization 
of thermal energy provides a reliable and sustainable driving approach for realizing stable and 
controllable self-sustained motion of flexible structures [58-60]. 

Thermally responsive polymers are ideal materials for constructing self-excited driving 
systems owing to their reversible thermal deformation, simple actuation mode, and strong 
environmental compatibility [59-62]. By adjusting the thermal expansion properties, geometric 
configurations, and boundary constraints of materials, thermally responsive structures can 
generate self-oscillation [34], self-swimming [35], self-rolling [63], self-eversion/inversion [64], 
self-rolling back [65], self-swing [66], and other self-sustained motions under a constant 
temperature field to meet the driving requirements in different scenarios [57-59]. Among various 
structural forms, the cantilever beam has become an ideal platform for research due to its simple 
configuration, clear mechanical behavior, and easy integration [67,68]. However, the dynamic 
behavior of thermally expandable cantilever beams under a steady temperature difference, 
particularly the underlying self-excitation mechanism induced by the coupling between beam 
motion and thermally induced bending torque, remains insufficiently understood. Moreover, 
systematic investigations into the parameter-dependent regulation of such self-sustained 
oscillations are still lacking, limiting the development of thermally driven autonomous systems. 

Motivated by these limitations, we propose a novel thermally expandable cantilever beam 
driven by a steady temperature difference in this study. Unlike conventional thermally driven 
oscillators that rely on external periodic heating or intrinsic material transitions, the proposed 
system achieves self-sustained vibration through the coupling between beam motion and 
position-dependent switching of the thermally induced bending torque. The governing equation 
for the self-excited vibration of the beam is derived and solved using the modal superposition 
method [69]. Two typical vibration states of the beam are investigated, and the mechanism of the 
self-excited vibration is theoretically explained. Furthermore, the effects of temperature 
difference, thermal expansion coefficient, and damping on the self-excited vibration 
characteristics are quantitatively studied. The proposed model provides a dynamic framework for 
understanding the self-excitation mechanism of the thermally expandable cantilever beam, in 
which the beam motion induces the switching of the thermally induced bending torque during the 
transition between temperature zones. This mechanism enables the conversion of a constant 
thermal input into sustained oscillations, offering new insights into the design of thermally driven 
self-excited structures. 

2. Model and formulation 

Fig. 1 sketches a self-excited vibration model of a thermally expandable cantilever beam 
driven by a steady temperature difference. The diameter and length of the thermal expansion rod 
in the stress-free state are 𝑑 and 𝑙, respectively, as shown in Fig. 1(a). One end of the unheated 
thermal expansion rod is fixed, and a stabilized temperature field is applied at the bottom of the 
beam. In the initial state, the cantilever beam is straight, and the distance between the lower surface 
of the beam and the high-temperature zone is denoted as 𝑤଴, as depicted in Fig. 1(b). The 
temperature field is simplified into spatially distributed high-temperature and low-temperature 
zones. This simplified temperature field configuration is widely adopted in theoretical studies of 
thermally driven self-sustained motion [35, 55, 65]. The temperatures in the high-temperature and 
low-temperature zones are set as 𝑇 and 𝑇଴, respectively. At the beginning, the thermally 
expandable cantilever beam bends downward under its own gravity. Once the beam enters the 
high-temperature zone, a thermally induced bending torque 𝑀ሺ𝑥, 𝑡ሻ is generated due to the 
inhomogeneous thermal expansion within the beam's cross-section, which causes the beam to 
move upward, as illustrated in Fig. 1(c). As a result, the thermally expandable cantilever beam can 
achieve self-sustained vibration driven by the steady temperature difference.  
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a) Reference state 

 
b) Initial state 

 
c) Current state 

Fig. 1. Self-excited vibration model of a thermally expandable cantilever beam driven by a steady 
temperature difference. The coupling between beam motion and the periodic switching  

of the thermally induced bending torque leads to self-excited vibration 

The deflection 𝑤ሺ𝑥, 𝑡ሻ of the beam is measured starting from the unbent state, and upward is 
defined as positive. The Cartesian coordinate system established in this paper is shown in 
Fig. 1(b). To facilitate analysis, we assume that the beam can be modeled as a classical cantilever 
beam under plane strain conditions. A linear viscous damping term is introduced to represent the 
energy dissipation of the beam, which is commonly adopted in vibration analysis of slender 
structures [9, 20, 27]. Therefore, the governing equation for the self-excited vibration of the 
cantilever beam can be given as: 

𝜌஺ 𝜕ଶ𝑤ሺ𝑥, 𝑡ሻ𝜕𝑡ଶ + 𝑐 𝜕𝑤ሺ𝑥, 𝑡ሻ𝜕𝑡 + 𝐵 𝜕ସ𝑤ሺ𝑥, 𝑡ሻ𝜕𝑥ସ = −𝜕ଶ𝑀ሺ𝑥, 𝑡ሻ𝜕𝑥ଶ , (1)

where 𝜌஺ = 𝜌𝜋𝑑ଶ/4 with mass density of the thermal expansion rod 𝜌, 𝑐 denotes the damping 
coefficient, 𝐵 = 𝐸𝜋𝑑ସ/64ሺ1 − 𝜈ଶሻ denotes the bending stiffness of the cantilever beam with 
Poisson’s ratio 𝜈 and Young’s modulus 𝐸. 𝑀ሺ𝑥, 𝑡ሻ represents the thermally induced bending 
torque, which is independent of 𝑥, thus we can obtain 𝜕𝑀ሺ𝑥, 𝑡ሻ 𝜕𝑥⁄ = −𝑀ሺ𝑥, 𝑡ሻ𝛿ሺ𝑥 − 𝑙ሻ. 

While the beam is in the high-temperature zone, a thermally induced driving torque 𝑚ௗ is 
generated due to the inhomogeneous thermal expansion within the beam's cross-section. When 
the length in the high-temperature zone is small relative to the total beam length, the cumulative 
effect of the thermally induced moment along the beam can be equivalently represented as a 
concentrated torque at the endpoint. Therefore, the influence of the length in the high-temperature 
zone on the driving torque 𝑚ௗ is ignored. This simplification avoids the complex nonlinearities 
introduced by an integral-type distributed moment, facilitating a clear elucidation of the 
underlying thermo-mechanical coupling mechanism. With polydimethylsiloxane (PDMS) 
selected as the target material [64], both its elastic modulus and thermal expansion coefficient 
remain approximately constant within the operating temperature range. Accordingly, we further 
assume that the driving torque is directly proportional to both the temperature difference and the 
thermal expansion coefficient of the beam material. Therefore, the thermally induced driving 
torque can be written as: 𝑚ௗ = 𝛼𝐶଴ሺ𝑇 − 𝑇଴ሻ, (2)

where 𝐶଴ represents the thermal expansion coefficient of the material, and 𝛼 represents the 
proportionality of the driving torque to both the temperature difference and the thermal expansion 
coefficient. 

It should be noted that neglecting the influence of the length in the high-temperature zone on 
the driving torque is a simplified approximation. This assumption has an inherent limitation that 



SELF-EXCITED VIBRATION OF A THERMALLY EXPANDABLE CANTILEVER BEAM DRIVEN BY A STEADY TEMPERATURE DIFFERENCE.  
CHANGSHEN DU, CAIFENG ZHANG 

4 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460  

when the beam deflection increases significantly, the length of the beam segment immersed in the 
high-temperature zone can no longer be neglected, and a distributed moment model dependent on 
the immersed length should be further introduced. 

By rewriting the parameters into dimensionless forms as 𝑤̄ = 𝑤/𝑙, 𝑥̄ = 𝑥/𝑙,  𝑀ሜ ሺ𝑥̄, 𝑡̄ሻ = 𝑀ሺ𝑥̄, 𝑡̄ሻ𝑙/𝐵, 𝑡̄ = 𝑡/𝑙ଶඥ𝜌஺/𝐵, 𝑐̄ = 𝑐𝑙ଶ/ඥ𝜌஺𝐵, 𝑤̄଴ = 𝑤଴/𝑙, 𝑚̄ௗ = 𝑚ௗ𝑙/𝐵,  𝐶ሜ଴ = 𝐶଴𝑇଴𝛼𝑙 𝐵⁄ , 𝑇ሜ = 𝑇/𝑇଴, and 𝑀ሜ ሺ𝑥̄, 𝑡̄ሻ = −𝑚ሺ𝑡̄ሻ𝛿ሺ𝑥̄ − 1ሻ, we can rewrite Eq. (1) into a 
dimensionless form: 𝜕ଶ𝑤̄ሺ𝑥̄, 𝑡̄ሻ𝜕𝑡̄ଶ + 𝑐̄ 𝜕𝑤̄ሺ𝑥̄, 𝑡̄ሻ𝜕𝑡̄ + 𝜕ସ𝑤̄ሺ𝑥̄, 𝑡̄ሻ𝜕𝑥̄ସ = 𝜕𝑀ሜ ሺ𝑥̄, 𝑡̄ሻ𝜕𝑥̄ . (3)

The dimensionless form of Eq. (2) can be given as: 𝑚̄ௗ = 𝐶ሜ଴ሺ𝑇ሜ − 1ሻ. (4)

The dimensionless endpoint displacement of the cantilever beam is 𝑤̄௘ = 𝑤௘/𝑙. The response 
of the beam is governed by the dynamic Eq (3), whereas the bending torque 𝑚ሺ𝑡̄ሻ is determined 
by the instantaneous state of the beam. It is worth noting that the system is a piecewise linear 
hybrid system, whose switching condition is governed jointly by the endpoint displacement 𝑤̄௘ 
and the distance 𝑤̄଴, i.e., when 𝑤̄௘ሺ𝑡ሻ < −𝑤̄଴, the beam enters the high-temperature zone, when 𝑤̄௘ሺ𝑡ሻ ≥ −𝑤̄଴, the beam is outside the hot zone. 

In the case of 𝑤̄௘ሺ𝑡ሻ < −𝑤̄଴, i.e., the beam is in the high-temperature zone. Neglecting the 
thermal response time of the material, we express the thermally induced bending torque as: 𝑑𝑚ሺ𝑡̄ሻ𝑑𝑡̄ = ℎሜ ሾ𝑚̄ௗ − 𝑚ሺ𝑡̄ሻሿ, (5)

where ℎ is a characteristic parameter related to the heat transfer coefficient of the material, which 
indicates how quickly the bending moment changes, and the dimensionless ℎ is defined as  ℎሜ = ℎ𝑙ଶඥ𝜌஺/𝐵.  

In the case of 𝑤̄௘ሺ𝑡ሻ ≥ −𝑤̄଴, i.e., the beam is in the low-temperature zone, the thermally 
induced bending torque can be given as: 𝑑𝑚ሺ𝑡̄ሻ𝑑𝑡̄ = −ℎሜ𝑚ሺ𝑡̄ሻ. (6)

Eqs. (5-6) introduce a position-dependent switching mechanism for the bending torque, 
making the system a piecewise linear hybrid system. The self-excited vibration originates from 
the position-dependent feedback between the beam motion and the bending torque switching. 

The initial conditions for the beam are: 𝑤̄ሺ𝑥̄, 𝑡̄ = 0ሻ = 0, (7)

and: 𝜕𝑤̄ሺ𝑥̄, 𝑡̄ = 0ሻ𝜕𝑡̄ = 0. (8)

In accordance with the modal superposition method [69], the solution of Eq. (3) can be 
expressed as: 
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𝑤̄ሺ𝑥̄, 𝑡̄ሻ = ෍𝑞௝ሺ𝑡̄ሻஶ
௝ୀଵ 𝜑௝ሺ𝑥̄ሻ, (9)

in which, 𝜑௝ሺ𝑥̄ሻ represents the principal mode of the cantilever beam: 

𝜑ሺ𝑥̄ሻ = cosh൫𝛽௝𝑥̄൯ − cos൫𝛽௝𝑥̄൯ − sinh൫𝛽௝൯ − sin൫𝛽௝൯cosh൫𝛽௝൯ + cos൫𝛽௝൯ ൣsinh൫𝛽௝𝑥̄൯ − sin൫𝛽௝𝑥̄൯൧, (10)

in which, 𝛽௝ represents the 𝑗th root of the characteristic equation: cos൫𝛽௝൯ cosh൫𝛽௝൯ + 1 = 0, and 
we can obtain that 𝛽ଵ = 1.875, 𝛽ଶ = 4.694, 𝛽ଷ = 7.855, 𝛽ସ = 10.996, etc. 

Substituting Eq. (9) into Eq. (3) leads to: 𝜕ଶ𝑞௝ሺ𝑡̄ሻ𝜕𝑡̄ + 2𝜁௝𝜔௝ 𝜕𝑞௝ሺ𝑡̄ሻ𝜕𝑡̄ + 𝜔௝ଶ𝑞௝ሺ𝑡̄ሻ = 𝑃௝ሺ𝑡̄ሻ, (11)

where 𝜔௝ = 𝛽௝ଶ, 𝜁௝ሺ𝑡̄ሻ = 𝑐̄/2𝜔௝ and 𝑃௝ሺ𝑡̄ሻ = 𝜑௝ᇱሺ1ሻ𝑚ሺ𝑡̄ሻ. 
The solution of Eq. (11), subject to the initial conditions Eqs. (7-8), can be derived through 

Duhamel’s integral: 

𝑞௝ሺ𝑡̄ሻ = 1𝜔ௗ௝ න 𝜑௝ᇱ௧ሜ
଴ ሺ1ሻ𝑚ሺ𝜏ሻ expൣ−𝜁௝𝜔௝ሺ𝑡̄ − 𝜏ሻ൧ sinൣ𝜔ௗ௝ሺ𝑡̄ − 𝜏ሻ൧ 𝑑𝜏, (12)

in which, the 𝑗th vibration frequency of the self-excited vibration beam is determined to be  𝜔ௗ௝ = 𝜔௝ට1 − 𝜁௝ଶ. 

To calculate the self-excited vibration of the cantilever beam, it is initially necessary to 
calculate 𝐼ሜ଴ = 0.2 using the integration Eq. (12) for various time points. In Eq. (12), the bending 
torque 𝑚ሺ𝜏ሻ can be ascertained from Eq. (5-6), where the thermally induced driving torque 𝑚̄ௗ 
can be derived using Eq. (4). The applicable expression between Eq. (5-6) is determined according 
to the current position of the beam. When the beam enters the high-temperature zone, the bending 
torque is calculated using Eq. (5); otherwise, it is determined by Eq. (6). Upon the computation of 𝑞௝ሺ𝑡̄ሻ, substituting 𝑞௝ሺ𝑡̄ሻ and 𝜑௝ሺ𝑥̄ሻ into Eq. (9), we can finally obtain the deflection 𝑤ሺ𝑥̄, 𝑡̄ሻ of the 
beam. 

3. Two motion states and mechanism of the self-excited vibration 

The self-excited vibration behavior of the beam depends on multiple physical parameters, 
namely, the temperature, the thermal expansion coefficient, the distance between the lower surface 
and the high-temperature zone, the geometric parameters of the beam, and the damping 
coefficient. In the numerical calculations, we have enumerated the characteristic values of each 
physical parameter using Polydimethylsiloxane (PDMS) as the target material [64], as listed in 
Table 1. 

PDMS is selected as a representative thermally expandable polymer due to its positive thermal 
expansion coefficient, low elastic modulus, and good flexibility. Although its thermal expansion 
coefficient is moderate, it is sufficient to generate the thermally-induced bending torque 
considered in this study. Furthermore, previous experimental studies by Baumann et al. [64] have 
demonstrated thermally induced flipping and rolling motions using PDMS structures, providing 
experimental evidence for the feasibility of PDMS-based thermal expansion-driven actuation, and 
supporting the physical basis of the actuation principle considered in this work. 
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Table 1. Typical values of physical parameters for PDMS 
Parameter Definition Value Units 𝑇 Temperature in high-temperature zone 200  °C 𝑇଴ Temperature in low-temperature zone 50 °C 𝑙 Length of the beam 0.05  m 𝑑 Diameter of the beam 3×10-3 m 𝐶଴ Thermal expansion coefficient 3×10-4 1/°C 𝜈 Poisson’s ratio 0.45 – 𝐸 Young’s modulus 2 MPa  𝜌 Mass density 103 kg/m3  

3.1. Two typical motion states 

Fig. 2 presents two typical motion states of the beam, i.e., the self-excited vibration state and 
the static state. In the computation, we set 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, and ℎሜ = 1.2. For  𝑐̄ = 0.5, the beam initially exhibits an irregular transient response. After a period of evolution, the 
beam eventually reaches a periodic vibration state with stable amplitude and period, as shown in 
Fig. 2(a). For 𝑐̄ = 1.2, the beam initially vibrates up and down. Because the damping of the beam 
is greater than the driving torque, the amplitude gradually decreases and eventually develops into 
a static state, as shown in Fig. 2(b). The transition between the static state and the self-excited 
vibration state is governed by the competition between the thermally induced bending torque and 
the damping torque.  

 
a) Self-excited vibration state (𝑐̄ = 0.5) 

 
b) Static state (𝑐̄ = 1.2) 

Fig. 2. Variation of the beam endpoint deflection with time for two typical motion states. The parameters 
are set as 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, and ℎሜ = 1.2. The transition between the static state  

and the self-excited vibration state is governed by the competition between  
the thermally induced bending torque and the damping torque 

3.2. Mechanism of the beam self-excited vibration 

Fig. 3 illustrates the mechanism of thermally induced self-excited vibration of the beam for 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, 𝑐̄ = 0.5, and ℎሜ = 1.2. The shaded areas in Fig. 3(a) and (b) indicate 
that the beam is in the high-temperature zone. Fig. 3(a) shows the variation of the endpoint 
deflection 𝑤̄௘ሺ𝑡̄ሻ with time 𝑡̄, and the deflection exhibits a periodic variation with respect to time 
during the steady-state self-excited vibration. As depicted in Fig. 3(b), when the beam enters the 
high-temperature zone, the thermally induced bending torque 𝑚ሺ𝑡̄ሻ increases rapidly. Conversely, 
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as the beam exits the high-temperature zone, the bending torque decreases. Fig. 3(c) and (d) 
present the deflection curves of the beam in relation to time, which correspond to one vibration 
period in Fig. 3(a). The results demonstrate that the displacement of each point in the beam 
changes periodically throughout the self-excited vibration process. Fig. 3(e) illustrates the 
snapshots of the beam during one period of the self-excited vibration. The coupling between beam 
motion and the periodic variation of the thermally induced bending torque leads to self-excited 
vibration. From the perspective of energy balance, the onset mechanism of self-excited vibration 
is consistent with the classical theory of self-oscillation. Specifically, when the net work done by 
the thermally induced bending torque exceeds the energy dissipated by damping within one 
vibration cycle, the system eventually evolves into a stable self-excited vibration state. The 
steady-state amplitude is determined by the competition between the net work and damping 
dissipation. 

 
a) The variation of 𝑤̄௘ሺ𝑡̄ሻ with time 

 
b) The variation of 𝑚ሺ𝑡̄ሻ with time 

 
c) The deflection curves of the beam 

 
d) The deflection curves of the beam 

 
e) Snapshots of the beam during one vibration period 

Fig. 3. Mechanism of the thermally induced self-excited vibration of the beam under the specified 
parameters 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, 𝑐̄ = 0.5, and ℎሜ = 1.2. The shaded areas  

in a) and b) indicate that the beam is in the high-temperature zone 

4. Parametric analysis 

We define the difference between the highest and lowest positions of the beam endpoint during 
vibration as the amplitude of the beam, and the time interval between two adjacent peaks or valleys 
in the time-history curve as one vibration period. The triggering condition, amplitude, and period 
of the self-excited vibration are influenced by various factors such as the temperature, thermal 
expansion coefficient, the damping, the characteristic parameter ℎ, and the distance between the 
lower surface of the beam and the high-temperature zone. In the following, the effects of different 
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parameters on the self-excited vibration of the beam are quantitatively investigated through 
numerical simulations, and the critical conditions for triggering the beam vibration are determined. 

4.1. Effect of the temperature in the high-temperature zone 

Fig. 4 depicts the effects of the temperature in the high-temperature zone on the amplitude and 
period of the self-excited vibration for 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, 𝑐̄ = 0.5, and ℎሜ = 1.2. The steady-
state amplitude of the beam increases as the temperature 𝑇ሜ  increases. Fig. 4(a) illustrates the 
dependence of the endpoint deflection 𝑤̄௘ on time 𝑡̄ for four different temperatures 𝑇ሜ . The results 
show that the endpoint deflection increases with increasing temperature. For 𝑇ሜ = 1.5, the beam 
evolves into a static state. Fig. 4(b) displays the dependence of amplitude and period on the 
temperature 𝑇ሜ . For 𝑇ሜ < 1.6, the beam is in the static state. This is because the thermal energy 
obtained by the beam from the environment is insufficient to compensate for the energy dissipated 
by damping. For 𝑇ሜ ≥ 1.6, the beam is in the self-excited vibration state, and as the thermally 
induced bending torque increases, the amplitude approximately increases linearly, while the 
period remains constant. There exists a critical temperature 𝑇ሜ = 1.6 for triggering the beam self-
excited vibration. Since 𝑇ሜ = 𝑇 𝑇଴⁄ , a larger value of 𝑇ሜ  corresponds to a larger temperature 
difference between the beam and the environment, which is beneficial for generating self-excited 
vibration. This behavior arises because the thermally induced bending torque of the beam 
increases with increasing ambient temperature difference, thereby increasing the energy input 
during one vibration cycle. 

 
a) The time histories of the endpoint deflection for four different temperatures 

 
b) Effects of the temperature on the amplitude and period of the self-excited vibration 

Fig. 4. Effect of the dimensionless temperature in high-temperature zone on the self-excited vibration.  
The parameters are set as 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, 𝑐̄ = 0.5, and ℎሜ = 1.2. There exists  

a critical temperature 𝑇ሜ = 1.6 for triggering the beam self-excited vibration 
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4.2. Effect of the dimensionless thermal expansion coefficient 

Fig. 5 depicts the effects of the dimensionless thermal expansion coefficient 𝐶ሜ଴ on the 
amplitude and period of the self-excited vibration by setting 𝑇ሜ = 4, 𝑤̄଴ = 0.002, 𝑐̄ = 0.5, and  ℎሜ = 1.2. The amplitude of the beam in steady state increases with increase of 𝐶ሜ଴. There exists a 
lower limit of thermal expansion coefficient 𝐶ሜ଴ = 0.0026 for triggering the beam self-excited 
vibration. Fig. 5(a) presents the dependence of deflection at the endpoint of the beam on time for 𝐶ሜ଴ = 0.002, 0.007, 0.011, and 0.015. This result indicates that a greater 𝐶ሜ଴ leads to a greater 
endpoint deflection. For 𝐶ሜ଴ = 0.002, the beam evolves into a static state. Fig. 5(b) quantitatively 
illustrates the effects of the thermal expansion coefficient on the amplitude and period of the 
steady-state self-excited vibration. For 𝐶ሜ଴ < 0.0026, the beam is in the static state, where the 
vibration amplitude is zero and no oscillation period exists. For 𝐶ሜ଴ ≥ 0.0026, the beam is in the 
self-excited vibration state, as 𝐶ሜ଴ increases, the amplitude approximately increases linearly, while 
the period remains constant. By combining Eq. (4) we can easily understand that the driving torque 
increases with increase of thermal expansion coefficient.  

 
a) The endpoint deflection with time for four different thermal expansion coefficients 

 
b) Dependence of the amplitude and period on the thermal expansion coefficient 

Fig. 5. Effect of the dimensionless thermal expansion coefficient on the self-excited vibration  
by setting 𝑇ሜ = 4, 𝑤̄଴ = 0.002, 𝑐̄ = 0.5, and ℎሜ = 1.2. There exists a lower limit  

of thermal expansion coefficient 𝐶ሜ଴ = 0.0026 for triggering the beam self-excited vibration 

4.3. Effect of the dimensionless characteristic parameter 𝒉ሜ  
Fig. 6 depicts the effects of the dimensionless ℎሜ  on the amplitude and period of the self-excited 

vibration in steady state. In the theoretical prediction, we set 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, and 𝑐̄ = 0.5. There exists a lower limit of ℎሜ = 0.46 and an upper limit of ℎሜ = 6.8 for triggering the 
beam self-excited vibration. The amplitude of the beam in steady state first increases and then 
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decreases with increase of ℎሜ . There exists an optimum ℎሜ = 2.8 that maximizes the amplitude of 
the beam. As depicted in Fig. 6(a), the amplitude of the beam is greater for ℎሜ = 2.8 than for both ℎሜ = 1.2 and ℎሜ = 5.6. For ℎሜ = 0.4, the beam evolves into a static state. Fig. 6(b) quantitatively 
displays the dependence of amplitude and period on ℎሜ . For ℎሜ < 0.46, both the amplitude and 
period of the vibration in steady state are zero, and the beam is in the static state. The reason for 
this phenomenon is that, when ℎሜ < 0.46, the thermally induced bending torque increases too 
slowly after the beam enters the high-temperature zone, resulting in insufficient net work 
performed by the bending torque during one vibration cycle to compensate for the damping 
dissipation. For 0.46 ≤ ℎሜ ≤ 6.8, the beam is in the self-excited vibration state, both the amplitude 
and period first increase and then decrease with increase of the characteristic parameter ℎሜ . When ℎሜ = 2.8, the period and amplitude of the beam in the steady state are maximum. For ℎሜ > 6.8, the 
amplitude and period of the beam abruptly change to zero, and the system is in the static state. 
This is because, when ℎሜ > 6.8, the thermally induced bending torque changes almost 
instantaneously. Although the bending torque changes rapidly, its effective working time during 
one period is reduced, resulting in a decrease in the net work performed by the bending torque. 
Consequently, the net energy input per cycle becomes insufficient to compensate for damping 
dissipation, and the self-excited vibration disappears. 

 
a) The endpoint deflection with time for ℎሜ = 0.4, 1.2, 2.8, and 5.6 

 
b) The dependence of amplitude and period on ℎሜ  

Fig. 6. Effect of the dimensionless characteristic parameter ℎሜ  on the self-excited vibration under  
the parameters 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, and 𝑐̄ = 0.5. There exists a lower limit of ℎሜ = 0.46  

and an upper limit of ℎሜ = 6.8 for triggering the beam self-excited vibration 

4.4. Effect of the distance between the lower surface of the beam and the high-temperature 
zone 

Fig. 7 presents the effect of the distance between the lower surface of the beam and the high-
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temperature zone on the self-excited vibration for 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, ℎሜ = 1.2, and 𝑐̄ = 0.5. The 
amplitude of the beam in steady state decreases with increase of 𝑤̄଴. There exists an upper limit 
of 𝑤̄଴ = 0.0052 for triggering the beam self-excited vibration. As shown in Fig. 7(a), the endpoint 
deflection decreases as 𝑤̄଴ increases. For 𝑤̄଴ = 0.006, the beam evolves into a static state. Fig. 7(b) 
depicts the dependence of the amplitude and period on 𝑤̄଴. For 𝑤̄଴ ≤ 0.0052, the beam is in the 
self-excited vibration state. As 𝑤̄଴ increases, the amplitude decreases while the period remains 
constant. This is because a larger distance between the lower surface of the beam and the 
high-temperature zone results in a longer transition time for the beam to experience the thermally 
induced bending torque variation during one oscillation cycle. For 𝑤̄଴ > 0.0052, the amplitude 
and period of the beam abruptly change to zero, and the beam is in the static state. This is because 
the high-temperature zone is sufficiently far from the beam, resulting in an insufficient thermally 
induced bending torque to sustain oscillation. The analysis in this section also provides a 
theoretical reference for thermally expandable cantilever beams operating in different 
environments, such as high-temperature liquids. 

 
a) The endpoint deflection with time for 𝑤̄଴ = 0, 0.003, 0.005, and 0.006 

 
b) Dependence of the amplitude and period on 𝑤̄଴ 

Fig. 7. Effect of the distance between the lower surface of the beam and the high-temperature zone  
on the self-excited vibration. The parameters are set as 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, ℎሜ = 1.2, and 𝑐̄ = 0.5.  

There exists an upper limit of 𝑤̄଴ = 0.0052 for triggering the beam self-excited vibration 

4.5. Effect of the damping coefficient 

Fig. 8 depicts the effects of the damping coefficient 𝑐̄ on the amplitude and period of the 
steady-state self-excited vibration under the given parameters 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, and ℎሜ = 1.2. As the damping coefficient 𝑐̄ increases, the amplitude of the beam in steady state 
decreases. There exists a critical damping coefficient 𝑐̄ = 1.12 for triggering the beam self-excited 
vibration. Fig. 8(a) depicts the dependence of the endpoint deflection 𝑤̄௘ on time 𝑡̄ for four 
different damping coefficients 𝑐̄. For 𝑐̄ = 0.6, 0.8, and 1.0, the endpoint deflection decreases as 
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the damping coefficient increases. For 𝑐̄ = 1.3, the beam evolves into a static state. Fig. 8(b) 
quantitatively illustrates the effects of the damping coefficient 𝑐̄ on the amplitude and period. For 𝑐̄ ≤ 1.12, the system is in the self-excited vibration state, and as the damping coefficient 𝑐̄ 
increases, the amplitude decreases and the period decreases slightly. For 𝑐̄ > 1.12, the system is 
in the static state, both the amplitude and period of the beam in steady state are zero. This result 
indicates that increasing the damping coefficient suppresses the self-excited vibration of the beam.  

 
a) The endpoint deflection with time for four different damping coefficients 

 
b) Effects of the damping coefficient on the amplitude and period of the self-excited vibration 

Fig. 8. Effect of the damping coefficient 𝑐̄ on the self-excited vibration under the given parameters 𝑇ሜ = 5, 𝐶ሜ଴ = 0.01, 𝑤̄଴ = 0.001, and ℎሜ = 1.2. There exists a critical damping coefficient 𝑐̄ = 1.12  
for triggering self-excited vibration 

5. Conclusions 

Thermally responsive polymers can absorb thermal energy directly from the environment to 
maintain self-sustained motion without the need for additional control equipment. This study 
proposes a novel thermally expandable cantilever beam capable of self-excited vibration under a 
steady temperature difference. A unique self-excitation mechanism is revealed, in which the beam 
motion between high-temperature and low-temperature zones induces the position-dependent 
switching of the thermally induced bending torque. The governing equation for the self-excited 
vibration of the beam is derived and solved using the modal superposition method. Numerical 
calculations reveal that the beam has two typical motion states, namely, the static state and the 
self-excited vibration state. The analysis of the underlying self-excitation mechanism indicates 
that the interaction between the beam motion and the periodic switching of the thermally induced 
bending torque is responsible for sustaining the self-excited vibration. 

The quantitative parametric study demonstrates that the steady-state amplitude increases with 
both the temperature in the high-temperature zone 𝑇ሜ  and the thermal expansion coefficient 𝐶ሜ଴, 
whereas it decreases with the distance between the beam and the high-temperature zone 𝑤̄଴ and 
the damping coefficient 𝑐̄. In contrast, the amplitude exhibits a non-monotonic dependence on the 
characteristic parameter ℎሜ , first increasing and then decreasing as ℎሜ  increases. In addition, the 
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period of the self-excited vibration is primarily affected by the characteristic parameter ℎሜ , while 
other parameters have a slight influence on the period. The major contribution of this work lies in 
proposing a novel thermally expandable cantilever beam driven by a steady temperature difference 
and revealing its unique self-excitation mechanism from the coupling between beam motion and 
position-dependent switching of thermally induced bending torque. The critical thresholds and 
parametric laws obtained quantitatively can provide direct theoretical guidance for the design of 
micro-robotics, energy harvesting systems and active motors. It should be noted that the present 
work mainly focuses on theoretical modeling and numerical analysis, and experimental validation 
has not yet been conducted. Future work will focus on the experimental realization of the proposed 
thermally expandable cantilever beam, validation of the mechanism underlying the self-excited 
vibration, and systematic comparison between experimental results and theoretical predictions. 
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