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Abstract. This paper presents an analytical solution for the axisymmetric flexure problem of a
rotationally symmetric circular plate using the method of partial discretization of differential
equations. The plate is considered under transverse loading and radial boundary action, which lead
to a fourth-order differential equation describing the deflection of the plate. Since direct analytical
integration of the governing equation may be difficult for non-uniform loading and boundary
conditions, the partial discretization approach is applied to transform the original problem into a
more convenient analytical-discrete form. Explicit expressions are obtained for the plate
deflection, rotation angle, bending moments, and transverse shear force. The derived solution
makes it possible to evaluate the influence of radial boundary load on the deformation behavior
of the circular plate. Numerical examples and graphical results demonstrate that increasing the
radial load leads to a systematic increase in deflection and internal force factors. The obtained
results confirm the effectiveness of the proposed method and show its applicability for engineering
analysis of circular plates and thin-walled structural elements subjected to axisymmetric loading.
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1. Introduction

Recent investigations of nonlinear bending in thin plates and cylindrical shells have employed
a wide range of analytical and numerical approaches [1]. Analytical and semi-analytical methods
remain valuable because they reveal the direct influence of geometric parameters, load intensity,
boundary conditions, and thermal gradients on the structural response. Perturbation methods,
variational formulations [2], differential transformation techniques, and integral-based procedures
have been used to derive approximate solutions for plates and shells subjected to nonlinear
mechanical and thermal actions. At the same time, finite element, finite difference, mesh-free, and
spectral methods provide flexible tools for investigating complex geometries, variable material
properties, large deflections, and combined loading conditions [3]. However, for shells with
variable thickness and spatially non-uniform temperature fields, numerical calculations may
obscure the explicit relationship between design parameters and deformation characteristics.
Therefore, the development of analytical-discrete methods remains important for obtaining
interpretable engineering solutions while retaining the effects of variable stiffness, radial loading,
axial forces, and thermal deformation [4]. In recent years, nonlinear bending and thermoelastic
analysis of plates and shells have attracted increasing attention due to their importance in
lightweight, aerospace, mechanical, marine, and energy structures. Recent works have considered
nonlinear bending of nanocomposite cylindrical shells under mechanical loading, nonlinear static
bending of microplates on elastic foundations, variable-thickness functionally graded plates,
rotating thermoelastic cylindrical shells, and cylindrical shells under complex combined loading.
These studies show that variable geometry, non-uniform material or thermal fields [5], and
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nonlinear deformation effects significantly influence the stiffness, deflection, buckling, and stress
response of thin-walled structures. Nevertheless, many existing approaches rely mainly on finite
element, isogeometric, or fully numerical procedures. Although such methods are powerful,
analytical-discrete formulations remain useful because they provide explicit relationships between
load, thickness variation, thermal parameters, boundary conditions, and shell response [6].
Therefore, the present work contributes to this field by developing an analytical-discrete solution
for a closed cylindrical shell of variable thickness subjected to axisymmetric mechanical loading
and a non-uniform temperature field.

2. Materials and methods
2.1. Problem statements

To improve the transparency of the analytical procedure, the solution is obtained in the
following sequence. First, the shell thickness is prescribed by the linear law h(z) = hy + kh, z,
Eh3
12(1-p2)
temperature field is represented by the functions f(z) = B, + 1z + f,2% and F(2) = ay + a; z.
These expressions are substituted into the governing equilibrium equation, after which the
temperature-dependent terms are explicitly simplified. Third, the membrane contribution
containing u(z) is represented using partial discretization over the axial coordinate. This
transformation preserves analytical integration of the remaining differential equation while
introducing nodal displacement contributions [1]. Fourth, the resulting equation is integrated
successively to obtain expressions for the radial deflection u(z), rotation angle du/dz, meridional
bending moment M, (z), and transverse shear force Q(z). Finally, the integration constants are
determined by imposing the boundary conditions of a rigidly clamped lower edge and a free upper
edge. This step-by-step formulation provides a reproducible analytical procedure for evaluating
the bending response of a variable-thickness cylindrical shell under combined mechanical and
thermal loading. The plate is subjected to an axisymmetric shear load distributed along the circle
r =71.. In the generalized function representation, the load function is written as

which defines the variable bending stiffness D(z) = Second, the non-uniform

Y= % for qoS(r — 1)rdr, where q, is the load intensity and § (r — 7;.) is the Dirac delta function.
All field variables depend only on the radial coordinate r.

2.2. Mathematical model

The nonlinear governing equations of the rotationally symmetric plate in terms of the
deflection w(r) and the stress function ®(r) are:

d hdddw d E (dw\* 1d/ d
—_ 2 = —_ o 2 = ——| — 2: _— — . 1)
Ddr(v W) ‘P+rdr dr’ dr(V ®) 2r(dr> v rdr(rdr) (
Applying Tyurekhodzhaev’s partial discretization to the second Eq. (1), the nonlinear term is
localized at the nodal radii 1y, k = 1,2, ..., n, and the equation takes the form:

d3o N 1d?®d 1dod
drd3 rdr? ri2dr

n d 2 d DT 2
= —f—rZ(rk + T‘k+1) {|: M;(r:rk)] 6(7' - rk) - [%} 6(7' - Tk+1)}'
k=1

The general solution of Eq. (2) for the stress-function derivative is:
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d d +1 2
d——C1T+C2;—SZ{[ W(rk)] ( +%><T—%)H(T—Tk)

aw(141) Tk Tr+1
_ [T] 1 + Tk+1) (r = )H(r — rk+1)§

where H is the Heaviside step function and C;, C, are integration constants. Substituting Eq. (3)
into the first Eq. (1) and partially discretizing the factor dw/dr yields an integro-discrete equation
for the slope:

3)

d3w N 1d’w 1dw
drd3  rdr? r2dr

1 h 1 d + 2
Y+ - <C1r+62;—82{[ wri) (1+r};k1)<r—%>H(r—rk)

)
AW (Fiess d
_ [%} 1 +ﬁ) (r >H(r—rk+1)}kz+12(rk + 7%41) {[ W(Tk)] SCr
dw (Tie41
- - [#5e2) ar - rm)}) .

where the subscript pd indicates the partially discretized nonlinear product. Integration of Eq. (4),
with due account of the properties of discontinuous generalized functions [2], gives Eq. (5) the
slope in the form:

“4)

dw Cr Cl
r_32

AR frora)a

+ hz{(rl +7) <61 +C, rliz) (1 - r—z) [dw(rl)] H@r —r)+
+ i (s =) (G + Gy riz) (1 - ﬁ) [dw(n)] H(r = 1) } ®)
(1,5 z< (1= 22 (1 -5 [y’

1

)y TR T T

=2

Regularity of d®/dr and dw/dr at r =0, C, = C, = 0. Consequently, the reduced
expressions Eq. (6) and Eq. (7) for the stress-function derivative and slope become:

do Er 7 2\ [dw(r)]?
E—Clr—?{<1+a)<1—r—2)[ dr H(r—rl)

N (Tie+1 — Tk-1) dw(r)
g e 1) g o)

(6)
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dw r 1,2 —1,%)?
~_cC _I_qo(b a)

(1 i 1)+c1> ) )
ar 32 4Dr N T2) T Pmi
where @,,;(r) denotes the complete nonlinear nodal contribution obtained from the partial
discretization procedure.

The boundary conditions for the annular plate are prescribed as:

or(r) = ar =0, r=1, M.(r)=-D +2 " )=0

dzr  rdr 3

=T, w(r) =0, r=rg.
Application of boundary conditions Eq. (8) provides the final closed-form expressions for the

deflection, stress components, and bending moments [3]. To preserve the complete mathematical
model in compact conference form, the resulting relations are summarized below:

W(T) = Wq (T! CIo, Ta; Tbr rC! H) + WU'(TI 0-0) Tk; #) + Wnl (TI E' h! Tk): (9)
E 2\ [dw(r)]?
O'r(T)=Go_§ (1+ 1) 1_1"_2 dr H(r —r)

n (10)
(Te41 — Tie-1) dW(Tk)
+;—Tk (1 r2>[ H(r —rk)},
E d 2
0y(r) = 0y — 5{(1 + 9) <1 + :iz) [ M;(:l)] Ho —1)
(T'k+1 Tk—1) dW(Tk) (4
Z ( ) [ Her =1},
M, (r) =M o + M)+ MM, My () = M + Mg+ My, (12)

where, the superscripts q, o and nl denote, respectively, the contributions of the transverse load,
radial boundary stress, and nonlinear nodal interaction terms. Eq. (9) to Eq. (12) constitute the
complete analytical model and are the basis for the engineering interpretation presented in the next
section.

2.3. Explicit stress-resultant relations

The compact notation used in Eq. (9) to Eq. (12) may be expanded to emphasize the structure
of the final analytical solution [4]. The deflection is represented as the sum of a load-controlled
contribution, a membrane-stress contribution, and a nonlinear nodal-interaction term. In symbolic
form:

w(r) = wy(r) + we () + wy, (1),

2 2 2 2
qoTcT e s’ e
) ==t |(1-35) =3 ()

1.2 T
+[(1_r_) In— (1+—)]H(r—rc) Az},

11— .’ .’ Tp .’
=In— +[2(1—'|'[l) 1- ?, A, = 1—? lnrc 1+?

The stress-controlled part w, (r) and the nonlinear term w,,; (r) Eq. (13) are written through

(13)
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the nodal quantities dw(r)/dr, the radius ratios r;/r and r;/1,, and the Heaviside functions
H(r — r;). In this form the complete deflection relation remains explicit while preserving the full
nonlinear interaction generated by partial discretization [5].

The final stress components Eq. (14) to Eq. (16) derived from the stress function and the
deflection slope are:

1

=)dd d?
o,(r) = (rc)ir , op(r) = d—r(f' (14
5.) = 3 - %{B o[22 ne-my+ 2.5 [ - rk)}. 13)
00(r) = 7 - E{clcr) [dw(f)] HGr—7,) +ch<r) [dw(r")] H(r—rk)f. (16)

2 2

B = (1 +T—2) (1 —:L) 6 =1 +r—) (1 o)
B, (r) = [(T'k+1 Ty 1)] (1 _ _)) Co(r) = (41 — rk_l)] (1 N 1:6_22>

Tk

(17)

Similarly, the radial and circumferential bending moments can be written directly in terms of
curvature and slope:

() = D d?w (%) dw o) — D d?w 1
r(r) - = F"' dr ’ G(T) - = .ud_+ dw +1 (18)
i

After substituting the explicit partially discretized slope and deflection expressions into
Eq. (18), both moment resultants split naturally into load, stress [6], and nonlinear parts, as
indicated in Eq. (12). This decomposition is convenient in engineering interpretation because it
identifies the relative contribution of each physical mechanism.

For comparative studies it is also useful to introduce the nondimensional radius and deflection:

r wD
p=—y H= P (19)
Ty qo"p

which allow plates of different stiffness and geometry Eq. (19) to be compared on a common
basis.

3. Results and discussion

To provide additional quantitative evidence of the effect of radial boundary load on the
deformation behavior of the shell, a statistical analysis was carried out for several values of the
radial load P. For each loading case, the radial deflection u(z) was evaluated along the shell
length, and the main statistical characteristics were calculated. These included the mean deflection
u(P;), maximum deflection u,,,(P;), standard deviation a,(P;), coefficient of variation

CVp, = 0“((:1)) X 100 %, and relative increase in deflection compared with the reference load case.
L

The statistical results confirm that the increase in radial load leads to a monotonic increase in both
the mean and maximum values of radial deflection. For example, when the load is increased from
P; € {2x10°, 4x10%, 6x10°} N/m?, the calculated deflection curves show a corresponding
systematic increase in deformation magnitude. This confirms that the radial load is one of the
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dominant factors controlling the bending response of the cylindrical shell. In addition to
deterministic curves, probability-based plots were constructed to characterize the distribution of
deflection values along the shell length. The histogram and probability density function show how
the calculated deflection values are distributed for each loading case, while the cumulative
distribution function describes the probability that the radial deflection does not exceed a specified
value. The reliability-type curve R(u) = P(U > u) was also used to estimate the probability of
exceeding a selected deformation threshold. A regression-based scatter plot of radial load versus
maximum deflection further confirms the strong dependence between P and w4, . The trend line
demonstrates that the maximum deflection increases nearly proportionally with the radial load
within the considered loading interval. Therefore, the statistical and probabilistic analysis supports
the analytical solution and provides additional evidence that radial boundary loading has a
significant effect on the deformation behavior of the shell.
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Fig. 1. Deflection curves of the annular plate for different values of the radial stress o, applied
at the inner boundary: o, = 0, g, = 2x10* N/m?, and g, = 2x10% N/m?. The calculations

were performed for b = 0.02 m, go = 2.5%10° N/m?, E = 2x10" N/m?, u = 0.3

Fig. 1 illustrates the statistical and probabilistic evaluation was performed using the calculated
deflection values u(z;, p; ), where P; € {2x10%, 4x10%, 6x10°} N/m?. For each load case, the mean
value, maximum value, standard deviation, coefficient of variation, relative increase, and
exceedance probability were determined.

4. Conclusions

In this study, an analytical solution for the flexure problem of a rotationally symmetric circular
plate was developed using the method of partial discretization of differential equations. The
proposed approach makes it possible to transform the governing fourth-order differential equation
into an analytical-discrete form that is convenient for evaluating the deformation and internal force
characteristics of the plate. These expressions allow the influence of radial boundary load and
transverse loading on the deformation behavior of the plate to be analyzed in a direct and
physically interpretable form. The obtained results demonstrate that an increase in radial boundary
load leads to a systematic increase in the plate deflection and affects the distribution of internal
force factors. The graphical results confirm the effectiveness of the proposed analytical
formulation. Comparative curves for different loading cases show that the radial boundary load is
one of the key parameters controlling the flexural response of the plate. In addition, the introduced
statistical and probabilistic evaluation provides quantitative confirmation of this effect through the
mean deflection, maximum deflection, standard deviation, coefficient of variation, and
exceedance probability. The proposed method is useful for fundamental studies of plate bending
because it preserves the analytical structure of the solution while allowing complex loading effects

'VIBROENGINEERING PROCEDIA. JULY 2026, VOLUME 63 237



PARTIAL DISCRETIZATION SOLUTION FOR FLEXURE OF A CIRCULAR PLATE.
BATYRKHAN KYRYKBAYEV, AUEZKHAN TURDALIEV, ROZA KOILYBAYEVA, ALGAZY ZHAUYT

to be included through partial discretization. The obtained formulation may be applied to circular
plates and thin structural elements used in mechanical, civil, aerospace, and energy engineering.
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