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Abstract. The article presents the justification for the design of a vibrating unbalance mill with 
an independent drive. To implement this task, a schematic diagram of the mill was developed, a 
nonlinear mathematical model of the mill was created, and elements of its dynamics were 
investigated. Based on the obtained mathematical equations, graphical dependencies were 
constructed that describe the influence of the parameters of a vibrating unbalance mill with an 
independent drive on the amplitude of oscillations of its working chamber and the nature of its 
movement. This makes it possible to regulate the efficiency of the vibrating mill and optimize its 
geometric parameters even at the design stage. Based on the obtained mathematical model, it is 
possible to construct the trajectories of movement of any point of the mill during its operation. 
The determined indicators are of great importance in studying the dynamics of the mill with the 
aim of its constructive improvement to ensure reliability and long service life. 
Keywords: vibration mill, movement, mathematical model, movement trajectory, amplitude, 
independent drive. 

1. Introduction 

Vibrating mills are widely used for grinding bulk materials in various industries. The increase 
in the scope and volume of their use leads to the need to create new models, optimize and 
modernize existing types of vibrating mills. This requires additional research into the influence of 
various external and internal factors on their operation. 

The key parameters that determine the productivity of a vibrating mill are the amplitude and 
frequency of oscillations of its working chamber. During oscillatory motion, the chamber receives 
energy from the machine drive, which is spent on performing the intended technological operation 
– grinding, crushing, transportation, etc. At the same time, an unlimited increase in the frequency 
and amplitude of oscillations is impossible, as this leads to a significant increase in the loads on 
the supporting units of the machine, which causes accelerated wear, increased metal consumption, 
energy consumption and the cost of performing operations. 

The optimal way to increase the efficiency and productivity of vibrating machines, in particular 
mills, is to create new designs that implement complex trajectories of the working chambers. 
Therefore, the purpose of this study is to investigate the influence of the geometric parameters of 
a vibrating ball mill with an independent drive on the amplitude and characteristics of the 
movement of its working chamber. To achieve this goal, a nonlinear mathematical model was 
developed that describes the movement of the center of mass of the mill, and the influence of the 
main geometric parameters on the vibration characteristics was analyzed. The results obtained 
provide a basis for optimizing the geometry of the mill at the design stage and increasing its 
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operational efficiency, reliability and service life. 

2. Referencing 

A review of recent publications has shown that the operation of vibrating mills is considered 
based on various methods and models. In [1], the internal dynamic processes in the mill and the 
influence of the load on the energy efficiency of the grinding process are studied. Vibration and 
acoustic signals are used to assess the operating modes of the mill. It is the analysis of their 
spectrum that determines the degree of loading and the efficiency of the mill. The use of acoustic 
sensors to monitor the grinding process is also described in [2, 3]. Such studies show the prospects 
for the use of acoustic methods for studying the dynamic state of a vibrating mill. 

In [4], the influence of the diameter of the grinding bodies on the intensity of the work of a 
vibrating ball mill is studied. In particular, it was found that the size of the balls significantly 
affects the intensity and productivity of the grinding process. In [5], by modeling a vibrating ball 
mill using the discrete element method, the trajectories of the grinding body motion, the forces of 
interaction between particles, and the distribution of energy during grinding were analyzed. 

In [6], a new model of a vibration mill with vibration-impact disturbance of the working 
chamber is proposed. A mathematical model of the mill is built and the influence of the 
technological environment on the amplitude, speed, acceleration and dynamic loads of the 
simulated multi-mass system is investigated. Also, in [7-9], mathematical and experimental 
studies of the dynamic, kinematic and energy parameters of vibration-impact systems are carried 
out, the results of which allow optimizing the grinding processes. 

In [10], a complex model of the mill is proposed, combining an electromechanical drive 
system, multi-body dynamics and the discrete element method, which together allows 
investigating the influence of the diameter and filling of the working chamber of the mill on its 
energy efficiency and the productivity of the grinding process. 

In [11, 12], the influence of disturbance and trajectory of the working chamber on the grinding 
process of bulk material is investigated. In [13-15] the movement of bulk material in the chamber 
of a vibrating mill was tracked by conducting DEM and FEM modeling. 

The analysis of literature sources shows that the study of vibrating mills is carried out using 
mathematical modeling and modern numerical methods. Despite the significant amount of work 
on this topic, the issue of optimizing various models of vibrating mills remains relevant and 
requires further research. In particular, this concerns the influence of geometric parameters of 
vibrating mills and physical and mechanical characteristics of bulk materials on the efficiency of 
the grinding process. 

3. Main material 

The design diagram of a vibrating unbalance mill with an independent drive is presented in the 
form shown in Fig. 1. 

In Fig. 1, denoted: 1 – working chamber of the mill with a total mass 𝑀௞. The moment of 
inertia of these masses relative to the longitudinal axis of the mill chamber is 𝑂ଷ will be І௞. 

Let us denote 2 and 3 blocks of imbalances (two blocks on the left and two on the right) with 
the corresponding masses 𝑀஽ଵ and 𝑀஽ଶ . Eccentricity of imbalances within the block, respectively 
– 𝑟ଵ and 𝑟ଶ. Let’s set the coordinate systems: a) 𝑋𝑂𝑌– stationary; b) 𝑋ଵ𝑂ଷ𝑌ଵ – movable, attached 
to the working chamber of the mill, oscillating with it. Let 𝜙 be the possible angle of rotation of 
the mill chamber during oscillatory motion in the planes of rotational motion of the unbalanced 
blocks. The center of mass of the camera is around point 𝐶. Let 𝑘ଵ and 𝑙ଵ be the coordinates of the 
center of rotation of the left unbalance blocks, 𝑘ଶ and 𝑙ଶ, respectively, of the right ones. The left 
unbalance blocks have an angular velocity of 𝜔ଵ, the right blocks – 𝜔ଶ. Let 𝛼଴ and 𝜓଴ be the 
initial phases of the unbalance blocks, 𝛼 = 𝜔ଵ𝑡 and 𝜓 = 𝜔ଶ𝑡 – the angles of rotation of the 
unbalance blocks for a certain time of operation of the mill. Let 4 be the elastic suspension of the 
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mill. It consists of 4 compression springs, twisted, cylindrical. 𝐶ଵ is the total stiffness of the 
suspension of the left part of the mill, 𝐶ଶ is the right part of the mill. When the mill is at rest, the 
length of the springs will be 𝑊𝐹 and 𝑀𝑄, denoted by 𝐿௦௣௥. When the mill is operating, the length 
of the suspension springs at any time is 𝑊𝐹ଵ and 𝑀𝑄ଵ. Let 𝑏 and 𝑞 be the distances from the axes 
of the springs to the axis of the chamber in the plane of rotational motion of the unbalance blocks. 

 
Fig. 1. Computational model of a vibratory ball mill for fine grinding of bulk materials 

The mathematical model of the motion of a vibration unbalance mill with an independent drive, 
developed using the aforementioned methodology, is a system of expressions that describe the 
motion of individual points of the mill and include all its parameters (kinematic, geometric and 
dynamic, including force) in the form of symbolic notations. The model is built on the basis of the 
Lagrange equation with the subsequent application of asymptotic methods of nonlinear 
mechanics. 

Based on the formed system of expressions [16-17], it is possible to construct the equation of 
motion of any point of the selected section of the mill: 

𝑥଴ sinቌඨ𝐶ଵ + 𝐶ଶ𝑀௄ 𝑡 + 𝛼௫ቍ + 𝜀ට𝐶ଵ + 𝐶ଶ𝑀௄
× න −𝜙ሷ (௧

଴ 𝑀௄𝑆 cos𝜙 + 𝑀஽ଵ(𝑇ሻ + 𝑀஽ଶ(𝐾ሻ)
− ൫𝜙ሶ ൯ଶ(−𝑀௄𝑆 sin𝜙 + 𝑀஽ଵ(−𝑇) + 𝑀஽ଶ(−𝐾))+ 𝑀஽ଵ𝑟ଵ sin(𝜔ଵ𝑡 + 𝜙 + 𝛼଴) ൫𝜔ଵଶ + 2𝜔ଵ𝜙ሶ ൯+ 𝑀஽ଶ𝑟ଶ sin(𝜔ଶ𝑡 + 𝜙 + 𝜓଴) ൫𝜔ଶଶ + 2𝜔ଶ𝜙ሶ ൯  − 𝐶ଵ ቌඨ(𝐹 + 𝑏)ଶ + ൬𝐿 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + 𝐶ଶ൰ଶ − 𝐿௦௣௥ቍ
× ൮− 𝑥௢ଷ − 𝑏 cos𝜙 + 𝑓 sin𝜙 + 𝑏ඨ(𝐹 + 𝑏)ଶ + ቀ𝐿 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + 𝐶ଶቁଶ൲
− 𝐶ଶ ቌඨ(𝐹 − 𝑞)ଶ + + ൬𝐿 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + 𝐶ଶ൰ଶ − 𝐿௦௣௥ቍ 

      ∙ ቌ− 𝐹 − 𝑞(𝐹 − 𝑞)ଶ + ቀ𝐹 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + 𝐶ଶቁଶቍ× sin൮ඨ𝐶ଵ + 𝐶ଶ𝑀௄ (𝑡 − 𝑢)൲𝑑𝑢, 

(1)
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𝑦௢ଷ = 𝑦଴ sinቌඨ𝐶ଵ + 𝐶ଶ𝑀௄ 𝑡 + 𝛼௬ቍ + 𝜀ට𝐶ଵ + 𝐶ଶ𝑀௄
 

      × න −𝜙ሷ (𝑀௄𝑆 sin𝜙 + 𝑀஽ଵ(𝑇) + 𝑀஽ଶ(−𝑇)) − ൫𝜙ሶ ൯ଶ(𝑀௄𝑆 cos𝜙 + 𝑀஽ଵ(𝑇)௧
଴        +𝑀஽ଶ(−𝑇)) ± 𝑀஽ଵ𝑟ଵ cos(𝜔ଵ𝑡 + 𝜙 + 𝛼଴) ൫𝜔ଵଶ + 2𝜔ଵ𝜙ሶ ൯− 𝑀஽ଶ𝑟ଶ sin(𝜔ଶ𝑡 + 𝜙 + 𝜓଴) ൫𝜔ଶଶ + 2𝜔ଶ𝜙ሶ ൯− 𝐶ଵ ቌඨ(𝐹 + 𝑏)ଶ + ൬𝐹 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + Сଶ൰ଶ − 𝐿௦௣௥ቍ

×
⎝⎜
⎛− 𝐹 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + Сଶඨ(𝐹)ଶ + ቀ𝐹 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + Сଶቁଶ⎠⎟

⎞ 
      −𝐶ଶ ቌඨ(𝐹 − 𝑞)ଶ+ ൬𝐹 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + 𝐶ଶ൰ଶ − 𝐿௦௣௥ቍ

×
⎝⎜
⎛− 𝐹 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + Сଶඨ(𝐹 − 𝑞)ଶ + ቀ𝐿 + 𝑓 + 𝐿௦௣௥ − 𝑀௄𝑔𝐶ଵ + Сଶቁଶ⎠⎟

⎞ + 𝑀௄𝑔
⎠⎟
⎞

× sin൮ඨ𝐶ଵ + 𝐶ଶ𝑀௄ (𝑡 − 𝑢)൲𝑑𝑢, 

(2)

𝜙 = 𝜙଴ cos൫𝜔଴𝑡 + 𝜃(𝑡)൯, (3)

where 𝐹 = 𝑥௢ଷ − 𝑏 cos𝜙 + 𝑓 sin𝜙; 𝐿 = 𝑥௢ଷ − 𝑏 cos𝜙 −𝑓 sin𝜙; 𝑇 = 𝑟ଵ cos(𝜔ଵ𝑡 + 𝜙 + 𝛼଴) +𝑙ଵ sin𝜙 − 𝑘ଵ cos𝜙 
Eq. (3) is the presented mathematical model of the analysis of the motion of a vibration 

unbalance mill with an independent drive. From a mathematical point of view, it describes the 
motion of the center of mass of the working chamber of the mill. These equations allow to 
reconstruct the trajectories of the motion of points and determine the amplitudes of their 
oscillations. In the future, knowing the amplitude and frequency of oscillations of a specific point, 
it becomes possible to assess the efficiency of the material grinding process in this zone of the 
mill, which allows to determine the productivity and quality of grinding for individual sections of 
the working chamber.  

The amplitude of oscillations of the working chamber of the mill is a factor that is subject to 
regulation and directly affects the productivity and efficiency of the mill. The amplitude of 
oscillations cannot be increased indefinitely, but within wide limits it can be corrected by changing 
the kinematic, geometric and inertial characteristics of the mill. It is thanks to the optimal selection 
of these parameters that maximum efficiency of the mill for fine grinding of bulk material of a 
certain type is achieved, when a given portion of material is crushed to the required size of the 
final fraction in the minimum time with the expenditure of the minimum amount of energy 
resources. 

The results of the research on the influence of the parameters of a vibration unbalance mill 
with an independent drive on the amplitude of oscillations of its working chamber and the nature 



INFLUENCE OF THE GEOMETRIC PARAMETERS OF A VIBRATORY BALL MILL ON THE AMPLITUDE OF MILL BODY VIBRATIONS.  
DARIIA REBOT, VOLODYMYR TOPILNYTSKYY, OLENA STANKEVYCH, OLEH KOTSIUMBAS, ROMAN PELO 

 VIBROENGINEERING PROCEDIA. NOVEMBER 2026, VOLUME 64 19 

of its movement (in other words, the dynamics of the mill) were a number of graphical 
relationships illustrating this influence. As an example, below is an analysis of the influence of 
the eccentricity of the masses of the unbalance blocks on the amplitude of the oscillatory 
movement of the mill chamber at different values of the masses of these blocks (Fig. 2). 

 
Fig. 2. The influence of the eccentricity of the mass of the unbalance blocks on the amplitude of the 

oscillatory motion of the mill chamber for different masses of the unbalance blocks:  
1 – 𝑀஽ = 12 kg; 2 – 𝑀஽ = 9 kg; 3 – 𝑀஽= 6 kg; 4 – 𝑀஽= 3 kg 

Fig. 3 and 4 present the results of studies of the influence of the geometric parameters of a 
vibrating unbalance mill with an independent drive on the vertical amplitude of oscillations of its 
chamber. In particular, Fig. 3 shows the influence of the location of the axes of the unbalance 
shafts, while Fig. 4 illustrates the influence of the position of the mill suspension springs. 

 
Fig. 3. The influence of the location of the axes  

of the unbalance shafts on the vertical  
amplitude of the camera vibrations when:  

1 – 𝑀௄ = 1200 kg; 2 – 𝑀௄  = 850 kg. 

 
Fig. 4. The effect of the placement of the mill 
suspension spring on the vertical amplitude  

of the chamber oscillations for:  
1 – 𝑀௄ = 1000 kg; 2 – 𝑀௄  = 1500 kg 

The graphical dependences (Figs. 2-4) show that reducing the mass of the working chamber 
from 1.200 to 850 kg, while maintaining a constant distance between the unbalance weights, 
results in an increase in amplitude to 9.1 mm. Furthermore, when the weight of the unbalance 
weights is increased to 12 kg and the distance from the chamber axis to the suspension supports 
is increased to 1 m, the vertical amplitude reaches its maximum value of 7.8 mm. 

Based on the study’s graphical relationships and obtained results, it has been determined that 
maximizing the oscillation amplitude of the mill’s working chamber requires minimizing the 
distance between the unbalance shafts while maximizing the distance between the suspension 
supports. This operating mode significantly alters the kinematics of the grinding media, shifting 
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them from a low-efficiency rolling motion to a high-energy state characterized by impact and 
circulation. Consequently, this enables a substantial increase in the speed and quality of material 
grinding while minimizing time and energy consumption. 

4. Conclusions 

Based on the constructed mathematical model and graphical dependencies (Fig. 2-3), it was 
established that an increase in the distance between individual independently driven unbalance 
shafts (to the axis of the mill chamber) leads to a nonlinear decrease in the vertical amplitude of 
the chamber vibrations. And from the graphical dependency (Fig. 4), it is clear that an increase in 
the distance between the mill suspension supports leads to a nonlinear increase in the vertical 
amplitude of the chamber vibrations. In general, the analysis of graphs 3 and 4 shows that to 
increase the efficiency of the vibration unbalance mill with an independent drive, at the design 
stage it is necessary to ensure the minimum distance between the unbalance shafts and the 
maximum distance between the elastic suspension supports. 

Similar studies can be conducted for any point of the mill under study using Eq. (1) and (2). 
The used methodology can be applied to other types of mills. 
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