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Abstract. The article is devoted to the problem of vibration protection of main oil pipeline 
pumping equipment using vibration isolators with quasi-zero stiffness (QZS). The operation of 
centrifugal pumps at oil pumping stations generates significant dynamic loads transmitted to 
foundations and adjacent structures, leading to accelerated wear, reduced reliability, and increased 
construction costs due to the necessity of massive foundations. The theoretical foundations of QZS 
systems are presented, including the principle of combining positive and negative stiffness 
elements to achieve a near-zero effective stiffness region while maintaining high static 
load-bearing capacity. A mathematical model of a proposed QZS vibration isolator based on disk 
springs (Belleville washers) is developed, and the conditions for achieving the quasi-zero stiffness 
regime are derived. The force transmissibility analysis demonstrates that QZS isolators with 
natural frequencies below 1 Hz can reduce transmitted dynamic forces by orders of magnitude 
compared to conventional rubber or spring mounts. A practical calculation of foundation concrete 
volume reduction is performed for a NM 10000-210 pump unit, showing that the application of 
QZS isolators can decrease the required foundation volume by more than 60 %. The results 
confirm the high efficiency and economic feasibility of QZS vibration isolators for oil pipeline 
pumping stations, compressor stations, and other industrial equipment in the oil and gas industry. 
Keywords: quasi-zero stiffness, vibration isolation, oil pumping unit, disk springs, negative 
stiffness, foundation, dynamic loads, force transmissibility. 

1. Introduction 

Oil pipeline transportation is one of the most critical components of the modern energy 
infrastructure, providing reliable and cost-effective delivery of crude oil and petroleum products 
over long distances. The main pumping stations (MPS) of oil pipelines are equipped with 
centrifugal pumping units that generate significant dynamic loads during operation. These 
dynamic loads arise primarily from the residual imbalance of rotating parts (rotors, impellers), 
hydraulic pulsations in the pumping and discharge pipelines, as well as from various transient 
processes associated with starting, stopping, and regulation of pumping modes. The vibration 
generated by pumping units is transmitted through foundations to building structures, causing 
accelerated fatigue, cracking of concrete, and deterioration of operational conditions for personnel 
and sensitive equipment. 

The traditional and most widely used approach to mitigate vibration effects in industrial 
practice is the construction of massive foundations under vibrating equipment. According to the 
applicable design codes [1, 2], the foundation under a pump unit must satisfy strength conditions 
that account for both static and dynamic loads. Since the dynamic component can significantly 
exceed the static weight of the equipment, the required foundation mass and volume become 
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substantial. For example, for a pump unit NM 10000-210 with a mass of 34,850 kg, the dynamic 
load transmitted to the foundation at rigid mounting can reach 723 kN, which is significantly 
greater than the static load of 453 kN [3]. This necessitates the construction of foundations with a 
concrete volume exceeding 60 m³, which leads to significant economic costs and increased 
construction timelines. 

As early as the 1930s, the P. L. Kapitsa noted that massive foundations under vibrating 
machinery are often not only unnecessary but can be harmful, as they effectively transmit vibration 
to building structures and can lead to resonance phenomena [4]. He proposed the use of properly 
designed vibration isolators to decouple equipment from foundations, thereby reducing both the 
dynamic loads on the foundation and the vibration transmitted to the building. This idea, while 
well established in vibration engineering theory, has not been widely adopted in the practice of oil 
pipeline pumping station construction, despite its evident economic and technical advantages. 

The effectiveness of vibration isolation is fundamentally limited by the natural frequency of 
the isolation system. For a linear passive isolator, effective vibration reduction is achieved only 
when the excitation frequency exceeds the natural frequency by a factor of the square root of two. 
Since the rotation frequencies of modern pump rotors typically range from 25 to 75 Hz (1,500 to 
4,500 rpm), conventional rubber or spring mounts with natural frequencies of 5-15 Hz provide 
limited isolation efficiency. Moreover, the presence of pipeline connections with their inherent 
stiffness further raises the effective natural frequency of the isolated system, often negating the 
benefits of vibration isolation entirely. 

These limitations can be overcome through the use of vibration isolators with quasi-zero 
stiffness (QZS) [5, 6]. QZS systems are designed to combine high static stiffness, ensuring 
adequate load-bearing capacity and minimal static deflection, with very low dynamic stiffness in 
the operating displacement range. This is achieved by combining positive stiffness elements (such 
as linear springs or elastic supports) with negative stiffness elements (such as buckled beams, pre-
compressed springs, or magnetic mechanisms) in a carefully balanced configuration. The resulting 
system exhibits a near-zero effective stiffness in a specified displacement range, leading to an 
extremely low natural frequency (below 1 Hz) and, consequently, high vibration isolation 
efficiency across the entire operating frequency range of pumping equipment. 

The present article is dedicated to the theoretical analysis and practical evaluation of QZS 
vibration isolators for the protection of oil pipeline pumping equipment. The mathematical model 
of a QZS isolator based on disk springs is developed, the force transmissibility is analyzed, and 
the economic effect of foundation mass reduction is estimated for a typical pumping unit 
configuration. The results demonstrate that QZS vibration isolators represent a highly effective 
and economically feasible solution for vibration protection in the oil and gas transportation 
industry. 

2. Theoretical foundations of quasi-zero stiffness systems 

The concept of quasi-zero stiffness was first systematically formulated by Alabuzhev and co-
authors [5], who demonstrated that mechanical systems with a specific combination of positive 
and negative stiffness elements can exhibit a region of near-zero effective stiffness while 
maintaining the ability to support a static load. The fundamental principle is illustrated in Fig. 1. 
Consider a system consisting of two parallel force-generating elements: element 1 with a positive 
stiffness characteristic 𝐹ଵሺ𝑥ሻ and element 2 with a negative stiffness characteristic 𝐹ଶሺ𝑥ሻ. The total 
restoring force of the system is the sum of these two characteristics. 

The positive stiffness element is typically a linear or weakly nonlinear elastic component, such 
as a helical spring or elastic support, whose force increases with displacement. The negative 
stiffness element is a mechanism designed to generate a force that decreases with displacement 
(or, equivalently, a force with a negative slope in the force-displacement diagram). Negative 
stiffness can be realized through various physical mechanisms, including buckled beams under 
axial compression [7, 8], pre-compressed inclined springs [6], magnetic repulsion between 
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permanent magnets [9], and disk springs (Belleville washers) operating in their post-critical 
deformation regime [10]. 

 
a) Comparison force characteristics 

 
b) Combined quasi-zero stiffness characteristic 

Fig. 1. Formation of quasi-zero stiffness force characteristic:  
a) Component force characteristics; b) resulting QZS characteristic 

For a system to exhibit quasi-zero stiffness, the following conditions must be satisfied at the 
static equilibrium position 𝑥 ൌ 𝑥଴ corresponding to the supported load 𝑃. The total restoring force 
must equal the load: 𝐹ሺ𝑥଴ሻ ൌ 𝐹ଵሺ𝑥଴ሻ ൅ 𝐹ଶሺ𝑥଴ሻ ൌ 𝑃. (1)

The effective stiffness, defined as the derivative of the total force with respect to displacement, 
must be zero or very small in the vicinity of the equilibrium position: 

𝑘௘௙௙ ൌ 𝑑𝐹𝑑𝑥 ≈ 0. (2)

When condition Eq. (2) is satisfied, the natural frequency of the isolated system becomes 
extremely low, since the natural frequency is proportional to the square root of the effective 
stiffness divided by the supported mass. This low natural frequency ensures that the excitation 
frequency of the vibrating equipment (typically 25-50 Hz) falls deep within the effective isolation 
region, where the force transmissibility is significantly less than unity. 

A particularly convenient mathematical model for the force characteristics of QZS systems is 
based on a cubic polynomial approximation. In this model, the positive stiffness element is 
represented by a linear spring with stiffness 𝑘ଵ, and the negative stiffness element is represented 
by a cubic nonlinear characteristic with coefficient 𝑘ଷ: 𝐹ሺ𝑥ሻ ൌ 𝑘ଵ ൉ 𝑥 − 𝑘ଷ ൉ 𝑥ଷ, (3)

where 𝑘ଵ is the positive stiffness coefficient (N/m), 𝑘ଷ is the negative stiffness coefficient (N/m3), 
and 𝑥 is the displacement from the equilibrium position. The effective stiffness of this system is: 

𝑘௘௙௙ሺ𝑥ሻ ൌ 𝑑𝐹𝑑𝑥 ൌ 𝑘ଵ − 3𝑘ଷ ൉ 𝑥ଶ. (4)

At the equilibrium position (𝑥 ൌ 0), the effective stiffness equals 𝑘ଵ, which would normally 
be the stiffness of the positive element alone. However, by selecting the geometry of the negative 
stiffness mechanism such that the linear term of its expansion around the equilibrium position 
exactly cancels the positive stiffness 𝑘ଵ, one obtains the quasi-zero stiffness condition. This 
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requires careful design of the negative stiffness mechanism, which typically involves pre-loading 
its elements to an appropriate initial state [11, 12]. 

3. Dynamic loads from main oil pipeline pumping units 

To quantify the vibration problem and evaluate the effectiveness of various vibration 
protection strategies, it is necessary to characterize the dynamic loads generated by main pumping 
units. As a representative example, consider the pump unit NM 10000-210 driven by an electric 
motor STDP-6300-2B, which is widely used at oil pumping stations of main oil pipelines. The 
total mass of the unit is 𝑀 = 34,850 kg, and the mass of the pump rotor is approximately 9,000 kg. 
The nominal rotation speed is 3,000 rpm, corresponding to an excitation frequency of 50 Hz [3]. 

According to the Russian design code SP 26.13330.2012 [2], which specifies the requirements 
for foundations of machines with dynamic loads, the dynamic force transmitted to the foundation 
at rigid mounting is determined as: 𝐹ௗ = 𝛾௙𝜂𝜇𝐺, (5)

where 𝛾௙ is the reliability coefficient for the dynamic load (taken as 4 for pump units of this class), 𝜂 is the dynamic load coefficient (taken as 10), 𝜇 is the proportionality coefficient characterizing 
the residual imbalance of the rotor (typically 0.15-0.25), and 𝐺 is the weight of the rotor (N). For 
the considered pump unit with 𝐺 = 9,000×9.81 = 88,290 N and 𝜇 = 0.2, the dynamic force at 
rigid mounting is: 𝐹ௗ = 4 · 10 · 0.2 · 88,290 = 706,320 N ≈ 706 kN. (6)

This value is remarkably large, exceeding the static load (𝑀 · 𝑔 = 341.8 kN) by a factor of 
approximately 2. The total force acting on the foundation thus reaches approximately 1,048 kN, 
which necessitates a massive and expensive foundation. The design of the foundation must satisfy 
the strength condition [1, 2]: 

𝜎 =  𝑐ଵௗ𝑐ଶௗ ቀ𝑀𝑔 + 𝐹𝑑𝐾 ቁ𝑆௙ ≤ 𝑅, (7)

where 𝜎 is the average pressure under the foundation base, 𝑐ଵௗ and 𝑐ଶௗ are the coefficients for 
dynamic loads, 𝐾 is the force transmission coefficient of the vibration isolation system (𝐾 = 1 for 
rigid mounting), 𝑆௙ is the area of the foundation base, and 𝑅 is the design resistance of the soil 
base. When vibration isolators are installed between the equipment and the foundation, the 
dynamic force transmitted to the foundation is reduced by the factor 𝐾, leading to a significant 
reduction in the required foundation dimensions and concrete volume [3]. 

The vibration spectrum of main pumping units is dominated by the rotation frequency and its 
harmonics (1x, 2x, 3x the rotation speed), as well as by hydraulic pulsations at the blade passing 
frequency of the pump impeller and at the frequency of the discharge pipe standing waves. The 
frequency range of significant vibration components typically spans from 1 Hz (due to flow 
instabilities and turbulence) to 500 Hz (higher harmonics of blade passing). The most energetic 
components, however, are concentrated in the range of 10-100 Hz, which is precisely the range 
where conventional vibration isolators are least effective due to their relatively high natural 
frequencies. 

4. Mathematical Model of QZS vibration isolator based on disk springs 

Among the various designs of negative stiffness mechanisms, disk springs (Belleville washers) 
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offer particular advantages for industrial vibration isolation applications, including compactness, 
high load-bearing capacity, ease of parameter adjustment, and reliability under harsh operating 
conditions [10, 13]. A disk spring is a conical-shaped annular disk that, when loaded axially, can 
exhibit a nonlinear force-displacement characteristic with a region of negative slope (negative 
stiffness) beyond a critical deflection point. 

The force-deflection relationship of a single disk spring is described by the Almen-Laszlo 
formula [14]: 

𝐹ௗ  =  4𝐸𝑡³𝐾ଵ𝐷² 𝛿 ൭൬ℎ − 𝛿𝑡൰ ൬ℎ − 𝛿2𝑡൰  +  1൱, (8)

where 𝐸 is the Young modulus of the spring material, 𝑡 is the thickness of the disk spring, 𝐷 is 
the outer diameter, ℎ is the internal cone height (deflection to flat), 𝛿 is the axial deflection, and 𝐾ଵ is a coefficient depending on the ratio of the outer to inner diameters. For a typical ratio  𝐷/𝑑 = 2, 𝐾ଵ = 0.69. The characteristic feature of the disk spring is that for ℎ 𝑡⁄ ൐ √2, the force-
deflection curve exhibits a maximum followed by a region of decreasing force (negative stiffness), 
which can be exploited for the construction of QZS systems. 

 
Fig. 2. Force-displacement characteristics of disk spring (Belleville washer) configurations 

The proposed QZS vibration isolator design (Fig. 3) consists of three main components: (1) a 
central positive stiffness element, which is a linear helical spring or elastic support that carries the 
static load of the equipment; (2) two sets of disk springs arranged symmetrically, which serve as 
the negative stiffness corrector; and (3) an outer casing that houses the entire assembly and 
provides the structural framework. The positive spring and the disk spring assemblies are 
connected in parallel between the equipment base and the foundation, so that their forces add. 

 
Fig. 3. Schematic diagram of QZS vibration isolator based on disk springs (Belleville washers) 
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The operating principle of the QZS isolator is as follows. The positive stiffness spring is pre-
compressed to support the static weight of the equipment at the nominal equilibrium position. The 
disk spring assemblies are pre-loaded to a deflection corresponding to the region of maximum 
negative slope on their force-displacement characteristic (point of inflection). At this operating 
point, the negative stiffness of the disk springs approximately cancels the positive stiffness of the 
linear spring, resulting in a near-zero effective stiffness of the combined system. 

The total restoring force of the QZS isolator is: 𝐹ሺ𝑥ሻ = 𝐹௣௢௦ሺ𝑥ሻ + 𝐹௡௘௚ሺ𝑥ሻ = 𝑘ଵ𝑥 + 𝐹௡௘௚ሺ𝑥ሻ, (9)

where 𝑘ଵ is the stiffness of the positive element (linear spring) and 𝐹௡௘௚ሺ𝑥ሻ is the force 
generated by the negative stiffness corrector (disk springs). Expanding 𝐹௡௘௚ሺ𝑥ሻ in a Taylor series 
around the equilibrium position 𝑥 = 0, and keeping terms up to the third order, one obtains: 𝐹௡௘௚ሺ𝑥ሻ ≈ −𝑘ଶ𝑥 + 𝑘ଷ𝑥ଷ, (10)

where 𝑘ଶ > 0 is the magnitude of the negative linear stiffness of the disk spring assembly at the 
operating point, and 𝑘ଷ > 0 is the coefficient of the nonlinear (hardening) restoring term. The 
condition for achieving quasi-zero stiffness is: 𝑘ଵ = 𝑘ଶ. (11)

When this condition is satisfied, the total restoring force becomes: 𝐹ሺ𝑥ሻ = 𝑘ଶ𝑥ଷ. (12)

The effective stiffness 𝑘௘௙௙ = 3𝑘ଷ𝑥ଶ is zero at the equilibrium position and increases 
quadratically with displacement. This is a characteristic feature of QZS systems, which provides 
stability (the system returns to equilibrium for small perturbations) while maintaining extremely 
low dynamic stiffness in the operating range. The natural frequency of the system at small 
amplitudes is proportional to the square root of the effective stiffness, and can be designed to be 
well below 1 Hz [10, 15]. 

The practical procedure for designing a QZS isolator for a given application involves the 
following steps. First, the required load capacity 𝑃 is determined based on the weight of the 
equipment. Second, the positive stiffness 𝑘ଵ is selected to provide an acceptable static deflection 
(typically 5-20 mm). Third, the parameters of the disk springs (number, dimensions, arrangement) 
are chosen such that the negative stiffness 𝑘ଶ equals 𝑘ଵ at the operating deflection. Fourth, the 
operating displacement range is verified to ensure that the QZS condition is maintained within the 
expected vibration amplitudes [10, 13]. 

5. Force transmissibility analysis 

The primary performance metric of any vibration isolator is the force transmissibility 𝑇, 
defined as the ratio of the dynamic force transmitted to the foundation to the excitation force 
generated by the equipment. For a linear single-degree-of-freedom system with viscous damping, 
the force transmissibility is given by the well-known expression: 

𝑇ሺ𝑟ሻ = ඨ 1 + ሺ2𝜁𝑟ሻଶሺ1 − 𝑟ଶሻଶ + ሺ2𝜁𝑟ሻଶ, (13)

where 𝑟 = 𝜔 𝜔௡⁄  is the frequency ratio (the ratio of the excitation frequency 𝜔 to the natural 
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frequency 𝜔௡ of the isolation system) and 𝜁 is the damping ratio. For effective vibration isolation, 
the frequency ratio must exceed √2 ≈ 1.414, which means the natural frequency of the isolator 
must be sufficiently lower than the excitation frequency. 

For a conventional rubber mount with a natural frequency of 10 Hz and the pump rotation 
frequency of 50 Hz, the frequency ratio is 𝑟 = 5. With a typical damping ratio of 𝜁 = 0.05, the 
transmissibility is 𝑇 ≈ 0.04, meaning that only 4% of the dynamic force is transmitted. However, 
in practice, the effective natural frequency is often raised by the stiffness of connected pipelines, 
reducing the isolation efficiency significantly [3]. 

For a QZS isolator with an effective natural frequency of 1 Hz, the frequency ratio at the pump 
rotation frequency of 50 Hz becomes 𝑟 = 50. Even with a conservative damping ratio of 𝜁 = 0.05, 
the transmissibility is 𝑇 ≈ 4×10⁻4, meaning that only 0.04 % of the dynamic force is transmitted 
to the foundation. This represents an improvement of approximately two orders of magnitude 
compared to conventional vibration isolators. The comparison of force transmissibility for 
different isolation systems is presented in Fig. 4. 

 
Fig. 4. Comparison of force transmissibility for different vibration isolation systems 

The force transmission coefficient 𝐾, which represents the ratio of the dynamic force at rigid 
mounting to the dynamic force transmitted through the isolator, is the inverse of the 
transmissibility: 𝐾 = 1/𝑇. For the QZS isolator with 𝑓௡ = 1 Hz, 𝐾 ≈ 2,500, while for the 
conventional rubber mount with 𝑓௡ = 10 Hz, 𝐾 ≈ 24. This dramatic reduction in the transmitted 
dynamic force has profound implications for the design of foundations and supporting structures 
at oil pumping stations. 

6. Application to foundation load reduction 

To quantify the economic benefits of QZS vibration isolators for oil pipeline pumping stations, 
a calculation of the required foundation concrete volume was performed for a typical pump unit 
NM 10000-210 under different vibration isolation scenarios. The calculation follows the 
methodology established in the Russian design codes [1, 2] and the approach described in [3]. 

The minimum volume of concrete required for the foundation is determined from the strength 
condition, which requires that the average pressure under the foundation base does not exceed the 
design resistance of the soil. The concrete volume depends on the total load, which includes the 
static weight of the equipment and the dynamic component reduced by the force transmission 
coefficient 𝐾 of the vibration isolators. The relationship between the concrete volume 𝑉 and the 
force transmission coefficient 𝐾 is approximately: 

𝑉ሺ𝐾ሻ ≈  𝑐ଵௗ𝑐ଶௗ ቀ𝑀𝑔 + 𝐹𝑑𝐾 ቁ𝑅 −  𝜌௖𝑔𝑑ଵ, (14)
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where 𝑐ଵௗ and 𝑐ଶௗ are the combined coefficients accounting for dynamic load amplification, 𝑀 is 
the mass of the equipment, 𝑔 is the gravitational acceleration, 𝐹ௗ is the dynamic force at rigid 
mounting, 𝑅 is the soil resistance, 𝜌௖ is the density of concrete, and 𝑑ଵ is the foundation depth. 

Using the parameters from Section 3 for the pump unit NM 10000-210 on loam soil  
(𝑅 ≈ 368 kPa), the calculated concrete volumes for different vibration isolation scenarios are 
presented in 

Table 1. Minimum concrete volume for pump unit NM 10000-210 foundation 
Installation method 𝐾 𝑉, m3 Reduction, % 

Rigid mounting 1 60.9 0 
Rubber isolators 24 25.0 58.9 

QZS isolator (𝑓௡ = 1 Hz) 2,500 23.5 61.4 
QZS isolator (𝑓௡ = 0.5 Hz) 10,000 23.3 61.7 

The results demonstrate that the use of conventional rubber vibration isolators reduces the 
required concrete volume by approximately 59 %, while QZS isolators provide a reduction of over 
61 %. While the difference between rubber and QZS isolators in terms of concrete volume appears 
relatively small, the QZS isolators offer a crucial additional advantage: their extremely low natural 
frequency (below 1 Hz) completely eliminates the possibility of resonance with the building 
structures and ensures effective vibration isolation regardless of the stiffness of connected 
pipelines. This is illustrated in Fig. 5, which shows the continuous dependence of concrete volume 
on the force transmission coefficient. 

 
Fig. 5. Dependence of minimum foundation concrete volume  

on force transmission coefficient 𝐾 of vibration isolator 

It should be noted that the economic benefit extends beyond the direct savings on concrete. 
With the reduced foundation size, prefabricated foundation blocks (such as FBS type) can be used 
instead of monolithic concrete pouring, which significantly accelerates the construction timeline 
and reduces labor costs. Furthermore, the reduced vibration transmitted to the building structure 
decreases maintenance costs and extends the service life of both the building and the equipment 
[3, 16]. 

The sensitivity of QZS isolators to manufacturing tolerances and parameter variations has been 
studied in previous works [17, 18]. It was found that a group of QZS isolators operating together 
under a common base has a stabilizing effect, where the overall stiffness of the group is less 
sensitive to individual parameter deviations than a single isolator. This is an important practical 
consideration, as it relaxes the manufacturing precision requirements and reduces the cost of QZS 
isolator production. 
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7. Discussion 

The results obtained in this study confirm that QZS vibration isolators represent a highly 
effective solution for the vibration protection of oil pipeline pumping equipment. The theoretical 
analysis shows that by achieving an effective natural frequency below 1 Hz, QZS isolators can 
reduce the transmitted dynamic force by two to three orders of magnitude compared to rigid 
mounting, and by approximately two orders of magnitude compared to conventional rubber or 
spring mounts. 

The practical significance of these results lies in the direct economic impact on the construction 
of oil pipeline pumping stations. The reduction of foundation concrete volume by more than 60 % 
translates into substantial cost savings, both in terms of material expenses and construction time. 
Moreover, the use of prefabricated foundation blocks becomes feasible with the reduced 
foundation loads, further accelerating the construction process and improving quality control. 

Several design considerations must be taken into account when implementing QZS isolators 
in practice. First, the pipeline connections to the isolated equipment must be designed with 
sufficient flexibility to avoid imposing additional stiffness on the isolation system. This can be 
achieved through the use of expansion compensators and flexible pipe supports. Second, the static 
deflection of the QZS isolator must be carefully controlled to ensure that the equipment remains 
within the QZS operating range under all loading conditions, including variations in product 
density (e.g., between oil and water during hydrostatic testing), thermal expansion, and wind or 
snow loads. Third, the damping characteristics of the QZS system must be adequate to limit the 
amplitude of vibration during transient events such as startup and shutdown [10, 15]. 

The application of QZS vibration isolators extends beyond pump foundations. Similar benefits 
can be achieved for gas compressor units, large electric motors, fans, and other vibroactive 
equipment at oil and gas facilities [15, 19]. Furthermore, the concept of QZS has been applied to 
pipeline vibration protection, where supports with negative stiffness elements can shift the natural 
frequencies of pipeline spans away from the excitation frequencies of pumping units, thereby 
preventing resonance conditions [20, 21]. The development of metamaterials with quasi-zero 
stiffness properties represents a promising direction for vibration isolation in civil and industrial 
structures [22, 23]. 

It should be acknowledged that QZS systems have certain limitations. The nonlinear nature of 
the force-displacement characteristic can lead to complex dynamic behavior, including jump 
phenomena and subharmonic resonances at large amplitudes [8, 12]. These effects require careful 
analysis and, in some cases, may necessitate the incorporation of additional damping or active 
control elements. The design of QZS isolators for very heavy equipment (mass exceeding 50 tons) 
also presents engineering challenges related to the scaling of negative stiffness mechanisms, which 
is an area of ongoing research [10, 13]. 

8. Conclusions 

The article presents a comprehensive theoretical and practical analysis of vibration protection 
of oil pipeline pumping equipment using systems with quasi-zero stiffness. The main results and 
conclusions are as follows. 

The theoretical foundations of QZS systems have been presented, demonstrating that the 
combination of positive and negative stiffness elements can achieve a near-zero effective stiffness 
while maintaining high static load-bearing capacity. The mathematical model of a QZS isolator 
based on disk springs (Belleville washers) has been developed, and the conditions for achieving 
the quasi-zero stiffness regime have been derived in the form of analytical expressions relating 
the geometric and mechanical parameters of the system. 

The force transmissibility analysis has shown that QZS isolators with effective natural 
frequencies below 1 Hz can reduce the transmitted dynamic force by more than two orders of 
magnitude compared to conventional rubber or spring mounts. For a pump unit with a rotation 
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frequency of 50 Hz, the force transmission coefficient 𝐾 reaches approximately 2,500 for a QZS 
isolator with 𝑓௡ = 1 Hz, compared to 𝐾 = 24 for a conventional rubber mount with 𝑓௡ = 10 Hz. 

The practical calculation of foundation concrete volume for a typical NM 10000-210 pump 
unit has demonstrated that QZS isolators can reduce the required concrete volume by over 61 % 
compared to rigid mounting. This reduction enables the use of prefabricated foundation blocks, 
accelerates construction, and reduces overall costs of oil pumping station construction. The QZS 
approach offers the additional critical advantage of eliminating resonance risk with building 
structures, which is not guaranteed with conventional vibration isolators. 

The results confirm that QZS vibration isolators represent a mature, effective, and 
economically feasible technology for vibration protection in the oil and gas transportation 
industry. Future research directions include the experimental validation of the proposed 
mathematical models for specific pump unit configurations, the development of optimized QZS 
isolator designs for a wider range of equipment types and operating conditions, and the 
investigation of hybrid active-passive QZS systems for adaptive vibration control. 
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