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Abstract. To address low-frequency vibration and structure-borne sound transmission in 
distribution transformers, this study investigates a prototype quasi-zero-stiffness (QZS) 
low-frequency isolator with a composite particle damping unit. Broadband vertical random-
vibration tests over 2-2000 Hz were conducted to evaluate the effects of particle medium and 
filling ratio, while a simplified nonlinear dynamic model was used to qualitatively assess the 
influences of structural stiffness, equivalent damping, initial oblique-spring angle, and excitation 
amplitude. Rubber particles, quartz sand, and hybrid particles were tested at 30 % and 60 % filling 
ratios using acceleration PSD ratio and isolation efficiency as the main indices. The transmission 
values reported in the tables are acceleration PSD ratios rather than amplitude transmissibility. 
Both particle medium and filling ratio significantly affect the frequency-domain response. Across 
the six conditions, the isolation efficiency ranges from 10.07 to 31.21 dB at 100 Hz and from 
16.34 to 40.73 dB at 200 Hz. Quartz sand at 60 % filling performs best, reaching 31.21 dB and 
40.73 dB, respectively. Quartz sand and hybrid particles generally show better performance at 
60 % filling, whereas rubber particles show reduced performance. These results provide a 
reference for composite damping design and particle-medium selection in QZS isolators for 
distribution transformers. 
Keywords: quasi-zero-stiffness isolator, particle damping, random vibration. 

1. Introduction 

Distribution transformers installed in noise-sensitive environments can transmit vibration 
through foundations and building structures, with the 100 Hz twice-line-frequency component and 
its 200 Hz harmonic being key targets for vibration control [1,6]. Conventional rubber and linear-
spring isolators are limited by the trade-off between load-bearing stiffness and low-frequency 
isolation and may amplify response near resonance [1]. Quasi-zero-stiffness (QZS) isolators 
alleviate this conflict by combining positive- and negative-stiffness elements to achieve low 
dynamic stiffness near equilibrium while retaining load capacity [8], although experimental 
validation under realistic random vibration remains limited [3, 5]. Accordingly, this study 
combines simplified dynamic modeling with prototype random-vibration testing to evaluate a 
particle-damped QZS isolator under different structural parameters, particle media, and filling 
ratios. The main contribution is to link the effects of QZS structural parameters and particle-filling 
conditions with broadband isolation performance, providing an engineering-oriented basis for 
parameter comparison and damping-medium selection. 

https://crossmark.crossref.org/dialog/?doi=10.21595/vp.2026.26793&domain=pdf&date_stamp=2026-11-01
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2. Design of a nonlinear isolator incorporating particle-impact damping 

The proposed QZS isolator combines geometric negative stiffness with particle damping to 
achieve low dynamic stiffness and enhanced energy dissipation under random excitation [2, 4, 5]. 

2.1. Stiffness 

The QZS isolator combines a vertical positive-stiffness spring with a symmetric umbrella-
linkage-oblique-spring negative-stiffness mechanism. Vertical motion of the upper plate drives 
radial slider motion, continuously changing the length and inclination of the pre-compressed 
oblique springs and generating nonlinear negative stiffness. Slider guides and mechanical limits 
constrain the motion and improve stability. 

For the equivalent three-spring model in Fig. 1(b), 𝑘௢ and 𝐿଴ denote the stiffness and initial 
length of each oblique spring, 𝑘௩ the vertical-spring stiffness, a the horizontal half-span, ℎ଴ the 
initial vertical height, 𝜃଴ the initial oblique-spring angle, and 𝑥 the downward displacement. The 
corresponding prototype configuration is shown in Fig. 1(a). 

 
a) Prototype umbrella-type configuration 

 
b) Equivalent three-spring model 

Fig. 1. Structural configuration and equivalent mechanical model of the QZS isolator 

The geometry gives: 

𝐿଴ = ටℎ଴ଶ + 𝑎ଶ,  𝐿ሺ𝑥ሻ = ඥሺℎ଴ − 𝑥ሻଶ + 𝑎ଶ,  sin𝜃 = ℎ଴ − 𝑥𝐿ሺ𝑥ሻ . (1)

The nonlinear vertical restoring force generated by the two oblique springs is: 

𝐹௡ሺ𝑥ሻ = 2𝑘௢ሺℎ଴ − 𝑥ሻ ൥ ඥℎ଴ଶ + 𝑎ଶඥሺℎ଴ − 𝑥ሻଶ + 𝑎ଶ − 1൩. (2)

Eq. (2) shows that the vertical restoring-force component decreases as the oblique springs 
approach the horizontal configuration, producing the required negative-stiffness effect. 

The positive and total restoring forces are: 𝐹௣ሺ𝑥ሻ = 𝑘௩𝑥, (3)𝐹ሺ𝑥ሻ = 𝐹௣ሺ𝑥ሻ + 𝐹௡ሺ𝑥ሻ. (4)

Introducing the nondimensional geometric and stiffness parameters: 

𝑥ො = 𝑥𝐿଴ ,  𝛾 = 𝑎𝐿଴ = cos𝜃଴,  𝛼 = 𝑘௢𝑘௩ ,  𝐹෠ = 𝐹𝑘௩𝐿଴, (5)
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the nondimensional restoring force and equivalent stiffness become: 𝐹෠ = 𝑥ො + 2𝛼 ቀඥ1 − 𝛾ଶ − 𝑥ොቁ ൜ቂ𝑥ොଶ − 2ඥ1 − 𝛾ଶ 𝑥ො + 1ቃିଵ/ଶ − 1ൠ, (6)𝐾෡ = 𝑑𝐹෠𝑑𝑥ො = 1 + 2𝛼 ൥1 − 𝛾ଶቀ𝑥ොଶ − 2ඥ1 − 𝛾ଶ 𝑥ො + 1ቁଷ/ଶ൩. (7)

At the static equilibrium position, where the oblique springs are horizontal, imposing zero 
equivalent stiffness gives the explicit QZS matching condition: 𝑥ො௘ = ඥ1 − 𝛾ଶ,  𝛾ொ௓ௌ = 2𝛼2𝛼 + 1 ,  𝛼ொ௓ௌ = 𝛾2ሺ1 − 𝛾ሻ. (8)

Eq. (8) provides the explicit QZS matching relation between geometry and spring stiffness [9]. 
The prototype analysis indicates a practical initial-angle range of approximately 37°-66°  
(𝛾 ≈ 0.4-0.8). Parameters are selected to satisfy Eq. (8) while maintaining positive equivalent 
stiffness away from equilibrium, thereby achieving low dynamic stiffness without compromising 
static stability [3, 4, 6]. 

2.2. Dynamic model 

Using the nonlinear restoring force in Section 2.1, the vertical motion under base excitation is 
modeled as a nonlinear SDOF system with relative displacement 𝑧ሺ𝑡ሻ = 𝑢ሺ𝑡ሻ − 𝑦ሺ𝑡ሻ: 𝑚𝑧̈ +  𝑐𝑧̇ + 𝐹ሺ𝑧ሻ =  −𝑚𝑦̈, (9)

where 𝑚 is the supported mass, 𝑐 is the equivalent viscous damping, and 𝐹ሺ𝑧ሻ is the nonlinear 
restoring force. Near equilibrium, 𝐹ሺ𝑧ሻ is approximated by a cubic polynomial [10]: 𝐹ሺ𝑧ሻ ≈ 𝑘ଵ𝑧 + 𝑘ଷ𝑧ଷ, (10)

giving the Duffing-type equation: 𝑚𝑧̈ +  𝑐𝑧̇ + 𝑘ଵ𝑧 + 𝑘ଷ𝑧ଷ = −𝑚𝑦̈. (11)

For harmonic base excitation 𝑦 = 𝑌cos(𝜔𝑡), first-order harmonic balance gives: 

𝐴ଶ ቈ൬𝑘ଵ + 34𝑘ଷ𝐴ଶ −  𝑚𝜔ଶ൰ଶ + (𝑐𝜔)ଶ቉ = (𝑚𝜔ଶ𝑌)ଶ, (12)𝐹ே = 𝑘௖𝛿௡ + 𝑐௖𝛿̇௡. (13)

To account for particle-impact damping, a simplified particle–wall normal-contact model is 
adopted, in which the collision process is represented by the equivalent contact stiffness 𝑘௖ and 
damping coefficient 𝑐௖, and the contact force in Eq. (13) is incorporated into the system dynamic 
equation. In this study, 𝑘௖ and 𝑐௖ are treated as empirical equivalent coefficients rather than 
parameters identified from dedicated contact experiments; therefore, the model is mainly intended 
to capture qualitative response trends and parameter influences rather than accurately predict 
absolute vibration amplitudes. The simplified model predicts a dominant low-frequency response 
around 3 Hz, consistent with the experimentally identified resonance region [7, 12-15]. 

As shown in Fig. 2, the measured natural frequency of the prototype is 3.2853 Hz, while the 
finite-element simulation gives 3.27882 Hz, corresponding to a relative difference of 



RANDOM VIBRATION TESTING OF A QUASI-ZERO-STIFFNESS ISOLATOR FOR DISTRIBUTION TRANSFORMERS AND THE EFFECTS OF COMPOSITE 
DAMPING PARAMETERS. JIANGANG MA, XIAOLONG WEI, MINGXIN GENG, YALIN ZHAO, LIANG WANG, XIAOCHUN BAI, JIAO YAO 

128 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479  

approximately 0.20 %. The two results are in good agreement, indicating that the numerical model 
reasonably captures the low-frequency resonance characteristics of the QZS isolator [8, 11]. The 
measured and simulated responses also show consistent overall trends, with a pronounced low-
frequency response below about 10 Hz and effective attenuation above 20 Hz. Since the low-level 
sine pre-sweep was intended mainly for resonance identification rather than acquisition of a 
complete transmissibility curve, the available data are insufficient for reliable point-by-point curve 
fitting or half-power bandwidth identification. Therefore, the present model-test correlation is 
limited to resonance-location verification and qualitative trend assessment rather than accurate 
amplitude prediction. 

 
a) 

 
b) 

Fig. 2. Low-frequency model–test comparison: a) measured sine-sweep response  
of the prototype; b) finite-element simulated response 

To further assess the engineering applicability of the simplified dynamic model, parametric 
simulations were carried out by independently varying the oblique-spring stiffness, system 
equivalent viscous damping coefficient 𝑐, initial oblique-spring angle, and base excitation 
amplitude while keeping the remaining parameters unchanged, as shown in Fig. 3.  

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 3. Parametric simulation results obtained from the simplified dynamic model: a) effect of oblique-
spring stiffness; b) effect of equivalent damping coefficient; c) effect of initial oblique-spring angle;  

and d) effect of base excitation amplitude on isolation efficiency 

The results indicate that increasing the oblique-spring stiffness generally reduces the isolation 
efficiency, demonstrating the importance of stiffness matching in maintaining the low dynamic 
stiffness of the QZS system. Increasing the equivalent damping coefficient suppresses the 
resonance response but decreases the calculated isolation efficiency in the post-resonance isolation 
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region, indicating a trade-off between resonance control and broadband isolation. The initial angle 
modifies the geometric negative-stiffness contribution and thus affects the isolation efficiency, 
with the lower-frequency response showing greater sensitivity. In contrast, the isolation efficiency 
remains nearly unchanged over the investigated excitation-amplitude range, although the absolute 
displacement increases with excitation level. These results show that the simplified model can 
capture the principal effects of stiffness, damping, geometry, and excitation level on isolation 
performance and can therefore be used for engineering-oriented parameter comparison and 
qualitative trend assessment. 

3. Test object, measurement system, and evaluation method 

3.1. Test object and test conditions 

The test object was a scaled QZS low-frequency isolator prototype for distribution 
transformers, tested in the vertical Z direction. Rubber particles, quartz sand, and hybrid particles 
were evaluated at filling ratios of 30 % and 60 %, giving six conditions under identical installation, 
excitation, and acquisition settings. Broadband random excitation of 2-2000 Hz with a target RMS 
acceleration of 0.3 g was applied. The analysis focused on the representative transformer 
frequencies of 100 Hz and 200 Hz, with additional data extracted at 10 Hz, 500 Hz, 1000 Hz, and 
2000 Hz for broadband performance evaluation. Additional excitation-amplitude tests were also 
conducted to qualitatively examine the structural stability of the prototype; these tests were used 
for supplementary durability assessment rather than the quantitative comparison in Tables 1-3. 

 
a) 

 
b) 

Fig. 4. Experimental photographs: a) test setup; b) quartz-sand 60 % filling condition.  
Photos by Lian Jie in Xi’an, China, on June 18, 2026. 

3.2. Measurement system and sensor arrangement 

The measurement system comprised an electromagnetic shaker, dynamic data-acquisition 
system, accelerometers, a laser displacement sensor, fixtures, and a counterweight. Input 
acceleration was measured on the shaker table and output acceleration on the isolator 
top/counterweight, while the laser sensor monitored vertical displacement. Sensors, channels, and 
connections were checked and calibrated before each test. 

3.3. Test procedure and evaluation method 

After a low-level sine pre-sweep for resonance identification and mechanical inspection, 
broadband random-vibration tests were conducted for all particle-filling conditions. Input and 
output accelerations were synchronously recorded after the excitation reached the target level. 
Frequency-domain evaluation focused on 100 and 200 Hz, with 10, 500, 1000, and 2000 Hz used 
for broadband assessment. 

For random vibration, the responses were processed as acceleration power spectral density 
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(PSD). Let 𝐺௜௡(𝑓) and 𝐺௢௨௧(𝑓) denote the input and output PSDs; the reported PSD-based 
vibration transmission ratio is: 

𝑇௉ௌ஽(𝑓) = 𝐺௢௨௧(𝑓)𝐺௜௡(𝑓) . (14)

The conventional acceleration-amplitude transmissibility is: 

𝑇௔(𝑓) = 𝐴௢௨௧(𝑓)𝐴௜௡(𝑓) . (15)

Since PSD is proportional to the squared signal amplitude, the two quantities satisfy: 

𝑇௔(𝑓) = ඨ𝐺௢௨௧(𝑓)𝐺௜௡(𝑓) = ඥ𝑇௉ௌ஽(𝑓). (16)

The isolation efficiency in decibels is: 𝜂(𝑓) = −10logଵ଴𝑇௉ௌ஽(𝑓) = −20logଵ଴𝑇௔(𝑓). (17)

Thus, −10log10[𝑇௉ௌ஽(𝑓)] and −20log10[𝑇௔(𝑓)] are equivalent. Table 3 therefore retains the 
directly processed PSD ratios, identified as acceleration PSD ratios, while 𝑇௔(𝑓) denotes the 
corresponding amplitude-based transmissibility; 𝑇௉ௌ஽(𝑓) < 1 indicates spectral attenuation. 

4. Random vibration test results 

4.1. Consistency of random vibration input 

All six conditions were tested at the same target RMS acceleration of 0.3 g and identical 
acquisition settings. The controlled acceleration ranged from 0.2987 to 0.3006 g, with a maximum 
deviation of 0.0013 g, confirming good input consistency. Although the 60 % filling conditions 
generally required lower drive voltages, isolation performance was evaluated from the output 
response, acceleration PSD ratio, and vibration attenuation rather than the drive voltage [6]. 

Table 1. Input consistency in the random vibration tests 
Condition Target / g Controlled / g Deviation / % Drive / V 

Rubber 30 % 0.3000 0.2987 −0.43 0.0252 
Rubber 60 % 0.3000 0.3000 +0.00 0.0223 

Quartz sand 30 % 0.3000 0.3006 +0.20 0.0245 
Quartz sand 60 % 0.3000 0.2998 −0.07 0.0218 

Hybrid 30 % 0.3000 0.2997 −0.10 0.0238 
Hybrid 60 % 0.3000 0.3004 +0.13 0.0212 

4.2. Representative-frequency data and low-frequency response 

Tables 2 and 3 summarize the isolation efficiency and acceleration PSD ratio at 10-2000 Hz. 
At 100 and 200 Hz, the six conditions achieved isolation efficiencies of 10.07-31.21 dB and 
16.34-40.73 dB, respectively. Quartz sand at 60 % filling showed the best performance, with PSD 
ratios of 0.000756 and 0.000085 and corresponding isolation efficiencies of 31.21 and 40.73 dB. 
Quartz-sand and hybrid 60 % conditions outperformed their 30 % counterparts, whereas rubber 
60 % performed relatively weakly. The 10 Hz results also indicate strong sensitivity to particle 
medium and filling ratio, and denser low-frequency measurements remain necessary for further 
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evaluation near resonance. 

Table 2. Summary of isolation efficiency under each condition 

Frequency / Hz Rubber  
30 % 

Rubber  
60 % 

Quartz sand  
30 % 

Quartz sand  
60 % 

Hybrid  
30 % 

Hybrid  
60 % 

10 1.57 0.47 2.34 11.44 1.03 2.07 
100 18.21 10.07 19.75 31.21 16.24 20.57 
200 25.28 16.34 27.02 40.73 23.51 26.68 
500 33.82 27.40 36.01 46.13 33.41 34.77 

1000 33.84 32.32 36.77 45.34 34.42 35.79 
2000 29.65 32.36 29.65 32.76 24.70 27.47 

Table 3. Summary of acceleration PSD ratio under each condition 

Frequency / Hz Rubber  
30 % 

Rubber  
60 % 

Quartz sand  
30 % 

Quartz sand  
60 % 

Hybrid  
30 % 

Hybrid  
60 % 

10 0.696354 0.897076 0.582823 0.071832 0.789256 0.621540 
100 0.015106 0.098493 0.010605 0.000756 0.023783 0.008779 
200 0.002963 0.022727 0.001988 0.000085 0.004462 0.002149 
500 0.000415 0.001820 0.000251 0.000024 0.000456 0.000334 

1000 0.000413 0.000586 0.000210 0.000029 0.000361 0.000264 
2000 0.001085 0.000580 0.001085 0.000530 0.003389 0.001792 

 
Fig. 5. PSD ratio and isolation efficiency for quartz sand at 60 % filling 

5. Discussion on the effects of composite damping parameters 

Both particle medium and filling ratio significantly affect the isolation performance of the QZS 
isolator. During the experiments, multiple test conditions were implemented by repeatedly 
changing the particle medium and filling state, including rubber particles, quartz sand, and hybrid 
particles at filling ratios of 30 % and 60 %. At 30 % filling, quartz sand performed slightly better 
than rubber and hybrid particles; at 60 % filling, its advantage became more pronounced, with 
isolation efficiencies of 31.21 dB and 40.73 dB at 100 Hz and 200 Hz, respectively, which may 
be attributed to stronger frictional and collisional energy dissipation. Increasing the filling ratio 
from 30 % to 60 % improved the performance of quartz sand and hybrid particles at these 
frequencies but reduced that of rubber particles. A possible explanation is that, at a higher rubber-
particle filling ratio, the available free space for particle motion is reduced, which may promote 
particle stacking and constrain relative motion, thereby decreasing effective particle-wall and 
particle–particle collisions and weakening the associated energy dissipation [12-14]. Since particle 
motion and collision frequency were not measured directly in the present experiments, this 
interpretation is regarded as a plausible mechanism rather than a quantitatively verified 
conclusion. Therefore, the filling ratio should be selected according to the particle medium and 
target frequency band. In addition, continuous broadband random-vibration durability tests and 
supplementary tests under different excitation amplitudes were conducted. No obvious loosening, 
deformation, abnormal collision, or structural damage was observed during repeated condition 
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changes and sustained vibration, and the major components remained intact after testing, 
indicating satisfactory short-term structural stability and adaptability under the present test 
conditions. However, the current experiments were mainly conducted under normal laboratory 
conditions; dedicated high- and low-temperature tests, humidity-aging tests, and longer-term 
cyclic-fatigue evaluations are still required to comprehensively assess the engineering 
applicability of the isolator. 

6. Conclusions 

A scaled QZS low-frequency isolator for distribution transformers was evaluated by sine 
pre-sweep and broadband random-vibration tests. The prototype exhibited a low-frequency 
resonance near 3.3 Hz, while the six particle-filling conditions showed clear performance 
differences at 100 and 200 Hz. Quartz sand at 60 % filling provided the best isolation, achieving 
31.21 dB and 40.73 dB at the two representative frequencies. Both particle medium and filling 
ratio significantly influenced the response, and a higher filling ratio did not always improve 
performance, as demonstrated by the reduced effectiveness of rubber particles at 60 % filling. The 
results indicate that particle medium and filling ratio should be selected according to the target 
frequency band, while further low-frequency measurements are required for more detailed 
resonance-region evaluation. 
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