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Abstract. This study proposes a domain-decomposed physics-informed neural network method 
for identifying piecewise moving heat-flux boundary conditions in thermite-induced transient heat 
transfer. The axial domain is divided into three subdomains, each with an independent heat-flux 
profile and propagation speed. The local heat-flux profiles are parameterized using radial basis 
functions and identified from outer-wall temperature measurements. Interface continuity 
conditions are imposed to ensure physical consistency between adjacent subdomains. Numerical 
results show that the proposed method can recover the main features of the piecewise heat-flux 
profiles and identify the local propagation speeds with relative errors within approximately 5 %. 
The method provides a flexible framework for describing locally non-uniform moving thermal 
inputs.  
Keywords: inverse heat conduction problem, physics-informed neural network, domain 
decomposition, moving heat-flux boundary, thermite reaction. 

1. Introduction 

Inverse heat conduction problems aim to infer unknown thermal boundary conditions, material 
parameters, or heat-source distributions from limited temperature measurements. They are widely 
encountered in thermal protection, energy engineering, and thermal diagnostics. However, 
transient inverse heat conduction problems are often ill-posed, especially when the unknown 
thermal input varies in both space and time. Physics-informed neural networks (PINNs) provide 
a promising approach for such problems by incorporating governing equations and boundary 
conditions into the training loss [1]. 

PINNs have been increasingly applied to inverse heat transfer problems. Haghighat and Juanes 
[2] introduced SciANN as an open-source framework for physics-informed learning and scientific 
computing. Liu et al. [3] used PINNs to identify surface heat flux and moving ablation-boundary 
evolution from temperature measurements. Cai et al. [4] estimated surface heat flux from 
measured surface temperature fields using a PINN framework. Hazra et al. [5] applied PINNs to 
infer convective heat transfer coefficients in jet impingement cooling. Bidou et al. [6] investigated 
inverse heat conduction problems involving moving heat sources. Zhao et al. [7] reviewed recent 
developments of PINNs in heat-transfer-dominated multiphysics systems. These studies 
demonstrate the potential of PINNs for solving inverse heat transfer problems with limited 
measurements. 

In thermite-based wellbore plugging and abandonment, the heat released by the thermite 
reaction propagates along the axial direction and induces a strong transient thermal response in 
the surrounding tube wall. Shang et al. [8] proposed a PINN-based method to identify this moving 
heat-flux boundary condition from outer-wall temperature measurements. In that formulation, the 
heat input was described by a fixed heat-flux profile moving axially with a single propagation 
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speed, which is consistent with the shifted heat-flux behavior observed by Dourado da Silva et al. 
[9]. This model can effectively capture the overall propagation feature of the thermite-induced 
heat input. 

Nevertheless, in practical thermite reactions, the combustion state, powder distribution, and 
local heat-transfer conditions may vary along the axial direction. Therefore, the heat-flux intensity 
and propagation speed may not remain uniform over the entire domain. To enable the 
simultaneous identification of distinct heat-flux profiles and propagation speeds in different 
regions, this study adopts an XPINN-based domain-decomposition framework. The axial domain 
is divided into three subdomains, and each subdomain is assigned an independent heat-flux profile 
and propagation speed. Temperature and heat-flux continuity conditions are imposed at the 
internal interfaces, leading to a domain-decomposed PINN method for identifying piecewise 
moving heat-flux boundary conditions. 

2. Research method 

2.1. Problem description 

This study considers the identification of moving heat-flux boundary conditions in a tubular 
metallic structure. The physical model is based on a typical thermite-heating configuration, as 
shown in Fig. 1. The heat released by the thermite reaction is represented as an equivalent moving 
heat-flux boundary condition applied to the inner wall of the tube. Several temperature sensors are 
placed on the outer wall at 𝑧 = 0.84, 0.64, 0.52, 0.32, 0.20, and 0.0 m to measure the transient 
thermal response. The inverse problem aims to recover the inner-wall moving heat flux and its 
propagation speed from these outer-wall temperature measurements. 

For the conventional moving heat-flux model, the boundary heat flux can be expressed as: 

𝑞ሺ𝑧, 𝑡ሻ = 𝑞෤ሺ𝑠ሻ,     𝑠 = 𝑡 − ሺ𝐻 − 𝑧ሻ𝑣 , (1)

where 𝑞෤ሺ𝑠ሻ denotes the heat-flux profile in the moving coordinate, 𝑠 is the shifted time coordinate, 𝐻 is the axial length of the computational domain, 𝑧 is the axial coordinate, and 𝑣 is the 
propagation speed of the moving heat flux. This formulation indicates that the heat-flux histories 
at different axial locations have similar temporal shapes but are shifted in time according to the 
propagation speed. 

To account for local differences in heat release, the computational domain is divided into three 
axial subdomains: Ω = Ωଵ ∪ Ωଶ ∪ Ωଷ. (2)

In each subdomain, an independent heat-flux profile and propagation speed are introduced: 

𝑞௜ሺ𝑧, 𝑡ሻ = 𝑞෤௜ሺ𝑠௜ሻ,    𝑠௜ = 𝑡 − 𝜏௜ − ൫𝑧௜,௧௢௣ − 𝑧൯𝑣௜ ,    𝑖 = 1,2,3, (3)

where 𝑞෤௜ and 𝑣௜ denote the heat-flux profile and propagation speed in the 𝑖-th subdomain, 
respectively. 𝜏௜ denotes the arrival time at the top of the 𝑖-th subdomain. In this way, the original 
single moving heat-flux identification problem is extended to a piecewise moving heat-flux 
identification problem. 

The axisymmetric transient heat conduction problem is described by Eq. (4): 
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⎩⎪⎪⎨
⎪⎪⎧𝜌𝑐௣ 𝜕𝑇𝜕𝑡 = 𝛻 ⋅ ሺ𝑘𝛻𝑇ሻ, in Ω = Ωଵ ∪ Ωଶ ∪ Ωଷ,−𝑘∇𝑇 ⋅ 𝑛 = 0, on Γ௧௢௣ ∪ 𝛤௕௢௧ ,−𝑘∇𝑇 ⋅ 𝑛 = 𝑞ሺ𝑧, 𝑡ሻ, on Γ௜௡,−𝑘∇𝑇 ⋅ 𝑛 = ℎሺ𝑇 − 𝑇௔ሻ + 𝜀𝜎ሺ𝑇ସ − 𝑇௔ସሻ, on ∂Ω\൛Γ௧௢௣ ∪ Γ௕௢௧ ∪ Γ௜௡ൟ,𝑇ሺ𝑟, 𝑧, 0ሻ = 𝑇଴, in Ω,

 (4)

where, Ω denotes the computational domain, Γ௜௡ is the inner-wall heat-flux boundary, Γ௧௢௣ and Γ௕௢௧ denote the top and bottom boundaries, respectively. 

2.2. Domain-decomposed PINN for heat-flux boundary identification 

Since the wall thickness is much smaller than the axial length and the radial heat diffusion in 
the metallic tube is relatively fast, a one-dimensional effective heat conduction model is adopted 
in the inverse analysis to reduce the computational cost. The effective governing equation is 
written as: 

𝜌𝑐௣ 𝜕𝑇𝜕𝑡 = 𝜕𝜕𝑧 ൬𝑘 𝜕𝑇𝜕𝑧൰ + 𝑞𝐴ଵ − ℎሺ𝑇 − 𝑇௔ሻ + 𝜀𝜎ሺ𝑇ସ − 𝑇௔ସሻ𝐴ଶ , (5)

where 𝐴ଵ and 𝐴ଶ are effective geometric factors determined by the inner and outer radii of the 
tube: 

𝐴ଵ = 𝑟௘ଶ − 𝑟௜ଶ2𝑟௜ ,      𝐴ଶ = 𝑟௘ଶ − 𝑟௜ଶ2𝑟௘ . (6)

In this effective model, the unknown inner-wall heat flux 𝑞ሺ𝑧, 𝑡ሻ appears explicitly in the 
governing equation. To make it trainable within the PINN framework, the heat-flux profile in each 
subdomain is parameterized using radial basis functions: 

𝑞෤௜ሺ𝑠ሻ = ෍ 𝜔௜௞𝜙 ቆሺ𝑠௜ − 𝑐௜௞ሻ𝜎௜௞ ቇ௄௞ୀଵ ,   𝑖 = 1,2,3, (7)

where 𝜔௜௞, 𝑐௜௞, and 𝜎௜௞ are the weight, center, and width of the 𝑘-th radial basis function in the  𝑖-th subdomain, respectively. These quantities are treated as trainable parameters. The propagation 
speed 𝑣௜ in each subdomain is also identified during the optimization process. 

 
Fig. 1. Domain-decomposed tubular  

model with piecewise moving heat flux 

 
Fig. 2. Framework of the domain-decomposed  

PINN method 
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The temperature field is approximated by a neural network 𝑇ఏሺ𝑧, 𝑡ሻ. The required temporal 
and spatial derivatives are obtained through automatic differentiation, which allows the 
governing-equation residual to be constructed directly. During training, the governing equation, 
boundary conditions, initial condition, and temperature measurements are combined into a unified 
loss function. The trainable parameters of the temperature network and the heat-flux 
representation are updated simultaneously through gradient-based optimization. The overall 
framework is shown in Fig. 2. 

Specifically, the governing-equation residual, boundary-condition loss, initial-condition loss, 
and data loss are defined in Eq. (8): 

⎩⎪⎪
⎪⎪⎪
⎪⎨
⎪⎪⎪
⎪⎪⎪
⎧𝑅௉஽ா = 𝜌𝑐௣ 𝜕𝑇ఏ𝜕𝑡 − 𝜕𝜕𝑧 ൬𝑘 𝜕𝑇ఏ𝜕𝑧 ൰ − 𝑞ሺ𝑧, 𝑡ሻ𝐴ଵ + ℎሺ𝑇ఏ − 𝑇௔ሻ + 𝜀𝜎ሺ𝑇ఏସ − 𝑇௔ସሻ𝐴ଶ ,
𝐿௉஽ா = 1𝑁௥෍ൣ𝑅௉஽ா൫𝑧௥ሺ௜ሻ, 𝑡௥ሺ௜ሻ;𝜃൯൧ଶேೝ

௜ୀଵ ,
𝐿஻஼ = 1𝑁௕෍൭𝜕𝑇ఏ𝜕𝑧 ฬቀ௭ୀ଴,௧ሺ್೔ሻቁ

ଶ + 𝜕𝑇ఏ𝜕𝑧 ฬቀ௭ୀு,௧ሺ್೔ሻቁ
ଶ ൱ே್

௜ୀଵ ,
𝐿ூ஼ = 1𝑁଴෍ൣ𝑇ఏ൫𝑧଴ሺ௜ሻ, 0൯ − 𝑇଴൧ଶேబ

௜ୀଵ ,
𝐿ௗ௔௧௔ = 1𝑁௧෍෍ൣ𝑇ఏ൫𝑧௝ , 𝑡ௗሺ௡ሻ൯ − 𝑇௝൫𝑡ௗሺ௡ሻ൯൧ଶே೟

௡ୀଵ
௃

௝ୀଵ .
 (8)

The total loss function is written as: 𝐿 = 𝜔௉஽ா𝐿௉஽ா + 𝜔஻஼𝐿஻஼ + 𝜔ூ஼𝐿ூ஼ + 𝜔ௗ௔௧௔𝐿ௗ௔௧௔ + 𝜔௜௡௧𝐿௜௡௧ , (9)

where 𝜔௉஽ா, 𝜔஻஼, 𝜔ூ஼, 𝜔ௗ௔௧௔ and 𝜔௜௡௧ are the weighting coefficients of the corresponding loss 
terms. To maintain physical consistency between adjacent subdomains, the interface loss 𝐿௜௡௧ 
penalizes discontinuities in both temperature and heat flux. 

3. Results and discussion 

To evaluate the proposed method, a numerical case with piecewise moving heat-flux boundary 
conditions was constructed. The computational domain was divided into three axial subdomains, 
and different reference heat-flux profiles and propagation speeds were assigned to these 
subdomains. The outer-wall temperature histories were generated from forward simulations and 
used as measurement data for the inverse identification. Training was performed on an NVIDIA 
GeForce RTX 4070 Ti SUPER GPU using Adam with a constant learning rate of 0.0001. The 
model was trained for 40,000 iterations, with a total training time of approximately 32.84 min. 
The training history of the total loss is shown in Fig. 3.  

Fig. 4 shows the temperature fitting results and the recovered heat-flux profiles. The predicted 
temperature histories agree well with the reference data at the measurement locations, indicating 
that the transient thermal response of the tube wall is properly reconstructed. The recovered heat-
flux profiles also capture the main features of the reference profiles in the three subdomains, 
including the peak locations and overall temporal shapes. Minor discrepancies remain near the 
peaks of the recovered heat-flux profiles. In addition, thermal diffusion smooths the temperature 
response, making sharp heat-flux peaks more difficult to recover. 
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Fig. 3. Training history of the total loss 

Fig. 4. Temperature fitting and heat-flux identification results 

The propagation speeds in the three subdomains were also identified. The reference speeds 
were 2.000, 3.000, and 4.000 mm/s, while the identified values were 2.097, 3.145, and 
4.180 mm/s, corresponding to relative errors of 4.86 %, 4.82 %, and 4.50 %, respectively. These 
results show that the proposed method can reasonably identify the local propagation speeds of the 
moving heat-flux boundary. 

To assess robustness, Gaussian noise at levels of 1 %, 3 %, and 5 % was added to all measured 
temperature histories. The results at 1 % noise were comparable to those obtained from the noise-
free data. Higher noise levels increased the identification errors, particularly for the propagation 
speeds, while the recovered heat-flux profiles were less affected. 

Overall, the domain-decomposed PINN can identify both the piecewise heat-flux profiles and 
their corresponding propagation speeds. Compared with the single-profile and single-speed 
formulation, the proposed method provides a more flexible description of locally non-uniform 
moving heat inputs. 

4. Conclusions 

A domain-decomposed PINN method was developed for identifying piecewise moving heat-
flux boundary conditions from outer-wall temperature measurements. By dividing the axial 
computational domain into three subdomains, the proposed method allows each subdomain to 
have an independent heat-flux profile and propagation speed, thereby extending the conventional 
single-profile moving heat-flux model. 

Numerical results show that the proposed method can reproduce the measured temperature 
histories and recover the main characteristics of the heat-flux profiles in different subdomains. 
The identified propagation speeds also agree well with the reference values, with relative errors 
within approximately 5%. These results demonstrate the feasibility of the proposed method for 
describing locally non-uniform moving heat inputs in thermite-induced transient heat transfer 
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problems. 
However, the present numerical example demonstrates the method’s feasibility using 

temperature data without added noise. Future work will evaluate its robustness using noisy 
temperature data to better reflect practical measurement conditions. 
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